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PREFACE 

In preparing tins volume the authors have endeavored to write 
a drill book for beginners which, presents the elements of the 
subject in a manner conforming with modem ideas. The scope 
of the book is limited only by the assumption, that a knowledge 
of Algebra through quadratics inns!, suffice for any investigation. 
This does not mean a treatise on conic sections. In fact, the 
authors have intentionally avoided giving the book this form. 
Conic sections naturally appear, but chiefly as illustrative of 
general analytic methods. A chapter is devoted to their study. 
but the numerous properties of these curves are developed inci- 
dentally as applications uf methods of general importance. 

The subject-matter is rather more than is necessary for the 
usual, course of sixty exercises, it has been made so intentionally, 
to permit of choice on the part of the teacher, and also in order 
to include all topics strictly elementary in the sense defined 
above. The fable of contents will .ln.iv; topi.cn not usually treated. 
For example, in discussing the nature of the locus of the general 
equation of the second degree (Chapter XII), invariants are 
introduced. Again, three chapters are devoted to the simple 
transformations in the plane. After mastering the entire boob, 
the student is assured of an acquaintance with ail that is funda- 
mental in modern .Analytic Euclidean Geometry. 

Attention is called to t.Sie method of treatment. The subject is 
developed after the Euclidean method of definition and theorem, 
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iv PREFACE 

without, however, adhering i.o forma] presentation. Tin; advan- 
tage is obvious, for the student is made sure of the exact nature 
of each acquisition. Again, each method is summarized in a rule 
stated in consecutive steps. This is a gain in clearness. Many 
illustrative examples are worked out in the text. 

Emphasis has everywhere been put upon the analytic side, 
that is, the student is taught to start from the equation. He is 
shown how to work with the figure as a guide, but is warned not 
to use it in any other way. Chapter III may be referred to in 
this connection. 

The same methods have been used uniformly for the plane and 
for spa.ee. In this way the extension to three dimensions is made 
easy and profitable. 

Acknowledgments are due to Dr. W. A. G-ranville for many 
helpful suggestions, to Professor E. H. Lock wood for suggestions 
regarding some of the drawings, and to Mr. L. C. Weeks for 
assistance in proof reading. 
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ANALYTIC GEOMETRY 

CHAPTER I 
REVIEW OF ALGEBRA AND TRIGONOMETRY 

1. Numbers. The numbers arising in carrying out the opera- 
lions of Algebra are ol' i.wo hinds, real and ■!/iing/i>it.rt/. 

A real number is a number whoso square is a positive number. 
Zero also is a real number. 

A. pure imaginary number is a number whose square is a nega- 
tion number. Every such number reduces to the siju.a.re root of 
a negative number, a.nd benee has the form b V— 1, where b is a 
real number, and ( V— l) 2 =— 1. 

An imaginary or complex number is a number which may be 
written in the form a + b V— 1, where a, and b are real numbers, 
and b is not zero. Evidently the square of an imaginary number 
is in general also an imaginary number, since 

(a + h V^l) a = « ! - b 1 + 2 ab V^l, 
which is imaginary if a is not etjiial to zero, 

2. Constants. A quantity whose value remains unchanged is 
called a constant. 

Numerical or absolute- constants retain the same values in all 
problems, as 2, — 3, V7, tt, etc. 

Arbitrary constants, or parameters, are constants to which any 
one of an unlimited set of numerical values may be assigned, and 
these assigned values are retained throughout the investigation. 
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3. The quadratic. Typical form. Any quadratic equation 
may by transposing and collecting the tanns be written in the 
Typical Form 

(1) A3? + Bx + C = 0, 

in which the uuhnoivn is denoted by ;>■. The coefficients A, B, C 
are nrliitary constants, and may liave any values whatever, 
except that A cannot equal zero, since in that case I. he equation 
would be no longer of the second degree. C is called the con- 
stant term. 

The left-hand member 

(2) Ax' + Bx + C 

is called a quadratic, and any quadratic may be written in this 
Typical. Form, in which the leti-ei' v represents the unknown. 
The quantity B 2 — A- AC is called the discriminant of either (1) 
or (2), and is denoted by A. 

That is, the discriminant A of a quadratic or quadratic equa- 
tion in the Typical Form is equal to the square of the coefficient 
of the first power of the unknown diminished by four times the 
product of the coefficient of the second power of the unknown 
by the constant term. 

The roots of a quadratic arc those numbers which make the 
quadratic equal to zero when substituted for the unknown. 

The roots of the quadratic (3) are also said to be roots of the 
quadratic equation (1). A root of a quadratic equation is said 
to satisfy that equation. 
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Ill-: VIEW OF ALGEBRA AND TRIGONOMETRY 

In Algebra it is shown that (2) oi (1) has two roots, ^ and. a* 
obtained by solving (1), namely, 



7 + _V5^4lc, 

(3) 

Adding these values, we have 

(4) Xl + Xl =-^. 
Multiplying gives 

(5) XlXt **—. 

Hence 

Theorem I. The sunt of the, roots of a i/nadriitic is equal to the 

eoelii'ient of the, first poirer of the v:tiknov.ni with its si-jn- ehin/'jed 
divided by the coefjident of the second power. 

The product of the roofs ei/tials the const 'ant term, divided by the 
coefficient of the second power. 

The quadratic (2) may be written in the form 

(6) Ax* + Bx + C=*A(x - a,) (a - x,), 

as may be readily shown by multiplying out the right- hand 
member and substituting from (4) and (5). 

For example, ninoe the roots of 31= — ix + 1 = O.are 1 and J, we have Iden- 
tically St? - iz + 1 = 3 ft - 1) (s - i). 

The character of the roots % and x 3 as numbers (% 1) when the 
coefficients A, B, C are real numbers evidently depends entirely 
upon the discriminant. This dependence is stated in 

Theorem II. Tf tint coefficients of n. quadratic are real numbers, 
and if the discriminant be denoted, by A, then 

when A is posit I re the roots are real and unequal; 
when A is zero the, roots are real and equal; 
when A is nee/atice the roots are imaginary. 
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4 ANALYTIC GEOMETHY 

In the. throe cases distinguished by Theorem .1 1 tho quadratic 
may be written in three forms in which only real numbers appear. 
These are 

Ax* + Bx +C = A (x— x,) (x — x-i), from (6), </ A is positive ; 

Ax 3 + lix +C = A(x -Xi)' 1 , from (6), if A is zero ; 

r / B \ a 4 4C — IP~\ 

Ax*+Bx+C = A\ h+2j} + J 4 ' yJ , V if Ms negative. 

The la?; identity is proved thus: 

J j;2 + £2 + c ee J ( a;* 4. ^ z + 5^ 

milling luul sub 1 , i-m ■. - 1 1 1 l ii" — '.nihil; Iht; lKii'ciitiiesii*. 

4. Special quadratics. If one or both of the coefficients B and 
C in (1), p. 2, is zero, the quadratic is said to be special. 

Case I. C = 0. 

Equation (1) now becomes, by factoring, 

(1) Ax 2 + Bx = x(Ax + B)^ 0. 

Ilenee the roots are x. = 0, x, =— —■ Therefore one root of 
A 

;i. quadratic equal. ion is ziiro ii the- conMimt Term (>!: th;i-t equation 
is zero. And coiivi:r.ie.li/, if zero is a root of a quadratic, the con- 
stant term must disappear. For if x = satisfies (1), p. 2, by ■ 
substitution "we have C = 0. 

Cash II. 7J = 0. 

Equation (1), p. 2, now becomes 

(2) Ax' + C = Q. 

From Theorem I, p. 3, x 1 + k 3 = 0, that is, 

(3) (* = -«, 
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REVIEW OF ALGEBRA AND TRIGONOMETRY 5 

Therefore, if the coefficient of the first power of tlie unknown 
in a quadratic equation is zero, the roots are equal numerically 
but have opposite signs. Conversely, if the roots of a quadratic 
equation are numerically equal but opposite in sign, then the 
eoeilicienl of the first power of the unknown musi. disappear. For, 
since the sum of the roots is zero, we must have, by Theorem I. 

/; = o. 

Case III. B = C = 0. 

Equation (1), p. 2, now becomes 

(4) Ax* = 0. 

Hence the roots are Loth equal to zero, since this equation 
requires that x 2 = 0, the coefficient A being, by hypothesis, 
always different from zero, 

5, Cases when the roots of a quadratic are not independent. 

1.1' a relation exists between the roots x t and x. : of the Typical 

Forn Ax' + Bz + C = 0, 

then this relation imposes a condition upon the coefficients A, 
B, and C, which is- expressed by an equation involving these 
constants. 

For example, if the roots ate equal, that is, if x t = x%, then 
If ~ 4= AC = 0, by Theorem II, p. 3. 

Again, if one root is zero, then x^ z = ; hence O = 0, by 
Theorem I, p. 3. 

This correspondence may be stated in parallel columns thus: 

Quadratic in Typical Form, 

lidotinii licticcen. /he K'l-u'.iJiaH cif'-ot/.i/i/in/i xuiixfied 

roots by the coefficients 

In many problems the coefficients involve one or more arbitrary 
constants, a:id it is often required to find the eqnafion of condi- 
tion satislied by the latter when a given relation exists between 
the roots. Several examples of this kind will now be worked out. 
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6 ANALYTIC GEOMETRY 

Ex. 1. What must be the value of the parameter k if zero Is a root of 
the: ft] nation 

(1) 2x 2 -6s + ^-3t-4 = 0? 

Solution. Here A = 2, B = - 6, = ft* - 3 fc - 4. By Case I, p. 4, zero 
is a root when, and only when, C = 0. 

... fe2 — 3 fe — 4 = 0. 
Solving, fc = 4 or — 1. ^ins, 

Ex. 2. For what values of k are the roots of the equation 
tE 2 + 2fa-4i = 2-3A 
real and equal P 

Solution. Writing the equation in tin- Typical Form, we have 

(2) fa 2 -J-(2fc-4)2-|-(3fc-2) = 0. 
Hence, in this case, 

A = k, £ = 2fc-4, C = 8ft-2, 
Calculating the discriminant A, we got 

A = (2fc-4} 2 -4fc(3fc-2) 
= - 8 fc 2 - 8 k + 16 = - 8 (fc 2 + k - 2). 
By Theorem II, p. 3, the- roots are re:;! and oqual when, and only when, 
* = .'. fc 2 -!- fc - 2 = 0. 

Solving, ft = — 2 or 1. Jns. 

Verifying by subst itut i up; these answers hi llie mven eiiual.ion ['.'.) ; 
when k=— 2, the equation (2) becomes — 2:r. 2 -8£-8 = 0, or -2(£ + 2) 2 =0: 
when fc= 1, the equa'tion (2) becomes x 2 — 2 a;-!- 1 = 0, or (x— l) s =0. 

Hence, for these values of fc, the left-hand nn-miier of (2) may be trans- 
formed as in (7), p. 4. 

Ex. 3. What equation of condition must he satisfied by the 
a, b, fc, and m if the roots of the equation 

(3) (&" J + cfimF) y 2 + 2 op-kmy + o?lfl - aW = 
sin; equal ? 

Solution. The equation (!?) is already in the Typical Form ; her 
A = V* + « 2 m 2 , B = 2 QSfcm, C = tf^fc 3 - a* 2 . 

By Theorem II, p. S, the discriminant A must vanish ; hence 
A = 4 aHM* - 4 (V + a 2 m 2 ) (o^ 2 - a?W) = 0. 

Multiplying out ami reducing, 

a «&a(fea _ ,]> m i - ft 2 ) = o. .dm 
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REVIEW OF ALGEBRA AND TRIGONOMETRY 7 

Ex. 4. For what values of k do the rommon solutions of the simultaneous 

!>i^i:H-tii>:iM 

(4) 3x + 4j- = fc, 

(5) x» + y» = 25 
become identical ? 

Solution- Solving (4) for y, we have 

(6) y=Hk-Zx). 
Substituting in (f>) and aiTiiijgiiii; in tin; Typical Form gives 

(7) 26a£- 8fce + ft* -400 = 0. 

Let the roots of (7) be x, and £ S . Then substituting in (6) will give the 
corresponding values ;/i and ;/-; of y, namely, 

(8) y^'slk-Sxi), Vs = i(k-3x s ), 

and we shall have two con mum solutions U : , y,) and fc, ;/;) of (4) and (5). 
But, by the condition of the problem. Ihtix suluUora nn'sl ho iiloidioai 
Hence we must have 

(9) Ki = x? and ^ = Vil- 
li, however, the first of these in true (sj = sci), then from (8) y x and va 

will sko be equal. 

Therefore the two common sohiHoin of (■■() mnl (•'>) bceoiiie identical when, 
i:i:d only whai, the routs of i-hr. t-.tptatian (7) (■«■<; <;!/;<!<(,' thai is, when the dis- 
criminant- A of (7) vanishes (Theorem II, p. 3). 

.-. A = 36 fc« - 100 (J? - 400) = 0. 
Solving, k 1 = 025, 

ft = 25 or -25. Ana. 
Verification. Siibsl'tuling cadi value of k in (7), 
when ft=25, the equation (7) becomes * 3 — 6a;+9=0, or (a-3) 3 =0 ; .■. a;=3 ; 
when fc= -25, theequatlon (7) becomes SHOE + 9=0, or {^+3)^=0; ,-.a=-8. 
Then from (6), subsiiiatina corresponding values of k and x. 
when fc = 26 and a: = 3, we have y = ^(26 -9)= 4; 
when ft = — 25 and x = — 3, we have y = '(- 25 + 9) = — 4. 
Therefore the two common solutions ni' (■!■) yjid (f>) arc identical for each 
of Ihese values of k, namely, 

if k = 25, the common sokitior..-; j'edu '.».■■ to x = 3, y = i; 
if k = — 25, the common solutions reduce tox = — 3,y = — 4. 
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PROBLEMS 

1. Calculate tin'; ilismmiiiam. of eaHi of the following qaadrrd.ir;/, 

mine tbe sum, the product, ami l.lie character of the roots, and wri 
quadratic in one of the forms (7), p. 4. 

fa) a»"-6» + 4. (i) 5x3-3-1. 

(b) a?-flx-10. (j) 7s»-0as-l. 

(c) l-»-as*. (k) 8a»-6. 

(d) 4af-4a + l. (1) 2»' + a;-8. 

(e) 5s* + 10s +5. (m) 23^ + * + 8. 

(f) 3s a - 6k — 22. (n) 6s> - x - 5. 

(g) 2 ^ + 13. (0) 10 3? + 00 x 4 00. 
(h) 9a>-a» + l. (p) 7as= + 7a: + J, 



2. For what real values of Uio parameter k will o 



it of each of the 



follow i hk equation-; have 1,1 us valuo assigned :' 
One root to be zero : 

(a) 6i» + 5fe6-3W + 3 = 0. 

(b) 2fc-3!B= + ea;-i= + 8 = 0. 

(c) *2 + 10a; + fc*-f3 = 0. 

(d) 10&a-BW + Sfcs-8fc + 2 = 0. 
One root to be — 2 : 

(e) s 2 - 2 to + 8 = 0. 

(f) ta 2 -K + 3/^-1 = 0. 

(g) fc%c" + 6a) = ^-16. 
(h) fcB" + 2fcB = -S. 

(i) 10^-7to + /c J + = 0. 
3. For what real values of It aud »i will botl 
quadratic equations be zero ? 
(a) 5 x 2 + ma 4- fe - 6 = a. 
fb) a^ + (S* -m)* + ft" — 4 = 0. 

(c) 2&+(m* + l)x + k? = 0. 

(d) aS + (m» + 2S:-8m)iB + 4fc-6m=:0 

(e) P + (m« + t« - 5)* -I- k + m 4- 1 = 0. 

i. For what real values of Hie parameter . 
equations equal ? Verify your answers. 

(a) te?-&x- 1 = 0. 

(b) aS - he + 9 = 0. 

(e) 2JaS" + 3fee + 12 = 0. 

(d) SaSB + Jfcas — 1 = 0. 

(e) 5^-3a: + 5fc2 = 0, 



4ns. i = ±l. 

Ans. None. 

-4ns. j!; = $ ± J vTo. 



:s of each of the folio win;; 



Ans. 


k = 5, m 


= 1, 


Anfi. 


fc = ±2, 


m = ± 0. 


Ans. 


None. 




Ans, 


ft = 0, ffll 


= 0. 


Ana. 


fc = 1, m 


= -2. 




ft =-2. 


VI ■ 1. 


he ro 


ots of the 


]';'l lowing 


ii 


& = - §. 
k=±8. 

ft = -v. 




-4 ns. 


None. 




Ans. 


*=±ft 
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(f) 8* + fca: + #> + 2 = 0. 

(g) a^ — 2fcc - jfc- J = 0. 

(h) & + 2bx + 2V> + 3b-i = 0. 

(1) (m + 2)i8-2™ + l = 0. 
(j) (m* + 4)tf + 3x + 2 = 0. 
(k) a? + (I-S)a-l = 0. 
(1) K-8)^„ (2c _i )?y+ i =0 
(m).o*!« + a(a + 3)* + ia = 0. 



An». k = - -J 

Aim. di = - 1 

Aim. None. 

.-] HJi. N'oill'. 

.4ns. None. 



sof the following 



5, Derive: tin 1 Oi'iuatioii of' .'.■■■.■nrlitici; in orurr that the n 
equations may he equal.- 

(a) mSn 2 + 2 /cms - 2 jm = - & a . Ans. 

(b) k' 2 + 2 mpx + 2 ftp = 0. Ana. 

(c) 2 ma 2 + 2 to + tf = 0. Ans. 

(d) (l + TO I )s 2 + 2&ms + (6 2 -t i! ) = 0. Aits. 

(e) (6* — «*Jn- s ) & 2 — 2 6 a A- j/ ■■a''b' i m*-IM*. Ans. 

(f) (A'+m a B)& + 2bmB% + &B+G = 0. Ans, 

6. For what real vidiu's uf the 1'iaramti.er do the common solutions of the 
following pairs of fiimultaneotiH mnuii ions become identical ? 



p (p — 2 km) — 0. 
p (mPp - 2 b) = 0. 

6 2 = r 2 (l + m 2 ). 

V>AB + m*BC+AC= 



(a) * + »? = «, ip + y = o- 

(b) y = «ws-l, s8 = 4y. 


An, 


K = ± O. 


(o) 2k-3 J / = 6, a: 2 + 2a; = 3y. 


Ans 


6 = 0. 


(d) y = mx + 10, a 2 + y* = 10. 


Ans 


m = ± 3. 


(e) Ix + y -2-0, as»-8» = 0. 


Ans 


None, 


(f| x + 4y = c, s 2 + 2j/*-8. 


Am 


e=±9. 


(g) 3 s + J/ 3 - * - 2 3/ = 0, as + 2 j/ = c. 


Ana 


e = or 


(h) & + 4y2-8i£ = 0, mx-y-2m = (l 


Ans 


None, 


(i) i 2 + y"- - k = 0, 3k - 4i/ = 25. 


Ans 


fc = 25. 


(j) &-V* + 2x-y = S, ix + y = c. 


Aits 


c = -12 


(k) 2»y-8ie-tf = 0, ar-f3fc+ft-0. 


Ana 


fc=- 6 c 


(1) a* + 4 y 2 - 8 1/ = 0, '£ = <:. 


Ana 


<s = ± 2. 


(m) £ 2 + 4 y 2 - 8 ?/ = 0, y = 6. 


Ana 


ft = 0, 2. 


(n) 2a? + 3)/ = 35, 4s + 9y = *. 


Ana 


fc = + 35 


(o) s 2 + av + 23 + ^=0, y = -2x+b 


Ans 


6 = - 4 o 



■0. 

7. If the common solution of the foil' >\vin;j pahs of simultaneous equations 
ne to become identical, what is the corresponding equation of condition ? 

(a) bx + ay = ai), y' 2 - = 2px. Ans. ap (2 6 a + ap) = 0. 

(b) y=mx + b, Ax. 3 + By = 0. Ans. B(mW -4bA) =0. 

(c) y = m (x - ■ a). By 3 + to = 0. Ana. D (4 am 3 B - D) = 0. 
(d.) 6* + aiy = a6, 2 a# + c 2 = 0. Ans. a& (ai + 2 c 2 ) = 
(e) kx-y = <:, Ax* + By*=C 



Ana. &A B - fcs.BC - A = 
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10 ANALYTIC GEOMETRY 

6. Variables. A variable is a quantity to which, in the same 

investigation, an unlimited uniabei' of values can be assigned. 
In a particular problem the variable may. in general, assume any 
value within certain limits imposed by the nature of the problem. 

it is conveniens to indicate these limits by ine-'jUwi.'i'js. 



x > — 2, ; 

■e compact form 



Si in i !:!:■! y. if Urn Condi i ions of I lio [iiiiiilriii limit [he vali K 
■Tiy H(.;sn1.iv« immbi'V loss tSuin or equal to — 2, mid to any i>o 
han or equal to S, the conditions 



7. Variation in sign of a quadratic. In many problems it 

is important to determine the algebraic signs of the results 
obtained by substituting in a quadratic different values for 
the variable unknown, that is, to determine the algebraic signs 
of the values of a quadratic for given values of the variable. 
The discussion of this question depends npou the definitions of 
greater and less already given, the precise point necessary being 
the statement: 

If a is a given real constant and ;r a real variable, then 
J when x < a, x — a is a negative number ; 
[when x>a, x — a is a positive number. 

By the aid of this statement and the identities (7), p. 4, we 
easily prove 

•The meaning of greater and icse for real numbers ($ 1) is defined as follows: bis 

creator Lli.au fjivhtm.t I, is a positive number, ami n is Ipsa than twhen n-iis negative. 
Hence any m^allve milliner is Its* tlian any positive number ; and if a and * are totli 
iidp-ritivf, IJien :t is : i>-r-.i.U:r ;liun * when tlic llltmerityi! ralur irf a ii less liian llic numer- 
ical valne of 6. 

Thus ;■!<"., Ir.it -:)>-:1. Tlmrvhrc ck..tn<jhi<j thi«s Vinnuihov.t tin hwipmiity rto:rscs 
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REVIEW OF ALGEBRA AND TRIGONOMETRY 11 

Theorem III. if the. discriiniiiant of a ijuadra/ic is positive, the 
vidua of tin', quadriiiie* and the eoe/licient of the second power 
differ In si'ju. for oil values of the vo.ri.aJde lying (■clireen the roots, 
ond agree in sign for "II other values. 

If the, diseri'ini.nii.iii is zero or negatirn, the eotv.e.. of the quadratic 
and the coefficient of the second jioie-er alivags agree in sign. 

Proof. Denoting the variable by x, and writing the quadratic 
in the Typical Form. (I), p. 2, we have, by (7), p. 4, 

Case I. Ax* + Bx + C ~A(x — x{) (x — x s ) if A is positive, 

Case II. -4a; 2 + Bx + C = A (x -xtf if A is zero. 

Case III. A x* + Bx + C = A F fa + ^ J + 4 A £~ - 1 if A 

is negative. 

Consider these cases in turn. 

Case I. Since the roots are unequal, let x L <x s . Then, by 
(1), we have at once 

(x — Xi) (x — # 2 ) is negative when, x, < x < x s , 
since x — x t is positive, and x — x % is negative ; 

(a; — xf) (x — x s ) is positive when x < Xj_ or x > a: 2 , 
since x — x x and x — x s are both negative or both positive. 

Therefore the quadratic has the sign of — A in one case, and 
of A in the other. 

Case II. Since (x — a^) 4 is positive (p. 1), the sign of the 
quadratic agrees with that of A. 

Case III. Since A is negative, i AC — B 1 = — A is positive ; 
hence the expression within the brackets is "always positive, and 
i,he sign is the same as that of A. q.e.u. 

For example, consider the quadratic 

2P-3( + l. 
Here A = 9 — 8 = + 1, A = 2, and the roots are J and 1, 
.-. a(8-8t + l = S(t-i)(t-l). 
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12 ANALYTIC GEOMETRY 

If now any real number be subsi.il. ui.ed for I in lln.' '.[uadratio, it will be 
found that 

when }<t<l, the quadratic 2P — 3f + 1<0; 

when * < J or t > 1, the quadratic 2 ( 2 - 3 1 + 1 > 0. 

Again, consider the quadratic in v. 



Here A = 16 - 108 = — 92, and A = 3. Hence, by Theorem III, if any 

real number v.- bat-ever be substituted for r. Hie result will always be a posi- 
tive number. 

Applications of Theorem III. The following examples illustrate appli- 
cations of Theorem III. 



(a) V$-2x-tf;(b) ^yt + Sy + M 

Solution. Consider iho quadra ;iii under the radical. 

In (a), A = 4 + 12 = 16, A = — 1, and the roots are 1 and - 3. 

Applying Theorem III, 

when — 3<»<1, the quadratic 3 — 2 x — a^>0; 

when j; < ■ - ;) or a; > 1, the quadral-h: ■> — 2x — x 2 <0, 

Since under tlie condition of the problem the given quadratic must be 
either positive or zero, we have — 3<se<l. Ann. 

In (b), A = — 72 = — 68, and A = 2. Hence, by Theorem III, the quad- 
ratic is positive, and i,hers:forc the square root is real for every real value 
of y. Ans. 

Ex. 2. For what values of the para: meter k are the roots of the equation 
(a) kx2 + 2kx-4x = 2-3k 

(a) real and unequal ? (b) imaginary ? 

Solution. Writing the equation in the Typical form, 
lex- + (2 k - 4) x + 3 k - 2 = 0, 
we find 
(3) Asfl=-4.4C = -8(fc" + fc-2). 

(See T'lx. 2, p. 6.) 
By Theorem II, p. 3, 

(a) the roots are real and unequal if - 8 (ft 2 + k - 2) > ; 

(b) the roots are imaginary if -8 (fc' + ft - 2><0. 
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REVIEW OF ALGEBRA AND TRIGONOMETRY 13 

Applying Theorem III. to the quadratic 

-8(fcM-/<-2), 

we have, since A = 64 + 512 = 576, A = - 8, and the roots are - 2 and 1, 

when -2<&<1, the quadratic - 8{k* + k - 2)>0; 

when k< — 2or fc>l, the quadratic -8(fc a + fc-2)<0. 

Hence 

(a) Uift roots of (-') are real and unequal if — 2 < ft < 1 ; 

fb) the roots of r2) are imaginary if k < — 2 or k>l. Ana. 

Ex. 3. Shaw tli.it. tin? simiiltaneuus eqt.a.l.ions 

(4) y = M + 3 

(5) 4^4.^ + 83, _i(i = 

have two real and dis.hi!":!. C'linmoii solutions fur every veal value of m. 

Solution. Substituting the value of y from (4.) in (5), and arranging the 
refill, hi. the Typical Form, we sol 
(8) (4 + mV 2 + (««» + 6>aj -7 = 0. 

Calculating the disc ri>mnam of (<i). we lind, lii's'ler-ims the positive factor 4, 
(7) 16m 2 + 18»i + 37. 

Applyins Theorem 111, p. 1.1. !.o the quadratic (7), 

A = 324 - G4 ■ 37 is negative, A = 1(1. 

Therefore Uie quadra:.ie. (7) has a positive value for every rail value of ?n, 
and hence the roots of (ii) ;ire, by Theorem II, p. .'!, always real and unequal. 
Thai, is, ((>') always Las two real roots, x t and x,. and from (4) we find the 
rones pod dins reul values of ;/, namely, ^ and ;/-., so that the equations 
(l| and ('>) have two real and distinct common solutions, i>: : . y-_). (.;>.. c-.'i, 
for every value of m. q.e.d, 

PROBLEMS 

is of the variable named are 

(a) x has any value from to 5 inclusive. 
(h) y has any positive value, 
(c) t has any negative value. 

(<1) x has any value less than — 2 or greater than — I. 

(e) r has any value i'roiu - .3 to 8 inclusive. 

(f) 2 has any nc;;a.i.ive value, or any positive value not less than 'A. 
(V) x has any value rut less than — 8 nor yrcatcr than i. 
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14 ANALYTIC CEOMETUY 

3. Determine the sign of each of ;.ho quadi'iiliiiB of i.ht first problem on 
p. 8 for all values of the variable. 

3. Determine all real values of the variable for which the square root of 
the quadra-tics of problem 1, p. 8, are real. 

i. Determine all real values of the parameter for which the roots of each 
equation of pro bit in -1, p. S, arc (a) real and unequal ; (») imaginary. 

5. In problem 6, p. 9, find all real values of the parameter in each ease 

such thai the two conmiou soli;! ions arc (;i) rial ;;inl unco an I ; (h) imainnaty. 

6. Determine the algebraic sii,'ii of ;.lio value of the cubic 

for any value of the variable. 

MM. In this case the roots are -1, 2, i in the ordor of magnitude. Hence, when 

<«<2, cubioOj 2<K<4, cubic <0; 

7. Determine the tu.sn of i.he value of each of the following qualities for 
any value of the variable. 

Hint. From Algebra we b iioiv tha.t any qnantie ivilJL real coefficients may be 
resolved into real factors of the ti.it ami second degrees. The sign of each factor for 
any value of the variable may then be determined by (1), p. 10, and Theorem III, p. 11. 
It is well first to arrange the real rents of the qnanlie in the order of magnitnile, and 
then it is necessary to consider on':y va'.nes ol the variable less than any root, lying 
between each successive pair, ami greater than any root, as in problem 6. 

(a) (£ + l)(2^-43H-7). (f) (^-9)<0- 16) <*-»). 

(b) (&-2z-a)(&-4tf). (g) (3a*-12)(2-B)<3-2»)(6iS+4), 

(c) (Zx + 8)(x*-4x + 4) {&-!). fh) (x-l)*{& + 2x){i~t>Z){B-X)». 

(d) (2s» + S)(as*-4)(s»-l). (1) 7{a»-4)(9-a»)(16-a*). 
{e> (2 x + 8) (x - 1) (x + 3) (x - 3). (J) <s* - 8) (2 aJ> - 8) (3 s= - 27). 

(k) (2ie + 8)>(9-3as)(7-eas)(12-ll»). 

8. Infinite roots. Consider the quadratic equation 
(1) Ax* + Bx+ C = 0, 

whosi'H- roots are a', situ] a.'., [(■'!), p, 3]. 



Then the equation 
(2) Cx* + Ex + A = 0, 
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obtained from (1) by reversing the order of the coefficients, lias 
the roots* — and — i that is, the reoiproeah of the roots of (J). 

Let us now fix the values f of B and C, but allow A to dimin- 
ish indefinitely in numerical value, that is, allow A to approach 
zero. Then, in (2), since — (Theorem I, p. 3) is the product of 
the roots, this product must also approach zero. Therefore one 
rout of (2) must approach zero; and hence its reciprocal; that is, 
one root of (1), must increase indefinitely. 

Again, let us in (1) and (2) fix the valuef of C only, and 
assume that both B and A approach zero. Then, in (2), both the 
sum, — — i and the product, — > of the roots approach zero, and 
hence both roots also approach zero. Hence their reciprocals, 
the roots of (1). most increase indefinitely. 

This reasoning establishes 

Theorem IV. Tf the eoejfkieiU of the. second power in a quadratic 
equation -is variable and a./iproachrs r.ero an a- limit, then, one root 
of the equation i/eeotmis infinite. i If the. eo'ffeie/it of the prat 
power is also r aria, hie and ii.fproa.ehes ::ero as a llm.it, th.cn doth 
rooLi beeowe infinite. 

Ex. 1. What value must the variably k approach as a limit iD order that 
a- root of the equation 

Sa^ + Sfce- fc»je»-3 - 2fcz 2 = 

mai liirvovr..- iminlii: ? 

Solution. Arranging; t.lic equation in the Typical Form, we have 

If /c 2 + 2 fc - 3 = 0, then one root must heeomo infinite. Hence 1c must 
approach 1 or — 3. Ans. 

» TliLs theoieai is demonstrated in Algebra and itiuy 1>C easily vrrifiVi] v1;us ; 

TheequaHon whose rootsare 1 ;usd — is (■■'■■---) ft'-- 1 ) 0. 

Multiplying out anil reducing, this heemr.es :r,.r, ■ z°- - (s: L + X,) -» + 1 = 0. 

By Theorem I, p. 3, x,x 1= -. x, + x^-^-, and substitution of these values and 

mulli) niion by A gives (2). ■" A 

I We give C a value different from zero. 

:l: A variable ih«! nuniaL'ieal valae liui^.ii.us greater ;-.L!ii iliij a-s^ni:,! number is said 
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Ex. 2, What values must, /.; anil m approach in order to mako both r, 
of the equation 

(6 s - tfm*)a? - 2 H'kmx - a?k* - t&W = 
become infinite ? 

Solution. By Theorem IV we must have 

&a - oftm* = 0, orm = ±-, 
and 2a s fo» = 0, or fc = 0. 

Hence to must approach + - or — ■ - , and k must approach zero. A'i 



PROBLEMS 

1. What reai value must t jit- parameter approach as a limit in each of the 
following equations in order 1.0 make a root, become infinite ?. 

(a) tefi-3x + o = 0. (d) (m»-4)ai»-3ie + 8 = 0. 

(b) {IP - 1)& + (ix - 6 = 0. (a) (0= - 8)V + 2cy- 8 = 0. 

(c) 2^-3a + S:^ + 5 = A:^. (f> 2 Wtf* - By - 3^ + 2 = - 2 )/. 

3, What real values must tiie parameter,-; k and w approach in order that 
both roots of each of tlie folk' winy equations aau become infinite ? 
fa) i»*e* + (2fc-m + 1)^ + 6 = 0. 

(b) {m g - 8m + 2) J/ 5 + (8 k - 2 m) V + 2 = (I. 

(c) (m a + & 2 -25)J 5 + <m-7fc + 25)J + 8 = 0. 

(d) m% 3 + 3fci: + fc%2_4 Mi3; + 25 1 r.-25^ = 2, 

(e) (m2 + 3)^ + (2fc-6);r. + 8 = 0. 

9. Equations in several variables. In Analytic Geometry we 
are concerned chiefly witli equations in two 01 more variables. 

An equation is said to hi- satisfied by any given set of values 
of the variables if the equation reduces to a numerical equality 
when these values are substituted for the variables, 

For example, a; . 1'. w .. — ;'. satisfy the equation 

2 a* + 3^ = 35, 

since 2(2)« + 3(-3)* = SB. 

Similarly, x = — l,y — 0, z — -i satisfy Hie equation 
2;e 3 -.'iy 9 + ^-18 = 0, 
since 2(-1) 2 - 3.0+ (-4) 2 — 18 = 0. 
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An equation is said to In; algebraic in any number of variables; 
for example x, y, z, if it can be transf ormed A into an equation 
each of whose members is a sum of terms of the form ax'"<f'z>\ 
where a is a constant and m, n,j> are positive integers or zero. 



Thus tlid liquations x 4 + apjfi — z£ + 


alkMl 


*V + 2aV = - 


Tin; espial ii!ti 


e* + yl- t$ 


For, squaring, v 


/eget x + 2xtj/l + y~a. 


Trillion vius;. 


3»M=« 


Si,k;i rili-;. 


ixy—a? + 2P + y*~2< 


TviiNBiJijsiiis;, 


,i + !/ s_2q-3 IH - 



>J + «*=<). Q.R.D. 

The degree of an algebraic equation is i-nun. to the high est 
degree of juiy of-4fe ierms.* An algebraic equation is said to 
be arranged n'llk reajievJ. In l/ir ri<rifl>/<:n when all its terms arc 
transposed to the left-hand side and written in the order of 

(leseending degrees. 

Fov example, Id (irrrnii/e ihi- i-qiuitioii 

2 ai' 2 + Zy' + 6 x' - 2 x'y' — 2 + a* = x'ty - y'* 

with rosped to I he variahk'-; .■■'. if, ivn 1 r;.nspn.Ji: ami it write Hie t<:rin.J in I In' order 

This equation : s t>|' tin 1 1 1 1 i i ■■ 1 f 1 i.-iii h ■! ■ . 

An equation which is not algebraic is said to be transcendental. 

Examples of transitu dental equations are 



1. Show that each of the I'oUowiiss i.'qiui Liens is algebraic; arrange the 
erms aocorriing to the variables a:, it, or x, y, z, and determine the degreo. 

(a) x"- + -Vy-b + 2x = 0. 

(b) x* + y + 3x = 0. 

(c) aw-hSx< + 6zSy-7xy i +5<e~d + $y = 2xy*. 

(d) % + y + z + &z-&xy-2& = 5- 

(e) i/ = 2 + V^-.23;-5. 
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(I) V - » 4 

(h) ^ = ^la: + 7.' + Vii J + J/* h 






2. Show i kit til ij ti(:ntui^i:innm:i (i!.uuirnt!i.:' :: 
Ati> + Bay + Cy'' 
may be written in one of the three forms below analogous ti 
the discriminant As^-liC satisfies the condition given : 
Case I. As? + Bxy + Cy* = A (* - hv) (as - hy), if A >0; 
Cask II. Ax* + Bxy + Cy* = A(x - %) 2 , it A = ; 

" , 4,40- « 2 



Case III. 4j; 2 + Bxy + Cy^=A 

10. Functions of an angle i 
triangle one of whose acute ar 
defined as follows : 

__ opposite side 
hypotenuse 
adjacent side 

COSvt = ^ ; , 

hypotenuse 
opposite side 
adjacent side' 

Vror.i tin: a'ouve t.iic liieiiteni 



[(■+£')< 



iA* 



tan .1 - 



i right triangle. In any right 
is is A, the functions of A are 

__ hypotenuse 

, opposite side 

_ hypotenuse 

adjacent side' 

adjacent side 



cot A 




opposite side 
i.ly derived : 
In a right triangle a side is equal to the 
product of the hypotenuse and the sine of the 
angle opposite to that side, or of the hypote- 
« nuse and the cosine of the angle adjacent to 
that side. 



11, Angles in general. 
an angle XOA is considered as gen- 
erated by the line OA. rotating from 
an initial position OX. The angle is 
positive when OA rotates from OX 
r.oHnlei'-clocktfise, and negative when 
the direction of rotation of OA is 

rt(ii.:l;i.i-i.Hi': 
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The fixed line OX is called the initial line, the line 0.-1 the 
terminal line. 

Measurement of any lex. There are two important methods 
of measuring angular magnitude, that is, there are two unit 
angles. 

Degree measure. The unit angle is 3 J ¥ of a complete revolu- 
tion, and is called a degree. 

Circular measure. The unit angle is an angle, whose subtend- 
ing arc is equal to the radius of that arc, and is called a ruiliait. 

The fundamental relation between the unit angles is given by 
the equation 

180 degrees = tr radians (tt = 3.14159 ■ ■ ■). 

Or also, by solving this, 

1 degree = t^- = .0174 • - - radians, 



These equations enable us to change from one measurement to 
another. In the higher mathematics circular measure is always 
used, and will lie adopted in this book. 

The generating line is conceived of as rot atin g around through 
as many revolutions as we choose. Hence the important result : 

Any real number in tint eiveuluv meu.-ntn; of some angle, and 
eonverxeli/, any nnyie, in -meusured hi/ a real number. 

12. Formulas and theorems from Trigonometry. 



. sin 2 a; + cos 2 K = 1 ; 1 + tan 2 j; 
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~; »■> <« + •> = - 

oo»z; Id (« + !)« - 
tarn; tan (* + x) = 


(f-)- 
(i-)" 




(!«-.) = 


,i»<... *)=-»„ «,«. 


(» + ») = ■■ 


„*«,.„ +=»««.,». 


(■-») = »i 


• .—»——ita». 


(I + ») - 


..«.,- dn.A». 


(•-») = o 


■.oonr + m.rt.,. 


(»+»)= T 


ml + ,„.„ u ^ 



i any triangle the sides are proportional 

ft _ c 
slnB~BlnC' 



17. Theorem. Lam of cosines. In a.iij tri unfile the square of a side 
equals tin'; sum of tin; squares of the two other sides diminished by twice the 
product of l.hose sides by die ccsine of their included angle; 

that is, a* = b 2 + c 2 - 2 be cos 4. 

18. Theorem. Area of a trianyle. The area of any triangle equals one 
half the product of two sides by the sine of their included angle ; 

that is, area = i ab sin G = i be sin A = \ ca sin B. 
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13. Natural values of trigonometric functions. 





«SII' 


Sin 


Cob 


x» 


Col 








.0000 


0° 


0000 1 


oooo 


.0000 


00 


90° 1 


5708 




087S 


5° 


0872 


9962 


.0875 


11.430 


85° ] 


4836 




1745 


10° 


1700 


9848 


.1703 


5.671 


80° 1 


396S 




2618 


15° 


2588 


9659 


.2679 


3.732 


75° 1 


3090 




8491 


20° 


3420 


9397 


.8640 


2.747 


70° 1 


2217 




4368 


25° 


4226 


9083 


.4663 


2.145 


65° 1 


1345 




5236 


30° 


5000 


8660 


.5774 


1.732 


60° 1 


0472 




6109 


35° 


5731! 


8192 


.7002 


1.428 


55° 


9599 




6981 


40° 


6428 


7660 


.8391 


1.102 


50° 


8727 




7854 


45° 


7071 


7071 


1.0000 


1.000 


45° 


7854 






CO. 


Sin 


Cot 


Tan 


Angle in A 
Degrees B 


glein 
idiwis 



Angle to 

Hasans 


Angle in 


„ 


Cob 


- 


Cot 


- 


CSC! 





0° 





1 





. 


1 


. 


2 


90° 


• 





. 





. 


1 


- 


,80- 





-> 


a 


. 


-> 


. 


2 


270° 


-1 


. 





. 


-' 


2* 


300° 


1 

; 1 





. 


1 


. 
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Angle in 

Kfuliiuis 


S£i' 


Sin 


»■ 


™ 


Cot 


- 


c. 





<, 





i 





. 


• 


. 


l 


- 


2 


Va 


3 


Vs 


2V3 


* 


* t 


«° 


VI 

2 


Va 


> 


• 


v^ 


Va 


I 


80° 


Va 


2 


Vis 


Vs 

3 


2 


2V3 
3 


2 


00° 


■ 





. 





. 





14. Rules for signs. 



Quadrant 


Sin 


CO. 


Tan 


00. 


*» 


Cm 


First .... 


+ 


+ 


+ 


+ 


+ 


+ 


Second . . . 


+ 


- 


- 


- 


- 


4- 


Third .... 


- 


- 


+ 


+ 


- 


- 


Fourth . . . 


- 


+ 


- - 


+ 


- 



15. Greek alphabet. 



Tan 

IpsiliHI 
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CHAPTER II 

CARTESIAN COORDINATES 

16. Directed line. Let X'X be an in definite straight line, and 
let a point 0, which we shall cull the origin ho chosen upon 
it. Let a, unit of length be adopted and assume that lengths 

measured from V to the- rigb t are //ositlce, and to the left negative. 



'-¥— 



Then any real number (p. 1). if taken as the measure of the length 
of aline OP, will determine a point P on the line. Conversely, 
to each point P on the line will correspond, a real number, namely, 
3 of the length OP, with a positive or negative sign 
% as P is to the right or left of the origin, 
The direction established upon A" A" by passing from the origin 
to the points corresponding to the positive numbers is called the 
positive direction on the line. A directed line is a straight line upon 



B A' 5 A Ji 

which an origin, a unit; of length, and :\. positive dim 



An arrowhead is usually placed upon si dim-ted lino to indicate 
the positive direction. 

If A and B a.re any two points of a directed line such that 
OA = a, 0B = b, 

then the length of the segment .1 a is always given by b — a; that 
is, the length of Mi is the difference of the numbers en it e.spn rul- 
ing to B and A. This statement is evidently equivalent to the 
following definition : 
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For all positions of two points A and B on 
length AB is given by 
(1) AB = OB— OA, 

where I) is the origin. 

(I) (ID (111) 



liUtdri/.tioh*. 
In Fig. I. AB = OB - OA = S - 3 = + 3 ; IS A = OA - OB = 3 - ti = - \i : 

II. AB = OB - OA = - 4 - 3 = - 7 ; ISA = OA - OB - 3 - (- i) = + 7 : 

III. AB=OB-OA = -l-l}-(-3) = + S; BA=OA-OB--S- 5 = -8| 

IV. AB~ 0B-0A=-a-(-2) =—i; BA=OA-OB=~2~(-6)=: +4. 

The following properties' of lengths on a directed line are 
obvious : 

(2) AB=- BA. 

(3) AB is positive if the direction from A to B agrees -with 
the positive direction on the line, and negative if in the contrary 
direction. 

The phrase " ilisliuu.'i; iii.'r.n;i:n livu points " sinmL.-l not ho iist:U if these points 



17. Cartesian* coordinates. Let A"A" and Y'Y be two directed 
lines intersecting at 0, and 
p let P be any point in their 
plane. Draw lines through 
P parallel to X'X and Y'Y 
respectively. Then, if 
OM = «, ON = b, 
the numbers a, b are called 
the Cartesian coordinates of 
P, a the abscissa and b the 
ordinate. The directed lines 
X'X and Y'Y are called the 

rst introduced tile idem.f (njiirilinatus 
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■?.:, 



, X'X the axis of abscissas, Y'Y the axis of 
ordinates. and i,hc;ir intersection the origin. 

The coordinates a, b of P are written (a, /•), and the symbol 
P(a, b) is to be read: "The point P, whose coordinates are a 

and b." 

Any point P in i,he plane determines t wo numbers, the coordi- 
nates uf /', Conversely, given two real numbers «' and h'. then 
a point ./'■' in the plane may always Ik: constructed whose coordi- 
nates are («', b'). For lay off OM' = a', ON' — b', and draw lines 
parallel to the axes through M' and A". These lines intersect at 
P'(a', b'). Hence 

Every point determines a, pidr of real itvvi.bn's, and conversely, 
a, pair of real imiit.Oerx determ.ines a point. 

The imaginary numbers of Algebra Lave no place in this repre- 
sentation, and for this reason elementary Analytic Geometry is 
concerned only with the real numbers of Algebra. 

18. Rectangular coordinates. A rectangular system of coordi- 
nates is determined when the axes X'X and Y'Y are perpendicular 



to each other. This is the usual c 
otherwise stated. 



;, and n r i!l be assumed unless 
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The work of plotting points i n a rectan gular system is much 

.simplified by the use of coord.inofe or -plotting paper, constructed 
by ruling oft' the plane into equal squares, the sides being parallel 
to the axes. 

In the figure, p. 25, several points are plotted, the unit of length 
being assumed equal to one division on each axis. The .method is 
simply this : 

Count off from along X'X a number of divisions equal to the 
given abscissa, and then from the point so determined a number 
oF divisions equal to the given ordinate, observing the 
Rule /of signs: 

Abscissas are positive or negative wording «.s they are laid off 
In the right or lift, of the origin. Ordinnfrs «r<; 
positive or negative, aveording us they are laid 
si off above or below the ux-is of x. 

Rectangular axes divide the plane into four 
' Y portions called y^ad/xta/a ; these are numbered 
.] as in the figure, in which the proper signs of 
the coordinates are also indicated. 



PROBLEMS 

1. Plot accurately the points (3, 2), (3, - 2), (- 4, 3), (6, 0), (- 5, 0), 
(0, 4). 

2. Plot accurately the points (1, fl), (3, - 2), (- 2, 0), (4, - 3), (- 7, - 4), 
{- 2, 4), (0, - 1), (ViJ, V2), (- V5, 0). 

3. What arc the coordinates of the origin? Ana. (0, 0), 

4. In what quadrants ilo llic following points lie if a and 6 are positive 
numbers: (-0,6)? (- o, -6)? (6, -a)? (ffl» 6)? 

5. To what quadrants is a point limited if its abscissa is positive? nega- 
tive? its ordinate is positive? negative? 

S. Plot the triangle whose vertices are {2, - 1), (- 2, 5), (- 8, - 4). 

7. Plot the triangle whose vertices are (- 2, 0), (.5 Vs - 2, 5}, (- 2, 10). 

B. Plot the quadrilateral whose vertices are (0, -2), (4, 2), (0, 6), 
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liuvps parallel to the axis of s, which of is.* coordinates 



10. Can a point move if its absi 
ordinate is aero? Where? Can i' 
zero? Where will it be? 



i point be found if its abscissa, i 



12. Where do all [hose points lie whose abscissas ami originates are equal? 

13. Two .sides of a rectangle of lengths i.t ami h coincide with the axes of 
ir, and y respectively. What are the coordinates of the verlices of the rec- 
tangle if it lies hi !he first quad ran I, ? in l.be second quadrant? in the third 
quadrant ? in the fourth quadrant ? 

14. Construct the quadrilateral whose vertices are (- 3,6), (— 3, 0), (3, 0), 
(3, ft}. What kind of a quadrilateral is it ? 

15. Join (3, 5) and (-3, - 6); also (S, — 6) and ( — 3, 5). What are the 
coordinates of the point of intersection of the two lines ? 

16. Show that (i, y) and (x, - y) are symmetrical with respect to X'X ; 
[x, y) ami ( x. y) with respect to Y'Y ; a.ml (s, y) and (— x, y) with respect 
to the origin. 

17. A line joining two po 
of one end are (a, — 6), wh£ 

18. Consider flic bisectors '.if ihe angles between the coordinate axes. 
What is the relation between the abscissa ami ordinate of any point of the 
bisector in the first ami third quadrants ? second and fourth quadrants? 

IB. A square whose side is 2 i< has its center at the origin. What will be 
[he cuoi'di nates of its l ertices if the sides are parallel lo the axes? if the tiiago- 
aals coincide with the axes? 

Aw,, (a, a), (a, -a), {-a, -„),(-«,„); 

(a V2, 0), (- a V2, Of, (0, a Vi), (0, - a V2). 

30. An equilateral triangle whose side is a has iis base on the axis of x 

and the opposite vertex above A'' A'.. What- ate the vertices of the triangle if 
the center of the base is at the Grief n V if t lie lower left-hand vet'lex" is at the 
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19. Angles, The angle between two intersecting directed lines 
is defined to be the angle made by their positive 
directions. In the figures the angle between 
the directed lines is the angle marked 6. 

If the directed lines are parallel, then the 
angle between them is zero or tt according as 
the positive directions agree or do not agree. 
Evidently the angle between two directed 
lines may have any value from to ir inclusive. 
Reversing the direction of either directed line 
changes to the supplement ir — 0. If both directions are 
reversed, the angle is 



--(> 



When it is desired to assign a positive di recti on to a line 

intersecting X'X, we shall always assume the upward dirrMion 
as positive (sec figures). 




. T 




11 


X X' o 
T 




X 



(s) 



Theorem I. If a and- /3 are the art'/len hr.tw-i'.e.n a line directed 
upward and the, rwtutt.'jitlui' axes OX and OY, then 
(I) cos jff = sin a. 

Proof. The figures are typical of all possible cases. 

In Fig. 1, |S = f-». 

and hence cos B = cob f Z - a ) - sin a. (by 6, p. 20) 
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hi Fig. 2, 

and hence 



uos/j 



-oo.(«-fj = 



(by 4 and 6, p. 19) 



In Fig. 3, a = --, = 0. 

.■. cos /3 = 1 ~ sin a. q.e.d, 

The positive direction of a line parallel to X'X will be assumed 
to agree with the positive direction of X'X, that is, to the right. 
Hence for such a line a = 0, /3 = -=t and the relation (T) still 
holds, since 

cos j$ = cos -= — = sin = sin ex. 



PROBLEMS 

1. Show that, for :i:ies directed downward Ci 



2. What a: 
S.W.? (The 



the values of cr and 3 for ;i, line dinged N.I 1 ;, ? K.W, P S.E. ? 
ses are assumed to indicate the lour cardinal points of the 



3. Find the- relation lictween the /t'n and ,8's of two perpendicular lines 
directed upward, j_ s ^ __ a _ *. «'+« — " 

2' P P 2 

20. Orthogonal projection. The orthogonal projection of a point 
upon a line is the foot of the perpendicular 

let fall fro in the point upon the line. 

Thus in the figure 
M is the orthogonal projection of P on X'X; 



N is the orthogonal projection of P on Y'Y; X' 1 
P' is the orthogonal projection of P'on X'X. ■=-■ 

If A and B are two points of a directed 
line, and M and N their projections upon a 
second directed line CD, then MN is called the projection of AJi 
upon CD. 
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Theorem II. First theorem of projection, if A and B itre points 

upon. <<■ d'u'iv.t'.'A line iiuikiny an, mii/l/j y a-lt!i. a. .w.i.m.d dirv<U'.d linn 
CD, then the 

(II) projection of the length Alt upon CD = Ali cos y. 
Proof. In the figures let 

a = the numerical length of AB. 

I = the numerical length of AS or BT; 
then a and I are /"Kii/lo/j numhers giving th.e lengths el' the rcspee- 
ti.ve lines, as in .l'lane (leometry. !New app'y the definition of the 
cosine to the right triangles ABS and ABT (p. 18). 






As 

-at 

(1) (S) 0) 

In Fig. 1, 1 = <km%BAS = 

MN — I, A B = a. 
.-. jl/iV = ABcos y. 
In Fig. 2, I — a cos -4-BT = a cos (it — y) 

= -«cosy, 
J|fjy = I, AB =—a. 
.-. MN = AB cos y. 
In Fig. 3, Z = a cos /I .fir = a cos (tt - y) 

= — a eos y, 
MN = —l, AB= a. 
.-. MN — AB cos y. 
In Fig. 4, Z = a cos ,1BT = a eos y, 

MN = —l, AB = —a. 
.'. MN = AB cos y. 
In Fig. 5, 7=0, .1/.V = Z, ^45 = a. 

Hence MN = AB = AB cos (since cos = 

.'. MN = AP> cosy. 
In Fig. G, y = ir, MN = - I, AB = a. 

Hence MN — — AB — AB cos tt (since cos 

.'. M.Y = A Bcos y. 



(by 5, p. 20) 
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21. Lengths. ( !u»sider any two given |ioiim; 

Then in the figure 

Af;M" a = projection of 1\P 2 on X'X, 
JViJVj = projection of 7\/' 2 on FT. 



^'ifa'i.JA) 




(ill) 



But by (1), p. 24, 

Mjjlf, = OM t — OM, = xi — Xt, 
Nt,N t = 0N a - OJV, = y» — !/i- 

Theorem III. ffiiw «■■»»/ two points 1\{^, y{), P^(x % , y 2 ); then 

fa; 2 — x, = projection of T*i-P 2 on A''X; 

[y 2 — y^ = projection of J , 1 ' > ! on J"' 1 ' 



We may now easily prove the important 
Theorem IV. The lengt h I of the line 

jnhii»'J two point* I\ (X l; I/,), P., (:'■-., J/o) 

i,< f/tp,vi'B S// the formula 

(IV) * = V^-^+Oi-^)'. 

Proof. Draw lines through 7'! and 
/'., parallel to the axes to form the 
right triangle P,SP^. 

Then SP, = M 2 M l = x t - 

p s S = !\ \N t = y,- 

pjPg = Vp^s 3 + ^ 

and lienci' 





r 

JV, 




^ (a 




(•Si.J/iL^* 






F ^"^ 






■*! 






JT' 


'j 


M, S 


f, X 



(by Til) 
(by HI) 



i = V(a-i - x 2 ) a + (i/i - t/ 2 ) a . 
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The method used in deriving (I \' ) for mt-i/ positions of P, and 
7*5 is the following : 

Construct a rigid triangle by drawing lines jia.r;illel to the axes 
through J 1 ! and P s . The sides of this triangle are equal to the 
projections of the length /',/'- upon the axes. But these projec- 
tions are always given by (III), or by (HI) with one or both 
signs changed. The required length is then the square root of 
the sum of the squares of these projections, so that the change in 
sign mentioned may lie neglected. A number of different figures 
should be drawn to make the method clear, 

Ex. 1. "Find tlm length of the line jo-ining the points (1,3) and (— 6, 6), 
Solution. Call (1, 3) P it and ( ■- 6, 5) P t . 
Then 

*i = 1, Vi — 3, and x% = — 5, !/s = 5 ; 
and ssil-.slil.u1.iiiH' i 11 (IV), we hate 
I = V(l + 5) 3 + (3 - ft)* = Vio = 2 Vio. 

It should be noticed that we are simply 

finding the hypotenuse of a, riirlit. r.i-iiLij K lc 



s are anil 2 



Remark. The fact that formulas (ITT) and (IV) are true tot all 
positions of the points P, and P 3 is of fundamental importance. 
The applieation of these formulas to any given problem is there- 
fore simply ». matter of direct, substitution, as the example worked 
out above illustrates. In deriving such general formulas, since 
it is immaterial in what quadrants the assumed points lie, it is 
most convenient to draw the figure so that the points lie in the 
first quadrant, or, in general, so that all the quantities assumed 
as known shall be positive. 

PROBLEMS 



1. "Find the projections on Hi 
the following points : 

(a) (-4, -4) and (1,3). 

(b) (- Va, Vs) and (Vfi, V2). 

Ans. Projections V3 + VE, V2 - Vs ; length = Vio. 



.jtios and the length of the lines joining 
/1«.i. Projections 5, 7 ; length — V74. 
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(c) (0,0)and(", ^— )- Auk. Projections ™, " V5; length = a. 

(A) (a -|- 6, o + a) and (c + «, 6 + a). _____ ______ 

A ns. Projections c - b, b — a ; length = V(& — cj= + (« — },)■■•■. 

2. Find the projections of the sides oi l.ho following triangles upon the 

(a) (0, 6), (1, 2), (8, -G). 

(b) (X, 0), (-1, -5), (-1, -8). 
(o) (a, 6), (6, c), (c, d). 

3. Find the lengths of the sides of the trial isjles in problem 2. 

4. Work out formulas (III) and (IV), (a) if Si = a a ; (b) if ;/-, = y 2 . 

5. Find the lengths of the sides of the triangle whose vertices are (4, 3), 
(2, -2), (-3, 5), 

6. Show that the points (1,4), (4, 1), (■"., !>) are the vertices of an isosceles 
triangle. 

7. Show that the points (2, 3), (-2, -2), (2V3, - 2 V§) are the vertices 

11!' an equilateral Lriiiiiglc. 

8. Show that (S, 0), (8, 4), (- 1, 3) are the vertices of a right triangle. 
What is its area? 

9. Prove that (-4, -2), (2,0), (8,6), (2,4) are the vertices of a paral- 
lelogram. Also find i.lse lengths of the diagonals. 

10. Show that (11, 2), (6, - 10), (-6, - 5), (-1, 7) are the vertices of 
a square. Find its area. 

11. Show that the points (1, 3), (2, Vtj), (2, - V5) are equidistant from 

the origin, that is. show that they lie on a circle with lis 0011 tor at the origin 
and its radius V 111. 

12. Show that the diagonals of any rectangle are equal. 

13. Find the perimeter of the triangle whose vertices are («, 6), (- a, 6), 
(-«, -6). 

14. Find the perimeter of the polygon formed by joining the following 
points two by two in order : 

(6, 4), (4, -3), (0, -1), (-6, -4), (-2,1). 

15. One end of a line whose length is 13 is the point (-4, 8); the ordi- 
nate of the other end is 3. "What is its abscissa? Ans. 8 or — 16. 

16. What equation must the coordinates of the point (as, y) satisfy if its 
distance from the point (7, — 2) is equal to 11 ? 
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17. What equation ^ k i ■:> -:- ■ - . i .j ■ . i : . i ■ ■ ; i, 1 1 ;■, i.he fata. 1 hat. tin: point (.<:, .'/) is 
iKjaidistanl Irani tin; point* (J. :J) and (-1, »)? 

18. II the angle JOY (Fig., p. 24) equals u, show that tho length of the 
line joining L\ (x„ i^) and P; fe !/-) is given l>y 



I = V(a, - k 2 )3 + {y ± - y 2 ) 2 + 2 (Ei - %) (j/j - j/ 2 ) cos w. 
IB. If w - ~, find distance between the points (— 3, 3) and (4, - 



2). 



■ Vsu. 

SO. If ui = , find the perimeter of tlio triangle wlui.se vertices are (1, 3). 
(2, 7), (-4, -"4). Ann. VH + V223 + VlOO. 

31. If 0. = -, find the perimeter of triangle (1,2), (-2, -4), (3, -5). 

Ana. 3V5 + 2VS + V20 I 5V3 + V53-I4V3, 

32. Prove that (6, 0), (7, - 1), (0, - 2), (- 2, 2) lie on a circle whose 
center is at (8, 2). 

23. If w = -^, find the distance between (Vis, V2|, ( — V2, Vs). 

/Ins. V10 + Va. 

24. Show that the sum of the projections of i.he sides of a polygon upon 
either axis is zero if eaoh side is given a dirai.a.ion established by passing 
eonl.inuously around tin: perimeter. 

22. Inclination and slope. The inclination of a, line is the angle 
between the axis of x and the line when the latter is given the 
upward direction (p. 28). 

The slope of a line is the tangent of 
its inclination. 

The inclination of a line will be 
denoted by a, a 1: o 2 , a', etc. ; its slope 
— * by to, to,, Too, m', etc., so that to = tan a. 
m ± = tan it,, etc. 

The inclination may be any angle 
from to t inclusive (p. 28). The 
slope may be any real number, since the tangent of an angle in 
the first two quadrants may be any number positive or negative. 
The slope of a line parallel to X'X is of course zero, since the 
ineiinauonisOonr. For a line parallel to FT the slope is infinite. 
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Theorem V. The dope m of the lino paxainy throuyh two points 
_ gi — X/a 




Proo/. 


MyM 2 =x i ~x 1 


(by (III), p. 31) 




= P^s cos a. 


(by (II), p. 30) 


(1) 


.". JPi.P COS <r = £ a — aSj. 




> ; .ii.'Lil;;] , ly. 


W,^; = Jfj — J/j 


(by (in), p. 31) 




= P^ COS /J. 


(by (II), p. 30) 


(2) 


.-. P]PaOOB,B = ffi -y,. 




But 


cos ft — sin a. 


(by (I), p. 28) 


Hence, from 


(2). 




(3) 


PJ\ sin « = i/,- »,. 




Dividing (3) by (1), tan a = m = llTl 1 . 


_ yi - y« oed 



Remark. Formula (V) may he verified by 
ixm stringing a right triangle whose hypot- 
enuse is PiPj, as on p. 31, whence tan a 
(— tan /. SPJ'*) is found directly as the ratio 
of the opposite side, SP s = i/ a ~y lf to the 
adjacent side, P,S = a: a — x^.* 
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Theorem VI. If two lints* are pant lid, their dopes are equal; if 
perpendirultir, the siupit of one is the nfjot.h-e rt-fipromt/ of th.e skrpi 
of the other, and conversely. 

Proof. Let <*, and a % be the inclinations and rtt, and m a the 
slopes of the linos. 

If the lines are parallel, a, = a 3 . .\ ■m l = m? 

If the lines are perpondieuliir, as in (.he figure, 



■! = tan a-, = tan I a s — •— J 
= - cot a s (by 4 and 6, p. 19) 

1 



The converse is proved "by retracing the steps with the assump- 
tion, in the second part, that o 2 is greater than a,.. 




1. Find the slope of the line 
3. Find 1,1 ic. slope of the line 
3. Find the slope of the line 



> (1, S) and (2, 7). 

* (2, 7) and (-4, -4). 

;(V5, V2)and (- V5, v*8). 



i. Find the slope of the line joining (a + 6, c + a), (c -|- a, & + e). 

*.. ^-«. 

o- ft 
5. Find the slopes of the sides of the 1n;im:'e whose vertices are (1, I), 

(-i,-i>,(Vs,-Vs). ^ ,,l±^,lz^. 

1 - V3 1 + V;J 
8. Prove by means of slopes that (- 4, - 2), (2, 0), (8, 6), (2, 4) are the 

veil.ici'H of ii. parallelogram. 

7. Prove by means of slopes that (3, 0), (6, 4), (- 1, 3) are the vertices 
of a right triangle. 

8. Prove by means of slopes that (0, - 2), (4, 2), (0, 6), (- 4, 2) are the 
vertices of a rectangle, and hence, by (IV), of a square. 
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9. Prove by raoaiin of ihcir slopes tlia; the ilh^iiiinln of the square ia 

problem S live perpendicular. 

10. Prove by means of slopes that (10, 0), (5, 6), (5, - 5), (- 6, 6) are 
the vertices of a trapezoid. 

11. Show that the '.i:i(.i joining {a. b) and {<■, — d) is parallel to the line 
joining (— a, — h) and (- c, d). 

12. Show that tilt; liny joining tl".' ■: ■! ii;i n id (<(. h) is pfirpondicular td the 
line joining the origin to (— 6, a). 

13. What is the inclination of a line parallel to Y'Y? perpendicular to 
Y'Y? 

14. What is the slope of a lino parallel to Y'Y? perpendicular to FT"? 
16. What is the inclination of the line joining (2, 2) and (- 2, - 2)? 

16. What is the inclination of the line joining (- 2, 01 and (- 5, 3)P 

17. What is the inclination of the line joining (3, 0) and (4, V5) ? 

18. What is the inc'.matiun of Ihc line: ioinina: (3, 01 ;uid (2. V3) 1 

— ■ 

19. What is the inclination of the line joining (0, - 4) and (- Vs, - 5) ? 

Am. J- 

20. What is the inclination of the line joining (0, 0) and (-V3, 1)P 

A„. %■ 

81. Prove by means of slopes that (2, 3), (1, - 3), (3, 9) lie on the same 
straight line. 

32. Prove that the poinls [a, b -|- c), (b, c + a), and (c, o + b) lie on the 
same straight line. 

33. Prove that (1, 6) is on the line joining the points (0, 2) and (2, 8) 
and is equidistant from them, 

24. Prove that the line, joining (3, - 2) and (5, 1) is perpendicular to the 
line joining (10, 0) and (13, - 2). 
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23. Point of division. Let P, and P 5 be two fixed points on a 
directed line. Any third point on the line, as P or P', is said 



"to divide the line into two segments," and is called a point 
of division. The division is called internal or external according 
as the point falls within or without /',!•«. The position of the 
point of division depends upon the ratio of its distances from /'[ 
and P\. Since, however, the line is directed, some convention 
must he made as to the manner of reading ihese distances. We 
therefore adopt the rule : 

If P is a point of division on a directed line passing through 
P, and P E , then P is said to divide P t P 2 into the segments P^P 
and PPy. The ratio of division is the value of the ratio* 7^7* 

We shall denote this ratio by A, that is, 



If the division is internal, P,P and PP„ agree in direction and 

therefore in sign, and A. is therefore positive. in external divi- 
sion k is negative. The sign of k therefore indicates whether 
the point of division J' is within or without the segment P t P 2 ; 
and the numerical value, determines whether P lies nearer /', 
or P%. The distribution of k is indicated in the figure, 



That is, X may have any positive value between P, and P s , any 

negative value between and - 1 i.o the left of P„ and any nega- 
tive value between — 1 and — qo to the right of P 2 . The value 
— 1 for k is excluder!. 
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Introducing coordinates, we next prove 

Theorem VII. Point of division. The coordinates (x, y) of the 

point of division, I' on, the line, joining l\(x 1 , >/,), l'.,(x.,, y-j), such 
that the ratio of the segments is 

are given by the forvinlan 



(Til) 



*/ 



1+A ' " l + A ' A\ \ , , 

/ 0\ Mi M .v..y 
Proof. Given A = ^ ■■ 

Let a be the inclination of the line /W Project Pi, P, P 2 
ipon the axis of a;. 
Then, by the first theorem of projection [(II), p. 30], 
MiM = P,P cos a, 
MM 2 = Pl\ cos <*. 
Jtf,M P,.P 



Dividing. 


MM 2 ~ ¥K~ ' 


(by hypothesis) 


But 


M,M = x-x,. 






MM S = x., — x. 


(by (III), p. 31) 


Substituting, 


I^H" 




Clearing ol' I'ni.ci.ions and solving for x, 






a;, + Xx„ 




Similarly, 


_ ?/i + Ai/ S 
1J ~ 1 4- A 





Corollary. Middle point. The coordinates (x, y) of the middle 

[mint of the line joining 'l\(x- u yC), !'■,.(■'■,, g.j) are found by taking 
'he averages of the git-en al/xrixmin and. ordinate*; that is, 
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Ex. 1. Find the point Poivtding iy- ], -0), P t (3, 0) in the ratio \= -\. 
SolidUin. Applying (VII), x s = — 1, i/i = — 6, 
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Hence P is (- 2|, - 8). Am. 
Ex. 2. Find the coordinates oi tlie point of 
utersection of the medians of a triangle whose 
ertices are (*,, y,), (x,, j/ 2 ), (* 3 , j/ s ). 
Solution. J.iy I'tane- Geometry we have to find 
the point P on the median AD such that 4P = | -ID, that is, 4P : PD :: 2 : 1, 
or X = 2. 

By the Corollary, D is [£(s a + i 3 ), Hi's + Va)]- 
To find. P, apply (VII), remembering that A corre- 
sponds lo (icj, ;/]) arid D to {.r. 2 . j/ a ). 
_ Ei + 2 ■ -■- (fr; + z 3 ) 



Tllis gives ,£ rr 



1 + 2 
_ gi + 2 ■ ' i> 8 + y B ) 




Hence the abscissa of tin: 

average of the abscissas oJ! the 

The symmetry of these 



f^KlJ 



Oa), Z> = iOi + Sa + 2/s)- An». 

of the medians of a triangle is the 
.id similarly for the ordinate, 
idence that the particular median 

chosen is immaterial, and I he jVmii.Ias Uisrefitrv -lyon: the /•! et- of the. hdertte:- 

tion of the medians. 

PROBLEMS 

1. Find the coiirdinates oi' ihe middle point, of the lir.e joining (4, — ti) 
and (- 2, - i). Ans. (1, - 5). 

2. find the coordinates; ui liie middle poinl of ',-iie lim- joining (a+b, c + d) 
and (a — b, d - c). Ann. (a,d). 

3. Find the middle points of the sides of the triangle whose vertices are 
(2, 3), (4, — 5}, and {— 3, — 8) ; also find the lengths of the medians. 

1. Find the coordinates of the point, which divides t lie line joining (— 1,4) 
and (-5, - 8) in the ratio 1 : 8. Ana. (-2,1). 

5. Find the coordinates of the point which divider the line joining 
(- 3, - 5) and (6, 9) in the ratio 2 i 5. 4ns. (- f, - 1), 
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6. rind the coiird in;; 1 1- of ihe poin- whiri) divides (lie line joining (2, Ci) 
and (— 4, 8) into segments whose ratio is — £. . j4?is. (—22, 14). 

7. Find the coordinates of the point. \vli it-li divides the line joining 
(- 3, -4) and (5, 2) into segments whose ratio is — -|. -4ns. (- li), - 1C). 

8. Find the coordinates of the points '.vliicli tri.-.:et the lino joining the 
points (- 2, - ]) and (3, 2). Ana. (- J, 0), (|, 1). 

9. Prove that the middle point of the hypotenuse of a- right triangle is 
i-'pti distant from t.kc throe vertices. 

10. Show that the diagonals of the parallelogram whose vertices are (1, 2), 
(- S, - 8), (7, - 6), (1, - 11) bisect each other. 

11. Prove thai the diagonals ot any panthelogrtim mutually bisect each 

12. Show that the linos ,; inning the middle points of the opposite sides of 
the quadrilateral whose vertices are (6, 8), (-4,0), (-2, -6), (4, -4) bisect 
each other. 

13. In the quadrilateral o: ptMblen; VI slum lay means of slopes that the 
lines joining the middle points of the adjacent, sides form a parallelogram, 

14. Show that in the trapezoid whoso vertices are (— 8, 0), (— 4, — 4), 
( — 4, 4), and (4, — 4) the length of the line joining- the middle points of the 
non -parallel sides is equal to one half the sum of- the lengths of the parallel 
sides. Also prove iliat ii is parallel to the parade; side.-.. 

16. In what ratio does the point (— 2. ?,) divide the line joining the points 
(-3, 5) and (4, -9)? Ana. I 

16. hi what ratio docs the point (Hi, ii) divide the lint joining the points 

(-5, 0)and(2, 1)? Ana. - |. 

17. Given the triangle whose vertices are (- 5, 3), (1, — 3), (7, Q); show 

that a line joining ".he middle poinls of any two sides is parade', to the third 
side and equal in one half of it. 

18. If (2, 1), (3, 3), (6, 2) are the middle points of the sides of a triangle. 
what are the coordinates of the vertices of the triangle ? 

Ann. (-1, 2), (5, 0), (7, 4). 

19. Three vertices of a parallelogram are (1, 2), (-5, -3), (7, -6). 
What are the coordinates of tin; fourth vertex ? 

Ana. (1, -11), (-11, 6), or (13, -1), 
30, The middle point of a line is (9, 4), and one end of the line is (5, 7). 

What are the coordinates of the other end ? Ana. (7, 1). 

SI. The vertices of a triangle are (2, 3), (4, - 6), (- 3, - 0). Find the 

coordinates of the point whore the medians intersect (center of gravity). 
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33. Find the area of the isosceles Trian^'e wiiosc vertices are (1, 5), (5, 1), 
(_ g ) _ S) by finding the lengths of the base and altitude. 

23. A line AB is produced to (7 so that BC = J .4B. If the points 4 and B 

have the coiinlhia-lcs (5, (>) and (7, 'J) respectively, what, are the ooin-iiinaks 
ofC? -Ins. (8,0). 

34. Show that formula (VI I) holds for oS.jj'iuecoi'ivdmiites, that is, Z JOr 
may have any value. 

35. How far is the ]'Ohit b^ui.'.iini.'tlifJ line joining the pohit.K (5, S) and (3, 7) 
from the origin ? What is the slope of this last line '! Ans. 2 Vl3, f . 

24. Areas. In this section the problem of determining the area 
of any polygon the eoiinliiiiues of whoae vortices me given will 
be solved. We begin with 

Theorem VIII. The area of a trii.m'jle whose vertices are the 
origin, P±(xi, ;/;), and P., (.r a , y. : ) in tjimn by the formula 

(VIII) Area of triangle OJ' 1J P 2 = ftsvtff, — awi)- 





/j^JSf'.Kt) 


a = Z XOP, 
/J = Z XOP. 

8 - z ; j ,op 3 





.¥, J/, Jt 




(1) 


« = fl - « 


By 18, p. 20, 




(2) Area A OP,P 3 = J OP, ■ ftP 2 


in« 


= I OP, ■ OP 2 


k(0-«) 


(3) = \0P 1 -0P i 


sin /J cos a — 


But in the figure 




8m = __ = ._, C0B 


^~ UF^m 


M,P, y, 
mi « = — = —, oos 


OM 1 x 

a ~~op\ ~ OJ 


Substituting in (3) and reducing, 


\'e obtain 




Area A OP,P, = J (x<,j, - z&J. 



[% (i)] 

cos fl sin a), 
(by 9, p. 20) 
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Ex. 1. Find the area oi Hie u : ".nsie whose vertice 
and (- 5, -1). 

Solution. Denote (-2, 4) by Pi, (-5, -l)by P 2 . 
Then 

3i = - 2, yi = 4, J6a = - 6, jft = - 1. 

Substituting in (VT7I). 

Area = i[-2--l-(-6)-4] = ll. 

Then Area = 1) unit squares. 

If, however, the formula- (VT.II) is asuiliod by denoting (— 2, i) by P 2 , and 
( - 5, - 1) by Pi, the result will bo - 1 1. 

The two figures are as fisilfms : 





(1) W 

The cases of positive and net/at int. area are distinguished by 

Theorem IX, Passing around the perivieter lit- the, order of the 
vertices 0, P„ P 2 . 

if the area is on the left, as in Fly. .1 . then ('VIII) gives a posi- 
tive result; 

if the area is on the right, as in Fig. 2, then (VIII) gives a 
negative result. 

Proof. In the formula 
(4) Area A 01\1\ = £ OI\ ■ Ol\ sin 

the angle is measured from OP t to OP t within, the. triangle. 
Hence. is positive when the area lies 
to the left in passing around the per- . 
imeter 0, P„ P 5 , as in Fig. 1, since is i\ 
then measured counter-clockwise (p. 18). 
But in Fig. 2, 6 is measured clockwise. (1 ' iaj 

Hence is -negative and sin in (4) is also negative. «.is.b. 

Formula (VIII) is easily applied to any polygon by regarding 
its area as made up of triangles with the origin as a common 
vertex. Consider any triangle. 



<fe" 
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Theorem X. The area- of a triangle -whom; vertires arc l\(x u y s ), 
P*(&, to), Pt(x» y.) »s given by 

(X) Area ^ P 1 P i P i =\(x 1 -y i ~x 2 y l +sc i !/ 3 —as i tfi+x 3 -f/ 1 —x L y s ). 

This formula given u -posit ice. err ii.eiji.Ulve, result Recording as the 

area lies to the left or right in passing 

iroufid the, perimeter in I he order P,P S P S . 

Proof. Two oases must be distin- 

//•'■!\ gnished according as the origin is 

within or "without tlu: triangie. 

■'' ,.-. ' ,-, Fig. 1, origin anthill the triangle. 

By inspection. 

(5) Area A P,P./' 3 = A OP t P t + A OP. 2 P h + A OP :l P u 
since those amis a'.l have the same sign, 

Fig. 2, origin without the triangle. By inspection, 

(6) Area A PyP^ = A OPjP a + A OP.,7' 3 + A OP,P lt 

since t'P^a, OP 3 P, have the same sign, tut OP;P ;i the opposite 
sign, the algebraic sum. giving the desired area, 

By (VIII), A OP,P 2 = i(x& - maO, 

A OP 2 P 3 = £ (ie^ - x s y 2 ), A OP 3 P t = J (20t - "rtfO- 

Subs til. ill. ins;- in (o) and ((>), we have (X). 

Also in (5) the area is positive, in (6) negative. q.e.d. 

An easy way to apply (X) is given by the following 

Rule for finding Ik'! area 'fa. triangle. 

First step. Write down the vertices in tivo columns, &i ilt 
abscissas in one, ordinates in the other, repeating the ,f}_ ' 
coordinates of the first vertex. si Vi 

Second step. Multiply ear.l<. ojiseissa, hy the ordinate of the next 
row, and add results. This gives xry, + x^y 3 + X 3 y v 

Third step. Multiply eark ordinate by the absrinsa of the next 
row, and. add results. This gives y^x^ + y 2 x a + i/ 3 x,. 

Fourth step. Subtract, the result of the, third step from, that of 
the tteoond step, and divide by ii. This girts the required, area, 
namely, formula (X). 
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I-', 



ft is easy to show in the .same maiinur that tJie rule applies to 

any polygon, if the following caution hi: observed in tile first step : 
Write down the eoordhutl-KX of the vertices in an order agreeing 
tvitk that c.^fuhlhli-eil hij j,ij.\<fhi'j eoatimiovat '// I'mund the pr-rnni'.tcr, 
and repeat the ooordiuates of the first vertex. 

Ex. 2. Find the area of the quadrilateral whose vertices are (1, G), 
(-3, -4), (2, -a), (-1,3). 

Solution. Plotting, we luive the figure from which - 
we choose the order of the vertices as indi- , 
rated by the arrows. Following the rule : _ \ 

First slop. Write down t.lic vertices in — 3 
order. | 

Second step. Multiply each abscissa 
by the ordinate of the next row, and add. This gives 

1xB + (-1x-4) + (-3x-2) + 2x 

Third step. Multiply each ordinate by t.he abscit 
of the next row and add. This gives 

6x— l + 8x-S + (-4x2) + (-2xl) = -2B 

Fourth step. Subtract tlie result of the third step 
from the result of the see;>in.l step, and divide by 2. 




The result lias the positive si 



■ 25 unit, squares, Ans. 
since the area is on the left, 



PROBLEMS 

igle wlio.se v 

2. Find the area of the triangle whose vei 

3. Find the area of the triangle who.se vei 

4. Find the area of the triangle whose vi 

5. Find the area of the triangle whose vertices are (0, 0), (a t , y{), (x s , y-s). 
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6. Find the area of the triangle whose vertices are [a, 1), (0, 6), (c, 1). 

An* C^-cX 6 - 1 ) 

2 

7. Find the area of the triangle who.se vertices are (a, b), (b, a), (c, - c). 
Anx. \{&~1P). 

8. Find theareaof the triangIcwhoaevertice3are(3,0),(0,3V3), (6,sVS), 
Ana. 9V3. 

9. Prove that. the area of the triangle whoso vertices are the points 
3), (5, 4), (— 4, 1) is zero, and hence that tbese points ;ill lie on the same 

straight line. 

10. Prove that the area of tin: triangle vvhoM: ■. erlices are the points 
'a, b + c), (ft, r. + a), (c, a -I- b) is zero, and honey that these points all lift 011 

i same straight line, 

11. Prove that the area of the triangle whose vertices are the points 

a, c + a), {— c, 0), (— a, c — a) is /.evo, i;:id hence Hint these points all lie 
1 the same straight line. 

12. Find the area of the quadrilateral whose vertices are (- 2, 3). 
-3, -4), (5, -1), (2, 2). Arts. 

13. Find the area of the pom. 1.1:011 whose vorl ices are (1, 2), (3. 
0, -2), (2, 5), (4,4). ' Am. 

14. Find the area of the parallelogram whose vertices are (10,6), (—2, 5}, 
-5, -3), (7, -3). Ans. 

15. Find the area of the quadrilateral whose vertices are (0, 0), | 
. 11), (0, 3). Ans. 

16. Find the area of the quadrilateral whose vertices are (7, 0), (11, 0). 
(0,5), (0, 0). Ans. 69. 

17. Show that the area of tie triangle whose vertices are (4, 6), (2, — 4). 

4, 2) is four limes the area of l.hc triangle formed by joining the middle 
points of the sides. 

18. Show that the lines drawn from the vertices (3, -8), (-4, 6), (7, 0) 
l.o the media 1 , point of tiie triangle divide ii. into three triangles of equal area. 

19. Given the quadrilateral whose vertices are (0, 0), (6,8), (10, —2). 
(4, — 4); show thai, the area of the quadrilateral I'oroied by joining the 
middle points of its adjacent sides is equal to one half the area of the given 
quadrilateral. 



,Google 



CARTESIAN COORDINATES 47 

25. Second theorem of projection. 

Lemma I. If M t , J/.,, M. t <w, nmj thrv.o points on a, directed line, 
'hen in all canes 

M x M t = M X M 9 + M t Mt. 



Proof. Lei: O be the origbi. 
By (1), p. 24, M,M 3 = OJf 2 - OM„ 

MsM s = OM a - 0M % . 
Adding, M x M t + M^M S = OM t - OM v 

But by (1), p. 24, M X M S = OM s - OM,. 

.-. M,M S = M x Mi + M 2 M t . q.e.o. 

Tins result is easily extended to prove 

Lemma II. If M lf <W' S , M v ■ ■ ■, M n _ lr jl/„ are any n points on a 
directed line, t/ien in all cases 

M x M n = M x M t + MJtf t + MiM t -\ \- M a ^,M„, 

the Jfii'iilis in tin' riijht-h'i iid nvwiii'r hrintj so written that the 
second point of •■.'if.'k lawjf k ix tin: jirsf, point of the next. 

The line joining the first and last points of a broken line is 
called the closing line. 




Thus in Fig. 1 the closing line is 1\P Z \ in Fig. 2 the closing 
line is P X P S . 
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Theorem XI. Second theorem of projection. If each, segment of n 
lii'nl-iin Vkiic. he ijioeu ,'/<■■ i/i ,'':''': imi- delarhii/ied in, passiiiy coatuio.ovs!'/ 
from, one extremity to tin:, othfir. thou the n./f/i-hraie sum of the, pro- 
jections of the, set/ men is upon ">'// dicyled /,'/,..- eqo/ils 'he, projertiuil 

of the dosing line- 
Proof. The proof! results immediately from the Lemmas. For 
in Fig. 1 

M,M 2 = projection of J\/K ; 
jT/»:lf. = projection of P 2 P 3 ; 
M t M x = projection of closing line i J iJp„. 
But by Lemma I 

M t M % + M 2 M S = JKiJtfi, 
and the theorem follows. 

Similarly in Fig. 2. q.e.d. 

Corollary. If the sides of a c/osed poh/i/on he, filvm the direction 
estohlished- t,i/ pussin;/ eontinvoitslt/ in-own d the, perimeter, the, sum 
of the projections of the sides upon any directed line is zero. 

For the closing line is now zero. 

Ex. 1. Find the projection of the lino joining toe origin and (5, 8) upon 
a line passing through (—5, 0) whose 

inclination is — ■ 

Solution. In Hit' figure, imnlyhii; t h ■ - ■ 
theorem of projection, 
proj. of OP on AB 

= proj. of CW+proj. of MP 
= OM con j + MP con- 

(by first theorem of projection, p. 30) 
= | V2 + f V§ = 4 V2. Ana. 

The essential point in the solution of problems like Ex. 1 is the replacing 
i.j f i.lu.' given lint, liy i s i h : i. r i h of Theorr. : :n XI, by a broken line with two seg- 
ments which are parallel to the axes. 
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Ex, 2. Tind the perpendicular distance from the line 
(4, 0), whose inclination is — , to the 
point (10, 2). ;J 

Solution. In the figure draw OC 

perpendicular to the given line AB. 

ZXAS = ~, or 120°. 
.-. Z XOS = SO", Z SOY = 60°. 
Required the perpendicular dis- 
tance BP. 

Project the broken line CiM'l' upon 
OC. Then, by the second theorem of - 
projection, 

proj. of OP = proj. of OM + pro], of MP 

= Oilfcos Z XOS + MP cos Z .SOI' 
= 10 ■ i V8 + 2 ■ i 

(1) =1 + 5V3. 
But in the figure 

proj. of OP = OS + ST 

= OA cosXOS + BP 

(2) = 4 ■ i V3 + BP. 
From (1) and (2), 

BP + 2 V5 = 1 + 5 Vs. 

BP = 1 4- 3 Vs. Arts. 
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PROBLEMS 



1. Four point 1 ! lie. on the axis of abscissas ill distances of 1, 3, CI, arid 10 
respcei i v ! ■ 1 \- f!-i)iii Cue origin, .rind l\l\ by .Lr-minn IT. 

2. A broken line joins continuously the points (— 1, 4), (3, 6), (6, — 2). 
(8, 1), (1, — 1)- Show that the simoikI theorem of projection holds when the 
segments an:- projected on the A"-axis. 

3. Show hy means of a figure ;liai the projection of lite broken line join- 
ing the points (1, 2), (5, 4), (- 1, - 4), (3, - 1), and (1, 2) upon any line is 



1. Find the projection of the line joining I lie- points (2, 1) and (5, 3) upon 
a line passing through the point (— I, 1] whose inclination is — ■ 
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B. What is the projection, of the line joining these same points upon any 
line whose inclination is r ? Why ? 

B. Find the projection of the line joining the points {— 1, 3) ami (2, 4] 
upon any lino whose inclination is }i£. ■ Ans. — v 2. 

7. Find the projection of the broken line joining the points (— 1, 4), 
(3, 6), and (5, 0) upon a line whose inclination is — ■ Verify your result by 
finding the projection ol" ilie closing line. -4ns. V2. 

B. 1'ind the projection of the broken line joining (0, 0), (4, 2), and (6, - 3) 
upon a line whose inclination Is -5- ■ a ns. ~ ■ 

9. Show that the projection of the sides of the triaisirli'i (2, 1), (— 1, 6), 
(— 3, 1) upon a line whose inclination is -r is zero. 

10. Find the perpend l-nhti: dista:iee fvom the point (0. 3) to a line passing 
through the point (— 4, 0} with an inclination of j- Ans. —=- 

11. Find the perpendicular distance from the point (—5, — 1) to a line 
passing throng!) i.he point (i'i, 0) a:id having an inf.''.; nation of J ft. 

Ans. 6V2. 

12. A line of inel'i nation .'.- passes :h:o^U: the point (f>. ()).. Find the per- 
pendicular distance- to the parallel .:h:e ^assinc: l.l.rou.di the point (0, 2). 

6 + 2V3 
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CHAPTER III 
THE CURVE AND THE EQUATION 

26. Locus of a point satisfying a given condition. The curve* 

(or griiup °f curves.! iins.^ng_l.hri>ii.eh all poinl.s which satisfy a 
given condition, and through no other points, is called the locus 
of the point satisfying that condition. 

For example, in Plane Geometry, the following results are 
proved : 

The perpendicular bisector of the line joining two fixed points 
is the locus of all points equidistant from these points. 

The bisectors of the adjacent angles formed by two lines is 
the locus of all points equidistant from these lines. 

To solve any locus problem involves two tilings: 

1. To draw the locus by constructing a sufficient number of 
points satisfying the given condition and therefore lying on the 
locus. 

2. To discuss the nature of the locus, that is, to determine 
properties of the eurve.f 

Analytic Geometry is peculiarly adapted to the solution of 
both parts of a locus problem. 

27. Equation of the locus of a point satisfying a given 
condition. Let us take up the locus problem, making use of coor- 
dinates. If any point P satisfying the given condition and there- 
fore lying on the locus he given the coordinates (x, y), then the 
given condition will lead to an equation involving the variables 
x and y. The following example illustrates this fact, which is 
of fundamental importance. 
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Ex. 1. Find tlie equation in x and ;/ :l: tin; point whose locus is required 
shall be equidistant from A (— 2, 0) and B(~ 3, 8). 

Solution. Lel-P(x, y) •'-' any point un ;1.c locu.i. T!i'.:i by the given condition 
(1) P4 = Pif. 

But, by formula IV, p. 31, 

pa = V(s + ^f + (j/ - vf. 
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Substituting in (1), 



B)*. 



(2) V t z + a)" + (y ^W» 
= V(« + 37 + «/- 8)2. 

S'|Uii:':n;: a;td red;ii:nj;. 

(3) 2a: -16 j/ + 69 = 0. 

In the equation (3), ,c and y arc v.t.rvibli:.z tTprescnt.ini; the coordinates of 
any point on tlie locus, that, is, of any point, on I.Iio perpend iotda.r bisector of 
tin; line. A li. This equation has two iiupoMant. nod charncteti.stie. properties: 

1. The coordinates of any point on Lin; locus may be substituted for X 
and y in the equation (;>), and the result will be true, 

For let Pi(Xi, j/i) be any point on the locus. Then P S A = P,B, by defi- 
nition. Hence, by formula, IV, p. 81, 

or, squaring- and reducing, 

(5) 2a 1 -16y 1 + 6B = 0. 

Therefore x L and >/ L satisfy (3). 

2. Conversely, every point, whose cob nlinai.es satisfy {:.!) will lie upon the 

For if Pifaji, j/i) is ;i. point whose coordinates stit.isi'y (!.!), then (5) is true, 

and hence also (4) holds. q.e.d. 

In particular, the coordinates of tin; middle point C* of A and IS, namely, 

& = -2fc y = 4 (Corollary, p. 30), satisfy (3), since. 2(-2£|-lGx 4 + 69 = 0. 

This example il'ust.ra'.es the follow ino- f'/rrcsptir/dence between 

Pure and Analytic Geometry as regards the locus problem: 

Locus problem 

Pure Geometry Analytic Geometry 

Tho.goomeinoaloon(lif.i<.>]i(sutis- 471 equal-ion in tlie variables x 

fied by every point on the andjirepresentingcoordinates 

locus). (satisfied by the coordinates 

of every point on tlie locus). 
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.VI 



This discussion lends to the fundamental definition : 

The equation of the locus of a point satisfying a given condition 
is an equation in the variables a: and y representing coordinates 
such that (1) the coordinates of every point on the locus will 
satisfy the equation; and (2) conversely, every point whose 
coordinates! satisfy tlie equation, will lie upon the locus. 

This definition shows that the equation of the locus must be 
tested in two ways after derivation, as illustrated in 1 lie example 
of this section and in those following. 

F voin the above definition follows at oiv.:c. the 



Corollary. A point lien upon a curve 
oordlii-ates satisfy the ep.i'itlon- of the 



when and only whim its 



28. First fundamental problem. To find the equation of a 

c.uroti which, is deliiicd as the hen* of a 'point satisfying a given 
condition. 

The following rule will suffice for the solution of this problem 



Rule. First step. Assume that P(x, ■//) is any point satisfying 
the gif-en- coiaUiion ami is therefore on the curve. 

Second step. Write down the given condition. 

Third step. Express the gin an condition in coordinates and 
simplify the result. The find equation, containing -x, y, and the 
gioen constants of the problem, u-'dl lie the required equation. 

Ex. 1. Find the equation nf the straight, line passing I hrough Pi (4, —1) 

ami having an inci illation of — — - 



Solution. First step. Assume 1'(j: 


V) 


any po 


on the line. 






Second step. The given condition. 






nation a is — , may tie written 

(1) Slope of F 1 F = tan* = 






-1 




Third step. From (V), p. 35, 






(2) Slope of P,P = tan a = 


H 


-J/a _ J 


[By substituting (a;, y) for (x 


V.) 


and (4 



-~ 






. 


/\, 






s ■ 


o 


V;. r. \ 




J\ 
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(3) 



To prove that (3) is the required equation : 

1. The coordinates (x±, y±) of any point on the line will satisfy (3), for 

the line joins (s-i, !/i) and (4, — I), and its .slope is — 1. ; hence, "by (V|, p, 35. 
substituting (4, — 1) for (%, j/ 2 ), 



_i/i + ] 



r Xi ■! i/i - 



and therefore Si and ■;/■ saiislj the equation (3). 

2, Conversely, any point whose ni.i.ird: naU. c. -atisiy (;!) is a point on the 
strriigbi. ILi n'. her if (re i, ;/i) is iiny sii'.-l i point. that is, if x\ ■+ j/i 3 = 0, then 
also — 1 = is true, and (rci, j/i) is a point on the line passing through 

(4, — 1) and having an inclination tup ml lo - Q.t.ii. 



Ex. 2. Find the equation ol a straight line parallel to the axis of y and 
it a distance of IS units to the right. 

Solution. First step. .Assume that P(x, y) is 
any point on the line, and draw NP perpendicular 

to or. 

Second step. Tlio given condition may he 

(4) NP = 6. 

Third step. Since _V/' = OM = x, (1) hi-coinos 

(5) x = G. Ana. 

The equation (5) is the required equation : 

1. The coordinates of every point satisfy in g the given condition may lie 
substituted in (5). For if P x (Xi, y±) is any such point, then by the given 
condition x-_ — <!, that is, (j: l , ;/,) snlislies (■">). 

2. Conversely, if the coordinates (x,, ?_/,) satisfy (")'), then x l = 6, and 
jf'i (^i- Vi) is at a distance of sis units to the right of FY'. q.u.d. 

The method above i litis: rated of proving thai, the derived equation has the 
two characteristic properties of the equation of ;lic locus should be carefully 
studied and applied to eaeli of the. following examples. 
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Ex. 3. Find the equation of the locus of a point whoso distance from 
(—1, 2} is always equal to 4. 

Solution. First step. Assume tliatP(sr,J/} 
is any point on the locus. 

Second step. Donoiing (— 1, 2) 
the jriven eondilio); is 
(6) PC = 4. 




Third Mt.?p. Tiy formula (IV), p. 
PC = V(b + lj« + {y - 'If. 
Substituting in (6), 

V(as + l)^ + (j, _ 2)2 = 4. 
Squaring and reducing. 
(7) as a + y s + 2a!-4y-ll = 0. 

This is the required equation, namely, l.ho equation of the circle wl 
center is (— 1, 2) and radius equals 4. Tin: method of prooi is the & 
as thai of the preceding examples. 



PROBLEMS 

1. Find the equation of a line parallel to OY and 



(a) at a distance of 1 r 

(h) at a distance of 7 i 

(c) at a dish-moo of 2 a 

(d) at a distance of & u 



■ to tin: right, 
i to the left. 

to the right of (3, 2). 

to the left of (2, -2), 



3. Find the equation of a lino parallel to OX and 

(a) at a distance of 8 units above OX. 

(b) at a distance of 6 unita below OX. 

(c) at a distance of 7 units above (— 2, — 3), 

(d) at a distance of 5 units hciow (4, — 2). 

4. "What is the equation of XX'? of TY'1 

5. Find the equation of a. line parallel to the line X 
right of it. Eight units to the left of it. 

6. Find the equation of a line parallel to the lini 
below it. Five units above it. 

7. How does the line y = a — b Ho if a > 6 > 0? if 

8. What is the equation of. ilie axis of x? of the as 
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9. What is tin; equation of the locus of a y i :■ : 1 it which moves always at 
,1 distance of 2 units from the axis of £ ? from the axis of y ? from the line 
2 = - 5? from the line y = 4 ? 

10. What is the equation of the locus of a point which moves so as to 
be- rqu.idisiam. from the linns x = f) ami x, = ? equidistant from (/ = 8 am] 
If = -7? 

11. What are the equations of tlie siiies »t the rectaiifde whose vertices 
are {5, 2), (5, 5), (- 2, 2), (- 2, 5) ? 

In problems 12 and ISi, P, is a s?iven point on the required line, m is the 
slope- of the line, and <r its inclination. 

12. What is the equation of a line if 

(a) Pi is (0, 3) and m = - 3 ? Ana. 

(b) Pi is (-4, -2>andm = £P Ans. 



) P,ls(0, 6)andm = — ? 

) Pi is (0, 0) and m = - | ? 



3?/ -2 = 0. 
4ns. Va ; e-2j/ + e + 2Vi 
4ns, V33-2;/ + 10 = 0. 



(f) Pi is (a, 6)andm = 0? 


Ans 


y = b. 


(g) P l i H (-o,6)and)w = co'f 


Ans. x = -a. 


13. What is the equation of a line if 




(a) Pr is (2, 3| and a - 45° ? 


Ans- b-!/ + 1 = 0. 


(b) Piis(-1, 2) and a = 45°? 


4«s 


x - y + 3 = 0. 


(c> Pi is (-a, - 6) and a = 45° ? 


4ns 


i - y = b - a. 


(d) P, is (5, 2) and a = 80° P --- 


4ns 


V3z-ij + 2-oV3 


(e) P L is (0, - 7) and a = 60°? 


4 ns 


V3x-^-7 = 0. 


(f) Pi Is (-4,6)anda = D ? 


4ns 


!/= 5. 


(g) Pi is (2, -3) and a = 90°? 


4ns 


a: = 2. 


(h> P, is (3, - 3 V3} and a = 120°? 


Ana 


Vsx + y = 0. 


(i) Piis(0, 3)andrt = 150°? 


Ana 


V3a + 3^-0 = 0. 


(j) P,is (a, 6) and a = 135° P 


4ns. 


a; + y = a + 6. 



Are the points (3, 9), (4, (1), (5, a) on the line 3 a + 2?/ = 25? 

Vind the equation of the circle with 

center at, (;■{, 2) and radius = 4. Ans. x* + i/* — 6x — iy — Z - 

center at (12, - 5) and r = 13. Ans. x* + y% - 24 a: + 10 J/ = 

center at (0, 0) and radius = r. Ana £ 2 + y 2 = r 2 . 

center at (0, 0) and r = 5. 4 ns a 2 + i/ 3 = 25. 

center at (3a, 4 «} and r -5 a. Ans. z* + y% ~ 2a(3% + iy)~ 

center at (6 + c, 6 — c) atid r = c. 

4ns. <& + #*- 2()t + c)x ~ 2(b - c)y + 2V> + <p * 



,GoosIe 



THE CURVE AND THE EQUATION 57 

IB. Find the equation of a circle whose center is (5, —4) and whose 

ci vc u ii iff; ranee p;i!Hs-L.-s through the point (—2, 3). 

17. Find the equation of a circle having the line joining (3, —5) and 
(— 2, 2) as a diameter. 

18. Find the equation oi a ci rclu- tov.cl ::iu' cirii axis at a distance ur.it? 
from the origin, 

19. Find the equation of a circle whose center is the middle point of the 
line ji'iiiing ( — (i, V) in I In: oriinn and v. Lose oircomferenei" passes through 
the point (2, 3). 

20. A point moves so that its distances from the two fixed points (2, — S) 
and (— 1, 4) arc equal. Find the equation of the locus and plot. 

Ana. 3*-7i/ + 2=0. 

21. Find ttie equation of the perpendicular hlsertor of the line joining 

(a) (2, 1), (- 8, - 3). Ans. 10a + Sy + 13 = 

(b) (3, 1), (2, 4), 4ns. x-8y + !> = <>. 
(o) (-1, -1), (8, 7)- Ans. x + 2y-1 -0. 

(d) (0, 4), (3, 0). Ans. fix -6y + 7 = 0. 

(e) (x,, m), fa, V-i)- 

Ans. 2(mi - zs)s + 2 <^i — y 2 > y -I- *s 2 -xf + ytf- yi 1 = 0. 

22. Show that, in problem 21 the coordinates of the middle point of 

the line joining the giicn points satisfy the liquation of the perpendicular 

bisector. 

23. Find the equations of the perpendicular bisectors of the sides of the 
triangle (4, 8), (10, 0), (0, 2). Show thai they meet in the point (11, 7). 

24. Express by an equation that the point (ft, k) is equidistant from 
(— 1, 1) and (1, 2); also from (1, 2)and(l, — 2). Then show that the point 
(S, 0] is equidistant from (- 1, 1), (1, 2), (1, - 2). 

29. General equations of the straight line and circle. The 

methods illustrated in the preowling section enable us to state 
the following results: 

1. A straight line parallel to the axis of y has an equation of 
the form x = constant. 

2. A straight line parallel to the axis of x has an equation of 
the form, y = constant. 
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Theorem I. The ei/iiation. of the slraigh/, line 'passing through a 
point B(0, b) on the axis of y and having it.i slope equal to m is 
(I) y = W + 6. 

Proof. First step. Assume that ./' (x, y) is any point on the line. 

Second step. The given condition may be written 
Slope of PB = j». 

Third step. Since by Theorem V, p. 35, 



[Substituting (x, it) tor (j:i, v/i) iiml (0, !>) tor (as, ya)] 

then <L = m, or y = mx + b. q , k .d, 

Theorem II. The. equation, of the- circle whose, renter is a given 
point- (a, j3) and whose, radius equals r is 
(II) x 3 + y 3 - 2 ax - 2 py + a 3 + p 2 - ?- 3 = O. 

Proof. Eirst step. Assume that P-(x, y) is any point on the 
locus. 

Seeond step. If the center (/<, fi) be denoted by C, the given 
condition is 

PC = r. 

Third step. By (IV), p. 31, 



PC = ^(x~ay + (y~pf. 

.:^(z- a y + (y-ff = r. 

Squaring and transposing, we have (II). q.e.d. 

Corollary. The. equation of the circle, whose, center Is the, origin. 
(0, 0) and whose radius is r is 

3"S -|_ y= — j.2. 

The following facts should lie observed : 

Any straight line is delhiei.i by an equation of the first degree 
in the variables x and y. 

Any circle is defined by an equation of the second, degree in 

the variables x and y, in which the terms of the. second, I'-egree 
consist of the sum of the squares ofx and y. 
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30. Locus of an equation. The preceding sections have illus- 
trated the fact that a locus problem in Analytic Geometry leads 
at once to an equation in the variables x and y. This equation 
having been found or being given, the complete solution of the 
locus problem requires two things, as already noted in the first 
section (p. 51) of this chapter, namely, 

1. To draw the locus by plotting a sufficient number of points 
whose coordinates satisfy the given equation, and through which 
the locus therefore passes, 

2. To discuss the nature of the locus, that is, to determine 
properties of the curve. 

These two problems are respectively called: 

1. Plotting the locus of an equation (second fundamental 
problem). 

2. Discussing an equation (third fundamental problem). 

For the present, then, we concentrate our attention upon some 
given equation in the variables x and y (one or both) and start 
out with the definition : 

The locus of an equation in two variables representing coordinates 
is the curve or group of curves passing through all points whose 
coordinates satisfy that equation/" and through such points only. 

From this definition the truth of the following theorem is at 



Theorem III. Tfilicf mm. o f ih <• given, vqwdion be changed in any 
way (for example,, by t;-ini.<iionitiim, by -iiadtiplimt'ion by a- ctmslant. 
etc.), the locus is entirely unaffected. 

*■ An equation in lihe raiiab]"P ■' Hi id y i^ no' ?]'.'<'i?.^ni\[;. sil >:-,■! I liy tho coiiirliniLtes of 
any points. For coonlinaies are real numbers, mill tin; form of the equation may tie siieh 
thai it is satislieu liy no real values of ..- ami 11. 1'or example, the equation 

is of (Irs sort, since, when y and ;/ are real miiub(-r«. r' at'.il <i- are heeessiiI'My pnsiilve 
(or zero), and cimseiiueiitly ,■'--;;-- 1 is always a. positive liuiulior greater tiiai: or equal 
to 1, ar.(i til en (on.- nnt equal to zero. Sueh mi equation l!:ere!iu-o has no luilts. The 
c\messiou ":he hums of the equation is imaginary" in also nBeii. 

An equation may lie satisfied by tee- noJiniiiiiite* of a.rfiiifr- number of iioitits only. 
For example, ..-" ■■;/■'-« n is salMici "■; .<■-!», «-0. but by no othu!- real Tallies. In this 
ease the Krauii "f imiiiis, one or more, whose coon.ilnates satisfy tbo liquation, is i;all.;(i 
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We now take up it; order the solui.ion of the seuond and. third 
fundamental problems. 

31. Second fundamental problem. 
Rule to plot the loons of a. given equation. 

First step. Soloe, tin:, given equation for one of ike variables in 
terms of l/te other.'' 

Second step, By this form/da eompufe the values of the vari- 
ahle for which the equation, has hern soloed by assuming real 
values for the other variable. 

Third step. Plot the points corresponding to the values so 
■ determined-^ 

Fourth step. If the points are nuiuerous en.ouyh to suggest the 
qeneeal shape of the loons, draw a sHuivth curve through the points. 
Sinco there is no limit to the number of points which may be 
computed in this way, it is evident that the locus; may be drawn 
as accurately as 'may be desired by simply plotting a suilicieiil.ly 
large number of points. 

Several examples will now be worked out and the arrangement 
of the work should be carefully noted. 

Ex. 1. Draw the locus of the equation 

2a-3 ! / + (5 = 0. 
Solution. First step. Solving for y, 

y = 1 z + 2. 
Second step. Assume values I'm-,.'.- and compute 
y, arraniiluj; results in the form : 



x = 2, y = |-2 + 2 = SJ, 

Third step. Plot the points found, 
Fourth step. Draw a smooth cu 

through these point!;. 

















IJJ) 






.,'!«- 


X 



• 


V 


* 


V 





2 





2 


2 


8* 


-2 




3 


4 


-3 





4 


4} 


-4 
etc. 


etc. 



nation will often h 



ig for the other. 

ir .-r"/ valuta only may be us^l a; 
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Ex. 2. i*lot the locus of the equation 



Solution. First step. The equation as given is solved for y. 

Second step. Coinputkig y by a^umi:;;; ■. alues o£ x, we find the table of 

values below : 



- 


V 









-8 





- ;; 


1 


... 4 


-1 





2 


— 3 


-2 


5 


3 





— 3 


12 


4 


6 


-4 


21 


5 


12 


etc. 


etc. 


6 


21 







--■ +2- 


1 j j f + 










- 








:-tr 


i/ _ _L 


-fc~ 


__ _j — _ 


""X 


4 /— 






-■ Vl 


:: ee : ± 


^ > 


:£:::* 


) 


1 ::::: 


_+-r- 





Third step. Plot the points. 
Fourth step. Dram a smooth c 
urve of the figure. 

Ei. 3. Plot the locus of the equation 

Zl + yl+ 6X -16 = 0, 

First Step. Solving i'oi' y. 



e through these points. This g. 



= ±Vw^ 



Second step. Compute 



. 


r 


- 


y 





±4 





±4 


1 


±8 


-1 


±4.8 


2 





-2 


±4.9 


3 


imag. 


- 3 


±5 


4 




-4 


±4.9 


5 




-5 


±4.6 


6 


" 


-6 


±4 


7 




~l 


±8 






"9 


imag. 





— i _ — 


-- y" : 


S : 


- J 


\ _ 


_ t 


3 - 


X 


X 


- V 


j : 


-V - 


f 


:: s ;± 


~c^r 


1_ 


1 J 
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For example, if x — 1, y — ± VlC -0 — 1 = ± 3 : 

if 2 = 3, 2/ = ±VlO~18 - = ± V- 11, 
;i imaginary mi tuber ; 

if as - - 1, y = ± vT0"+ 6-1= ± 4.6, 

T]li:"l MOp. Plot till' i>!]T(.';-(H)[]i]i!li,' jmillls. 

Fourth step. Dnv.v a smooth <airvo iJinm.^li ihi.su point!;. 



1. Plot the locus of cm'.h of llm following equations. 


(a) x + 2 y = 0. 






(p| ^ + y* = 0. 


fb) x + 2y = 3. 






(q) a? + ji 2 - 25. 


(o) 3 J! - j/ + 5 = 0. 






(r) 3!" + ^ + Sa; = 0. 


(d) y = 4&. 






(a) a: s + y 5 + 4 ! / = 0, 


(e) aj= + 4j/ = 0. 

(I) V = a? - 3. 

{g) a" + 4 ^ - 5 = 0. 






(t) a^ + ^-Gx-lG = 0. 






(n) aja + y«-ey-10 = 0. 


(h) y = x* + 1+1. 






jv) 4?/ = x* -8. 


(i) x = y» + 2 .jf - 3. 






(w) 42 = t/* + 8. 


(j) 4k = y». 






(x) 1/ = ^™ ■ 


(k) 4» = »«-l. 








(1) y=a*-l. 






fy, " = rfl' 


(m) j, = ** - k. 








(n) y — x* - x* - 5. 






«— I^s- 


(0) ^ + !/' = 4. 








2. Show that tin; following equations havo w loci's (footnote, p. 59). 


(a) x* + y* + 1 = 0. 






(f) a? + !/ a + 2»; + 2j/ + 8 = 0. 


(b) 2s2 + 3j/2 = -8. 






(g) 4a? + ! /i' + 8a! + 6 = 0. 


(c) a? + 4 = 0. 






(h) #* + 2 a; 2 + 4 = 0. 


(d) a* + j^ + 8 = 0. 






(I) 9a!»+4j/'+18as+8i/+15=0. 


(e) (x + 1)» + «■ + 4 = 


:0, 




(j) & + sy + j/< + 3 = 0. 


H"i«(. Wrili- L'lu-li eiiu:u!(; 


n In tin 


iformo 


f a sum of squares, or solve for one rariaW 


i.i apply Theorem 111, p. 11, 


to the > 


ruadrat: 


e under the radios! 



33. Principle of comparison. In Ex. 1, p. 60, and Ex. 3, p. 61, 

we ean determine I. lie nature of the locus, that is, rllwuss ilia 
i:quation, by making use of the formulae (T) and (II), p. 58. The 
method is important and is known as the principle of comparison. 
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THE CUKVE AND THE EQUATION 63 

The nature of the locus of a given equation may be determined 

hij comparison v:ith. a generol Jcnourn- cqiiadov, if the bitter becomes 
ide/ttic'il wilii, (/hi gicen equation I'lj lixiiiijiuiiij por/ini/or values to 



The method of making the comparison is explained in the 

fojlov.'ijig 

Rule. First step. Cha.nge the form* of the given equation (if 

r-M. ■■/',■./} so that one or more of its terms shall be identical with 
one or 'more terms nf il,a yen cm I equation. 

Seeond step, /''quota coefficients of corresponding terms in the 
two equations, supplying any terms -missing in the given equation 
with aero coefficients. 

Third step. Solve the equations found in the second step for 
the values^ of the caefiicients of (he general equation. 

Ex. 1. Show that 2x — Sy + 6 = is the equation ol a straight line 
(Fig., p. 00). 

Solution. l; n irst step, Compjire wiih the general equation (I), p. 68, 



hkrilical. Equating 



Third step. Equations (J!) and (4) give the values of the coefficients m 
and 6, and these are possible values, since, p. 34, the slope of a line may 

have Liny real value whatever, and of cnursij the o:din:s 1 1: >., of the point 
(0, 6) in which a line crosses the Y-axis may also W: any real number. There- 
fore the equat.ioi: 2 x — 3 y + -.--. represents a sLiuighl. line passing through 
(0, 2) and having a slope equal to |. q.e.d. 

*Tiiia transformation is e:tlh:il "patting llie jiivoti equation in the form" of the 
;;mii'i-:i1 equation. . 

tThe vahtCB thus fnunil may he hnpoiii.iL) I e (for example, imagimny) values. This 
tn;iy iml[e:i.:ii one. of two tiling si,- that the Hive:: .:.jti: iti-iii has- no loeus, or that- it i.'onnut 



Put the given equat 


ion in the form of (1) 


(2) 






?=fa + 2. 


Second 

eocliicienl: 


i of a;, 


The 


right-hand members 


(3) 






m = f 


l:",qi!iltii 


ig com 




errns, 


(*) 






6 = 2. 
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Ex. Z. Show that the loins of 

(5) &+y* + 6z-16 = Q 
is a circle (Fig., p. 61). 

Solution. First step. Compare with the gt'imra.l equation (II), p. 58. 

(6) 3? + y* - 2 ax - 2 py + a° + 0* - r* = 0. 

The riglit.-lia.nJ members of (d) ain'l (!i) ayroc, anJ aiso the first two te: 
Second, step. Equating coefficients' of x. 

P) -»« = «. 

liquating coefficients of ;/, 



Third step. From (7) and (8), 

« = - 3, = 0. 

Sul.istiUitinc: these values in (i'l ;unl solving for r, we find 



Since or, p, r mity lit; any real numbers whatever, the locus of (5) I 
eirde whose center is (■ ■ 3, 0) ami whoso radius equals o. 



PROBLEMS 

I. Plot the locus of each of the following equations. Prove that the k 
5 a straight Hoe in each case, and find llio slope m and the point of in 
ection with the axis of y, (0, 6). 

(a) 2 a + *,-G = 0. 

(b) x~3y + 8 = 0, 

(c) x + 2y = Q, 

(d) 5a-8y-6 = 0, 



» ' 



-1 = 0. 



' 6 6 
fe) T8-8v = ft 



4ns. 


to =-2, 6 = 


4 ns, 


M = J,& = 2| 


4ns. 


m = - i, 6 = 


4ns. 


m=i, b = - 


4ns. 


m=*,b = - 


4ns, 


m = |, 6 = - 


4ns. 


»i = |, ft = 0, 


4ns. 


m = |, 6 = - 
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THE CURVE AND THE EQUATION 65 

3. Flo! the locus of ca.cli of the equations [ollowu ;v. and prove that the 
locus is a circle, finding rh<- center («, ft) ami (ho radius t- in each case. 



(a) ■& + v — to = u, 

(b) x* + y* - 49 = 0. 




Am. (« 


,S) = <0,0);r = 7. 


(o) a? + ;/2 - 55 = 0. 




Jtt (a 


/J> = (0,0);r = *. 


(d) 3?+tf> + iZ = t>. 




-4)18. (d 


(S) = (-2,0);r=2. 


(e) «2 + ^-8y = 0. 




-4«S. (« 


« = <&*);* = *■ 


(f) + & + 4x-By = O, 




-ins. (it 


(3) = (-2, 4);r = \ / 20 


(g) i e« + y 2 -63i + 4y-12 


= 0. 


-Ins. (a 


n = <8,-S);r = S, 


(h) I 2 +J/ 3 -4^+!»J/-;|- 


= 0. 


-Ins. (a 


« = <*-»! r = 6. 


(i) Ba3 + 3y» - 8ie - 8j/ = 


0. 


Ans. {a 


fl = <l,|);r = f 



The following problems illustrate cases in -which the locus 
problem is r.ovi-pk-Udt/ solvad by analytic methods, since the loci 
may be easily drawn and their nature determined. 

3. Find the equation of the locus of a point ivlmfp distances from the 
axes XX' and FF' are in a constant ratio equal to |. 

Ans. The straight line 2x — Sy = 0. 

4. Find the equation ol the locus of a point the sum of whose distances 
from the axes of eoecdkial.es is always equal to It). 

Am. The straight line x + y — 10 = 0. 
6. A point moves so thai, the difference of i.he sqi'.a.res of its distances 
from (3, 0) and (0, — 2) is always equal to 8. Find the equation of the 
locus and plot. 

Ans. The parallel straight lines 63 + 4^ + 8 = 0, 6as + 4j/-18 = 0. 

6. A point moves so as i.o ho always equidistant mini the axes of coor- 
dinates. Find the equation of the locus and plot. 

-Ins. The perpendicular straight lines x + y — 0, as — y — 0. 

7. A point moves so as i.o lie always equidistant from the straight lilies 
x — 4 = and y -f 5 = 0. Find the equation of the locus and plot. 

Ans. The perpendicular straight lines x — y — 9 — 0, x + y + I = Q, 

8. Find the equation of the locus of a point the sum of the squares of 
whose distances from (3, 0) and (■ ■ fj, 0) always equals 89. Plot the locus. 

Ans. The circle x* + y 5 = 25. 

9. Find the equation of the locus of a point which moves so that its dis- 
tances from (8, 0) ami (2, 0) are always in a constant ratio equal to 2. Plot 
the locus. Ans. The circle 3? + y' 1 = 16. 

10. A point moves so that the ratio of its distances from (2, 1) and {- 4, 2) 
is always equal to i. Kind the equation of llic locus and plot. 

Ans. The circle 3 a 3 + By*- 24 a: - 4y = 0. 
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In the proofs of the following theorem?; tin.: choice of the axes 
of coordinates is left to the student, sincu no mention is made 

of either coordinates or equations in the problem. In such tanas 
always ehoose the axes in the most convenient manner possible. 

11. A point move;? so Lh.it ilie sum of io- distance.- fniiri two perpendicular 

lines is con stint. Show that the locus is a straight line. 

Hint. Cl:in... : .ii^ the- f]\r:s .if (Knirillnrircs to wjimiMe v.illi Li..; y[vi:n Jjni.s, Lin' C'lUlltion 
is x+y- constant. 

12. A point moves so t;i;i;, ;lio difference u; the squares of its distances 
from two fixed points is constant. Show that the locus is a straight line. 

Hint, Draw -XX' Un-oushLlie fixed jioinLs.ri",! >' >"• through tbeir middle point. Then 
the fixed poiii ta may be writ ten ((i, «),(-((, (I), aiitl if the "uiiislJiutdLiri; re noe" be denoted 
by k, wo find for the ioiiua 4ri.r = t(jr4ui = -t. 

13. A point moves no that the sum of i.lic squares of its distances from 
two fixed points ia constant. Prove that the locus is a circle. 

Hint. Cliooae axes aa in problom 12, 

14. A point moves so that the ratio of its d islance* from two fixed points 
is constant. Determine the nature of the locus. 

Ans. A circle if the constant ratio is not equal to unity and a straight 



The follow ii.;" problem?! illustrate the 

Theorem. If an equation- can be. put in the, form of a product of 

vavia.lih- fartiii-g es/uttl to ;-ero, the loco.!: in fuuml hy getting eaeh far- 
tor e/pnal to at-.ro and plottin/j ihv. hens of each equation- separately-. 

15. Draw the locus of 4 35* — 9 ;/ 2 = 0. 
Solution. Factoring, 

(1) {2x-Sy)(2x + 3 V ) = Q, 

Then, "by the theorem, Uie ioc-ni ■ 'aiaists of Uie xlrw.'jhl line* 

(2) 2a~3» = 0, 

(3) 2x + 3y = 0. 

Proof. 1. The coordinates of any point (.r.- L , ;/i) which satisfy (1} will 

satisfy either (2) or (3). 



For if (Xi, !/i) satisfies (1), 
W (2x l -3y J ){2x 1 
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This product can vanish only when one of the factors is : 


:ero. Hence 


ei """ >», -«» = <>, 




mill there; fore (x : , v.) satisfies (-.:■ ; 




or 2*! + 3^1 = 0, 




and therefore Ui, ->/i) satisfies el). 




2. A point (x,, y±) on eitht-.r of U,c fines defined by (2) and 


(3) mtl also 


fie on the locus u/(l). 




For if (ii, j/i) is on the line 2x — Sy = 0, 




iheu (Corollary, p. 53) 




(5) 2as,-3yi = 0. 




Hence the product (2 x, — IS y,) (2 x, 4 3 ;/i) also vanishes, sin 


ce by (5) the 



first Factor is zero, and therefore (z,, ;/i) satisfies (1), 

Therefore every point on the locus of (1) is also on the locus of (2) and 
(-"Si, and conversely. Tliis proves she theorem for this example. q.e.d. 

16. Show that the loons of each of the following tKj.uai.ions is a pair of 
straight lines, and plot the cues. 

(a) s«-b' = 0. ■ {]) 3x* + xy-2 V * + ex-4y = 0. 

(b) 9a-2 - 3/2 _ o. (k) tf - y* + % + V = 0. 

(c) 3? = 9jr 2 . (1) &-xy+hx~hy = a, 

(d) a!a-4a!-5 = 0. (m) z a - 2xy 4- !/ a 4- Ox - 6y = 0. 

(e) j2_ 6 j,_7. (n) x^- 4^4- 5x+ 10^ = 0. 

(f) y^-bxy -f 6iy = 0. (o) as* + 4»J> + 4y*+ 5&4-10y 4-6 = 0. 

(g) ^-2x^-32=0. <p) *i! + 3iejf + 2y* + iS4-^ = 0. 

(h) £y-2x = 0. (q);e*-4;cy~6jS + 2a;-10y = 0. 

(i) aitf = 0. (r) 3^ — 2xtf - J/ 2 4- 5x - by = 0. 

17. Show that the locus of A?? + Bx 4- C = is a pair of parallel lines, a 
single line, or lliii.l then 1 is no locus according as A ■ IP ■ 1 A C is positive, 
zero, or negative. 

18. Show that the locus of Ax~ ; Bzy i- Cy- = is a pair of intersecting 
lines, a single line, or a point according as A = />- — 4 AC is positive, zero. 



33. Third fundamental problem. Discussion of an equation. 

The method explain e<i of solving- the second fi.iuda:i:om;tl prob- 
lem gives no knowledge of the required curve except that it 
passes through all the points whose coordinates are determined 
as satisfying the given equation. Joining these points gives a. 
curve more or less like the exact locus. Serious errors may be 
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made in this way, however, since the nature of the cii 
'tiii/ two sv-Mtisslre, pni/ilx plotted- i< not d.eterni.iiic.d. This objection 
ik somewhat obviated by detetujuiin;.; ic/'i/v; jdofii ivj certain prop- 
erties of: thy locus by a discussion of lite given equation now to 



The nature and properties of a locus depend upon the form of 
its equation, and hence the steps ol any discussion must depend 
upon the particular problem. Jo every case, however, the fol- 
lowing questions should be answered. 

1. Is the curve a closed cur v a or does it extend out infinitely far? 

2. Is the curve sym-metrir-td with rexpect to either axis or the 
origin '.' 

The method of deciding these questions is illustrated in the 
following examples. 

Ex. 1. Plot the locus of 

(1) i" + 4„> = W. 
Discuss the equation. 

Solution. First step. Solving for x, 

(2) x = ±2 VT3^, 

Second step. Assume values of y and compute x. This gives the table. 

Tliirii sti'p. I'lnl I he- poiel.s of [lie table. 

Fourth step, .Draw a smooth curve tlu'uQfvb these points. 



- 


V 


» 


. 


+ 4 





±4 





-t- a.4 


1 


±8.4 


1 


±2.7 


1* 


±2.7 


1 ■ 





2 





-2 


.mag. 


3 


inwg. 


-3 




Discussion. 1. Equation (1) shows that neither x nor y can be indefi- 
nitely yre at, since j;- iuui 4 //- lire positive for nil leal \ a hies and their sum 
aunt (jejuni lil, Therefore neither j:- nor 4 ;</- can exceed Hi. fierce the 
curve is a closed curve. 

A second way of ptwiiii* I ids U the billowing : 

From (2), the ordinate y cannot exceed 2 nor be less than — 2, since the 
expression 4 - y' 1 beneath Lbe radieal must not he negative. (2) also shows 
that j; bus values only from — 4 to 4 inc'.usive. 
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follows: 

The equation (1) 
ten in any one of the forms 



THE CURVE AND THE EQUATION 

the symmetry with respect- to the axes we proe 
[towers of .'; or y - hence il may b 



{x) 2 + 4(- !/) 2 = 16, replacing (x, y) by (x, -y) 

(-i) 2 + 4(!/) a = 16, replacing (a, ?/) by (- x, y) 

(~x)' i -\-4(—y) i = 16, replacing (i, i/) by ( — x, - 



y) 



(3) 

(4) 
(5) 

The transformation of (I) into (■') eorrcsponds in lln: figure to replacing 
each point P (a, y) on the curve by the point Q(x, - y). But the points P 

and Q are symmei.riea! with respect to XX', n.nd (1) anil (}}) have tho same 
incus (Theorem III, p. 59). Hence the loons of (1) is uin;!ui,ii!i , ed if each point 
is changed to a second point symmetrical to the first, with respect to XX'. 
There hire the locus is symvietrhud with rrsr.-K'J to the. axis of x. Similar! y 
from (1), ike '■■■ir.n.n is syiiniu!;-i':nl with ri ■•}■■;■■■ i to the uxin ofy. and from (of, 
the ion.oi is hyii-me'riad with reaped- to the origin. 
The loeus is called an ellipse. 



:. 2. l'iot tin I('.:t.., ;il 



(6) 



-4as + l. 



= 0. 



PiM'.UHH fl 

Solution. First step. Solve the equation for x, since a square r. 
have to be extracted if wo solved for g/. This gives 
(7) B = i<ffS + 15). 



- 


r 


;* 




zb 1 


*i 


±2 


6 


±3 


H 


±4 


10 


±5 


is* 


+ 6 





r 












































































< 
































I** 






























\ 
































1 






















































", 










! 














'.' 








1 




















V 














\ 














































■ 






















































"V 






























•"■ 


' 


■ 











































































Second step. Assume values for y and compute x 
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Since y* only appears in the equation, positive ;ul.I negative values of y 
ifi vis liit! same vame of £. The cal'Mlatii'ii gives the ;able on p. OL*. 

Kor example, if y = ±. 3, 

then a = J. (9 + 15) = 6, etc. 

Third step. Plot the points of the table. 

"Ko-uKli step. Dra-w a smooth curve (lirnugh these points. 

Discussion. 1. From (7) it is evident that x increases as y increases. 
Hence the curve extents out hith.ibvttiy for from both axes. 

2. Since (6) contains no odd powers of y, the equation may be written in 
thp£orm (-^-4(^ + 15 = 

by replacing (/,, y) by (x, — y). Hence th.i: locus Is nymm-d-r'wd with fc,<j;i/:t 
to the axis of x. 

The curve is called a parabola. 

Ex. 3. Plot the locus of the equation 
(8) ay -2? -4 = 0. 

Soli/Man. I:'irsl stop. Solving for ;/, 



Second step. Compute ;</, a 



- 




■ 


tf 





-2 





_ 2 


1 


— 4 


— 1 


-J 


4 


-8 


-2 


-1 


il 


-16 


-4 


"§ 


2 


DO 


— 5 


-* 


25 


16 






2\ 


8 


-10 


— £ 


8 


4 


etc. 


etc. 


4 

6 


2 






3 


1 






12 


0.4 






etc. 


etc. 







suming values for x. 

When x = 2, y = J = co, 

In such cases we assume values differhu; 
slightly from L\ hiit.li loss and greater, as in 
(hi; : libit:. 

Third step. Plot the points. 
Fourth step. Draw the e 






■ having two 



., the c 



1. From (9) it appears that y d 
jiiiil appro- w: lies zero as it- merea-es indeil- 
nite'.y. The i'urve therefor^ extends indtti- 
nit.ely far to the right and left, approach ins.; 
constantly the axis; of 1;, If we solve (B) for 
a:- and writ.e i.he result, in the form 

.-.+1, 



it is evident that ,r approaches 2 
indt iinitt'iy. fleuet! I.lie locus extends liolh 
upward and down ward indefinitely far, approaching in each cast: the line x: -2. 
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. Theequatioiiciimoi.beli.iLii^foriiiriilbjany oiuiof UHM.liree substitutions 

(x, y) into (x, - y), 

[a, y) into (-a,y), 

[x,y) into (-a, -y), 
iohi. altering it i» sucb a way that tin- nt'iv i.ijuiiik'ii will not hare the 
e locus. The locus .is therefore not sy mine til-; :al wi:h respect to either 
, nor with respect to the origin. 



This curve is called an hyperbola. 

Ex. 4. Draw the locus of the equation 
(10) iy = x\ 

Solution. First f.tep. Solving for //. 



Second step. Assume values for x 
and compute y. Values of x must be 
taken between the integers in order to 
give points not too far apart, 

For example, if 



- 


V 


. 


» 














14 




-14 


-IS 


2 


2 


— 2 


~2 


n 


«H 


-24 


-315 


3 


6J 


— 3 


-8| 


3| 


10|| 


-8J 


- ™H 



,GoosIe 



ANALYTIC GEOMETRY 



,-, 



m 



Third step. Plot the points thus found. 

1'ourtli step. The poimsdctuniiiiie the curve of the 
figure. 

Discussion. 1. I'Yoni tho given equation (10). a; anil 
ij increase simultaneously, and therefore the curve 
extends out in definitely from both axes. 

2. In (10) there are no even power's nor constant 
term, so that by chsn^ini; si^us -,lie equation may be 
written in the form 

l(-y)° (-■)*> 

replacing (», 2/) by (-a, - y). 

Hence ifte Zochs is xymititt.rieo.l with reaped to lite 



The locus is called a 



il parabola. 



34. Symmetry. In the above examples we have assumed the 
definition : 

If the points of a curve ean be arranged in pairs which are 
symmetrical with respect to an axis or a point, then the curve 

itself is said to be symmetrical with respect to that axis or point. 

The method used for i.esiims an equation for symmetry of the 
locus was as follows : if ix, y) ean be replaced by tx. — //) through- 
out the equation without affecting the locus, then if (a, b) is on 
the locus, (a, — b) is also on the locus, and the points of the latter 
occur in pairs symmetrical with respect to XX', etc. Hence 

Theorem IV. If the, locus of tin equation is unajfeeted by replacing 
V ty —y throuyhout its equation, the locus is si/iiiii/.e.triturf -with 
respect to the axis of x. 

If the hints is unaffeeted In/ chaut/irt'j x to — x throxighout its 
equation, the lortis Is symmetrical with rcs/iect to the axis of y. 

If the locus is unoft'e'ted hy ehur/f/iuy hoik x and y to — x and 
— i/ throughout its liqwiioii, l/)e Incus is si/mmeteieal. villi respect 
to the origin. 

These theorems may be made to assume a .somewhat different 
form if the equation is algebraic in x and y (p. 17). The locus 
of an algebraic equation in the variables x and y is called an 
algebraic curve. Then from Theorem TV follows 
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Theorem V. Symmetry of an algebraic curve. If no odd powers 

of ij occur in tiii i!i[ii,i>tloii. flu:, locus is symmetrical with respect, to 
XX; if no odd powers of x occur, the, focus is si/iii.ui.etrical with, 
respect, to }■'}''. If ecerij fccu>- is of e ecu* degree, or eccrij term of 
odd degree, the locus in symmetrica/, with, respect to the origin. 

35. Further discussion. In this section we treat of three more 

questions which enter into the discussion of an equation. 

3. Is the origin on the curve ? 
This question is settled by 

Theorem VI. The locus of an algehraie. equation, passes through 
the or !'/ in- when there, is no constant teem, in the equation. 

Proof. The coordinates (0, 0) satisfy dip equation when there 
is no constant term. Henee the origin lies on the curve (Corol- 
lary, p. 53). Q.B.D. 

4. What values of x and y are to he excluded ? 
Since coordinates' are real numbers we have the 

Rule to determine oil, values of x and ■// which must he excluded. 

First step. Solve the eo'iation for x in teems of //, and from this 
result determine all ealn.cu of '/for ivhich, the cjvmpntcd value, of x 
will be imaginaey. These values of y must, he excluded. 

Second step. Solve the. equation fur y in terms of x, and from, 
this result, deter mine till values of x fur which the completed value 
of ij will he imaginary. These values of x must be excluded. 

The intercepts of a curve on the axis of. x are the abscissas of 
the points of intersection of the curve and XX'. 

The intercepts of a curve on the axis of y are the ordinates of 
the points of intersection of the curve and YY'. 

Rule to find the intercepts. 

Substitute y = and solve, for real values of x. This gives the 

intercepts on the a.xis of x. 

Substitute x = and, sola for veal, values of y. This gives the 
intercepts on the axis of y. 
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The proof of the rule follows at once from the definitions. 

The rule jusi, given explains how to answer {.lie question: 

5. What arc the intercepts of the locus ? 

36. Directions for discussing an equation- Given an equation, 
the following questions should be answered in order before plot- 
ting the loons. 

1. Is the origin on the locus? {Theorem VI). 

2. Is the locus xi/iri-iniiti'iral with respect to the axes or the 
origin? {Theorems IV and V). 

3. What are the intercepts? (Rule, p. 73). 

4. What values of x and <j must In; ex'-litdi-d ? (Rule, p. 73). 

5. Is the curve closed or does it pass off i.udeji nltely far? {§ 33, 



Answering these questions constitutes what is called a general 
discussion of the given equation. 

Ex. 1. Give a iiencnil iiLsoussion of t-Tie equation 
Draw the locus. 
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1. Since the equation contains no const Lint term, the origin is on the curve. 

2. The equation contains no odd powers of x; hence the locus is symmet- 
rical with respect to IT'. 

3. Putting y = 0, we find x = 0, the intercept on the axis of x. Putting 
x = 0, we find y = and 4, the intercepts on the asis of y. 

■1. Solving for x, 
(2) x = ±nVy-'-4y. 
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Hence all values of y tawrai and 4 must, be exeluded, since for such a 
value # 2 — 4 y is negative (Theorem III, p. 11). 

Solving lor y, 
(3) » = 2±|V^+W. 

Hence no value of x is excluded, since x- - 10 is ahvays positive 

5. From (3), y increases as x increases, and the curve extends out 
indefinitely far from both axes. 

Plotting the locus, using (l'j. the curve is found to be as in the figure. 
The curve is an hyperbola. 

PROBLEMS 



(a) afi-iy = Q. (n) 8ff*-s» = 0. 

(b) y* - 4 x + 3 = 0. (o) 9 y 2 + s a = 0. 

(0) a3 + iy* - 16 = 0. (p) 2xy 4- 3x - i = 0. 

(d) See 2 + y* - 18 = 0. (q) is _ E ^ + g = 0. 

(e) a? - 4 y2 - 10 = 0. (r) »' + xy - i = 0. 

(f) aS- 4^ + 16 -0. (s) o: 2 + 2^-3!/ = 0. 

( g ) E a_ ?/ 2 + 4 = o. (t) 2*y-ff« + 4» = 0. 
(h) a? _ y + s - 0. (u) 3x 2 - y 4- x = 0. 

(1) ay- 4 = 0. (v) 4j/2-aa:-j/ = 0. 
(j) 9y + ^ = 0. (w) x?-y* + 6x = 0. 
(k) 4a;-y a = 0. (x) « 2 + 4^ + 8y = 0. 

(1) «*-»* = 0. (y) 9a" + & a + 18Z-0 i/^O. 

(m) 5a^?/ + ;/5 = 0. (z) Hz 2 - i/ 2 + 18a + <Hy = 0. 

2. Determine the general nature of the locus in each of the following 
equation* by assumiuy jiru-iicufaj- values for the arbitrary eoustant.s, but not 
spedai values, that is, values which give the equation an added peculiarity.- 

(a) y* = 2 mx. (f) x* - y* = (A 

(b) X 2 -'2 my = nA (g) Z 2 + i/ 2 = r 2 . 
j.3 ^_ (h ) a" + y* = 2rz. 

W cp + &- 1 - (i) a? + y*=2ry. 

(d) 2asy = «*. (Ji ^ 2 + I/ 2 = 2 as + 2 6j. 
a? y= (k) aj- 3 = ^. 

(e) 5 ~ £ - L (') «V = * 
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3. Draw the locus of the equation 

y* = ix-a)(x-b)(x- e ), 

(a) when a < b < c. (o) when o < 6, 6 = c, 

(b) when a = b<c. (d) when a = b = c. 

The loci of the equations (a) to (f) in problem 2 are all of the 
Mass known as r.<w:i,c,s, or r.oitii: sections, — ourve w fallo wing straight 
lines and circles in t hejiattexj^f their simplicity. 

A conic section is the locus of a point whose distances from a 
fixed point and a fixed line are in a constant ratio. 

4. Show that every conic is represented by a:i equation of the second 
degree in x and y. 

Hint. Take Y ¥' to coincide ivitli tliu fixed line, ami dray.- ,V.V tlirougli tlio Used point. 
Denote the lixi'il point liy (p, (I; :nnl the ci.ustimt ratio by e. 

Ann. (1 - e*)x% + y* — 2pz + p 1 = 0. 

5. Disease ami plot. I he locus of tliu equation ol problem 4, 



it called a parabola (see p. 70). 
i called an ellipse (see p. 6S). 

v called mil hi/jiti-biila (see p. VI). 



(a) when e = 1. The c 

(b) whene<l. Thee 
(e) when, e > 1. The c> 

G. Plot each of the following. 

w •*-• = * W*=prs* »-;?r 

(b) &y-tf + 2% = 0. ^i^J^- CJ> as = *L=-H. 

(o) 3^-435 + 6 = 0. (g) y = |^|. (k) 4as = -2i— 

(d) ■*-'* + 8-0. (h)y = ^|. (IJia^J^U 

37. Points of intersection. If two curves whose equations 

are given intersect., the coordinates of each point of intersection 
must, satisfy both equations when substituted in them for the 
variables (Corollary, p. S3). In Algebra it is shown that all 
values satisfying two equations in two unknowns may be found 
by regarding these equations as simultaneous in the unknowns 
and solving. Hence the 

Rule to find the points of internet ion of two cm-ess ivhose equa- 
tions are given. 
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First step. Consider the eipuUioyis its fiin.iiUaii.iimm in the coordi- 
nates, and solve, us in Al'/e/ira, 

Second step. Arrange, tin: real solutionis in eorrespinidAng pairs. 
These, will lie the eoortliiiale.s of all, the points of Intersection. 

Notice that only real solutions nor respond to common points 
of the two curves, since coordinates are always real numbers. 

Ex. 1. Find the points of ii 
(!) x-1y + 25 = 0.. 

(2) tf + V* = 26. 
Solution. First step. Solving 

(l)f0I3, 

(3) x = 7y~2ri. 
Substituting in (2), 

{7y-My + y* = 25. 
Reducing, y 2 - 1 y + 12 = 0. 

,-. y = 3 and 4. 
Substituting in (3) [not in (2)], 

Second step. Arranging, the points of intersect ion a 
(3, 4). Ana. 

In the figure the straight line (1) is the locus of equation (1), and the 
circle the locus of (2). 

Ex. 2. Find the nointiS of mua-sefition of the loci of 

(4) 2s" + 3v» = 86, 

(5) 3&-4y = 0. 

Solution. First step. Solving (5) for s 3 : 

(6) &=tV- 
Substi-iutiiiy in (-1) and mucins, 

9y 2 + &y - 105 = 0. 

.-. y — 3 and — ^. 
Substituting in (6} and solving, 

as = ± 2 and ± i V- 210. 
Second step. Arranging the real values, 
are (+2, 3), (-2, 3). Ans. 

In the figure the ellipse (I) is the hrais of (4), and the parabola (5) the 
locus of (5). 
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Find the points of ii 
, 7^-11^ + 1 = 01 
x+y-2=Q S 

x + y = 7\_ 
x-y = 6 J 

y = 3x + 2\ 
rf + f i = 4j- 

? = u»x. 

x' i + y* = (C 2 \ 
Sx + y -\-a = 0j" 



PROBLEMS 
of the following loci. 






x* + y*-4x + 6y-l2 = 0\ 

& - y* = li 
X s + y 2 : 



:= + y* = 41 \ 
:y = 20 ]" 



£ 3 + ^-<iz-2y-15 = 

9 ^ + 9 1/ ; 

y = 8 



-15 = \ 
fiy-27 = 0j " 



n. 



0), (16, 16). 

-*(-¥-t)' 

(A. ft). (-8. - s )- 
(±4Vjj, 4). 
(±5, ±4), (±4, ±5). 
(-2,1), (-ft,- H). 



,' > ■ Tor wjiii- viil.K.s i>[ I: are Uir I'.irvus ur.fH'ni V 
x+b ) 



x' i = iay "I 

13. 8a° U 

y ~as2 + 4aSJ 



e 5 4- j/ 2 = 5 a? 

afi = 4 ay 
IV + aV = 

' x* + 



}■ 



?)..- 



j-lua. (0, (I), (^v>, -J]<). 
Aim. (J, 2), (J, -2), 

4ns. (2a, a), (-2a, a). 



Am. (2a, a), (-2a, a). 
Ans. (a, 0), (- a, 0). 
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i four points. 

I'll Lii I.:iC lflngl-lj* Ol I ill; Si ill 'S ill'.ll Ol" ilii'! dlll.LIOlKlK of I ill- : |Uiuh'i;.iL Uit'lU TO Mile;; 

by these points. 

Ans, Points, (±VlO, ± | Vg). Sides, 2 VlO, 3 VH. Diagonals, Vti-I. 

Find the area of l.lic I naii£lc~ ami poly gnus who*' .-ides are the loci of the 
following ruinations. 

18. 3x + y + 4 = 0,?>x-ny + M = 0, 3x-2y + l = 0. Ans. 36, 

19. 85 + 2^ = 6, 2x + y = 7, v = x + l. Ans. f. 
30. x + y = a,x-2y = 4a,y-x + 7a = 0. Ans. 12a 5 . 



31, s-0, 2/-0, i-4, y- 6. 


/Ins. 21. 


32. x-y = 0, z + y = 0, x ~ y ^ a, x + y = b. 


«* 


23. y = 8z-9,y = Sx + b,2y = x-C>, 2y = » + 14. 


4»s. 66. 


24. Find the distance between the points of inlcrstclii 
-2y + G = 0,x^ + y^ = 9. 


n of the curves 
Ans. ||Vl3. 


26. Does the locus of y 2 = 4% intersect the locus of 2x + 3y + 2 = 0F 



36. For what value of a will the lliruc linw ?,x + y-2 = 0, ax-\-2y — P, 
2x — y — 3 = meet in a point ? 4ns. a = 

37. Find the length of the common chord of a: 2 + yt = 13 and j/ 2 = 3 a 

4ns. 6. 

38. If the equations of the .sides of a triangle are je + 7 ?/ + 1 1 
Sx + y — 7 = 0, x — 3y + 1 = 0, ilnd the length of each of the medians. 

^ns. 2V5, §V2, jvTro. 

Show that the following loci intersect i:i (.wo coincident points, that is, are 
tangent to each other. 

29. j/'-10a-6y-Sl = 0, 2y-10x = 47. 

30. 9x3-4y* + 54z-l&y-\-W<=0, 16 x - By 4- XI =0. 

38. Transcendental curves. The equations thus far consid- 
ered have been algebraic in x and y, since powers alone of the 

variables ha.vo appeared. \\ T o shall now see how to plot: certain 
so-called transcendental curves, in which the variables appear 
otherwise than in powers. The Rule, p. 60, will be followed. 
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Ex. 1. Draw the locus of 



(li 



= login 



Solution. Assuming values for x, y may be computed by a table of loga- 
rithms, or, remembering the definition of ;i logariilim, from (1) will follow 
(2) x = 10". 

Hence values may also be assumed for y, ami ■./, computed by (2). This 

is done in the table. 

In plotting, 

unit length on XX' is i divisions, 

unit length on >">"' i,s 4 divisions-. 

General discussion. 1. The curve does not 

pass ;h;\.n,gh i lis origin, since (0, 0) does not 

satisfy the equation. 

2. The curve is not symmetrical with re- 
spect io cither axis or the origin. 
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3. In (1), putting 2 = 0, 

y = log = 
In (2), putting y = 0, 



= intercept on YY', 




4. From (2), since logarithms of negative numbers do m 
iii.'c wi/mm ci/a; are excluded. 

From (2) no value of ;/ is excluded. 



5. From (2), a; 
nitaly from both a: 



;, and the locus extends out 

x approaches zero, 

y approaches negative in fluity : 
irve extends down indefinitely and approaches 
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Ex. 2. Draw (he locus of 



ii tho ii.hsi;isf 



is the circular >t\ 



mi angle (Chapter I, p. 10). 

Solution, Assuming values for z nml nndiii.i;- ihe corresponding number 
i>l' tirirrees, ivt may comput.: ;/ l;y uie table of Niiiura: Sires, p. al. 
For example, if 
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a T (4, p. 19) 
oi00°(5,p.20) 



In plotting, three divisions being taken 
as the unit of length, lay off 

AO = OB = it = 3.1416, 
and divide A0 and OB up into six equal 

The course of the curve beyond B is 

easily determined in; in the relation 
Bln<3« + s) = dnft. 
Hence y = sin x = sin (2 it + x), 
that is, the curve is unchanged if x + 2 it be substituted for x. This means, 
however, that every point is moved a distance - nr to the right. Hence the urc 
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-4PO may be moved parallel to XX until -4 falls c 
position Ji/.'C, and iJ w'di !.i!so 'j'j a jj(tr( o/ tie ciirc 
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Also, tin; arc OQJ1 may he disiilacoil jj; i.r.L] : ul to A' A"' until falls upon C. In 
this wav it is seen that, the entire Incus consists nf a:j ir.d'.'tinite number of 
congruent arcs, iilLcrua.l.ely above and below XX'. 

General discission. 1. The curve passes through the origin, since (0, 0) 
satisfies the equation. 

2. Since sin{- a) =— sin*, changing signs in (3), 

- y = - sin x, 
or -y = **{-$. 

Hence the locus is unchanged if (as, y) is replaced by (— x, -y), and 
the curvo is synuheirical viilh rt'sj.'c;! 'd ;.v- eWyia (Theorem IV, p. 72). 

3. In (3), if 1 = 0, 

y = sin = = intercept on the axis of ;/. 

S.y.vmi; (3) fori, 



In (4), if y = 0, 

K = sin- 1 

=. nit, n being any integer. 

Hence the curve cuts the axis of x an in'lelinhe number of times both on 

(lie riaUt ami left of (I, these points liHng at ;; distance of ir. from one another. 

i. In (3), s may have any va'.ue, since any number is the circular mcas- 



In (4), y may have values from - 1 i.o -j- 1 inclusiie, ; 
nigh; has values only from — 1 to + 1 inclusive. 
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5. The curve extend!; 
out Indefinitely along ATX' 
in both directions, but is 
contained entirely between 
the lines y = + 1, J/ = — 1. 

The locus is rialbd. the 
wave curve, from its shape, 
or the sinusoid, from Its 
equation (;■>). 



Ex. : 



i)-a 
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PROBLEMS 

Plot the loci of the folio wing equation*. 

2. S = co«. 6. » = «■■ 10. » = U.l 

B. „ = «,. 7.,=.!^ „. „ = 2d 1. 

4. jf = B in-i|B, 8. y = (l+xy : . 12. t/ = sin z + cos a. 

39. Graphical representation in general. Any equation con- 
taining two variables may le tepresonlod graph icy..! !y by a curve 
called tie graph of the equation, by considering the variables as 
eodrdiitates and plotting the loons in the usual way. This 

method of representing a given law is widely used in all branches 
of Si 



Ex. 1. Draw the graph of the Simple Interest Law, which shall represent 
the relation lx'.l ween amount and time for ii given pirincipal mid rate percent. 
The law is proven in Algebra to be 

(1) A = P(l + rn), 

where A = amount., P — principal, r = rate, n = number of years. 
Stihrfi.oh. h'or i OiiYL'iLK'.'i'-r-, take 1' — one dollar.* Let 
One division on OX = 1 year, 
One division on OF = 1 dollar, 

abscissas = values of n. 
ordiua-lfis — values of A. 

Then the required graph is the locus of 

(2) y = n + 1. 

The locus of (2) is a straight line passing fhmiigl) (0, 1) and having a 
slope equal to r (Theorem I, p. 58). 

This graph maybe used to solve interest problem p. Tor if the number of 
years u. is given, we merely have to measure off the corresponding ordinate 
A of the straight line, and this will give the amount of one dollar at. (.he given 
rate for n years. 

* Any other ensn h (ilitJi-iiiia! by niultiplvin? all the onlinavc-s in the figure by P. 



(H.OJ-V 
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Ex. 2. In Physics it. is shown that the volume it), pressuref;)), and absolute 
temperature (t) of a given mass of a perfect <;as are connected by the law 
(3) pv = kt, 

k being a constant (U.'pt'-L'.i.lt.-ul upon the pa.rt.ieular gas. 
Draw the graph if the tempera: ui'e. is assumed o 
Solution. Assume 

one tikision on OX = 
ono division on OY = 



7— 1 ~) * Then the required gr;iph is tlio locus of 

(4) xy = constant. 

The curve is one branch* of an hyperbola extending to the right and 
upward indefinitely, approaching in each ease (.he corresponding axis. .Such 
fiurves are ea'.leil isothermals (eipial temperature.-), and tin? figure is called 
the Pressure-Volume Diagram. 

PROBLEMS 
1. Draw the graph of the Simple Interest Law if the variables a.re 

(a) ii and P. (0) A and P. (e) P and r. 

(b) n and r. (A) A and r. 

3. Draw the graph of the law of Ex. 2 if the variables are 

(a) p and (. (b) i> and (. 

3. The amount (A) of any principal (P) at compound interest (r%) for n 
years is given by 1 1ji> ('li'ni-ji'.iiiiil Interest Lam 
A = P{l + r)". 
Draw the graph of this law if the variables are 

(a) A and P. (c) 4 and n. (e) P and n, 

(b) A and f. (d) P and r. (I) r and n. 

JTint. Tali! tin- logarithm 'if SioLli sales, when convenient fur conieatat ion 
I J10 cntiri- ].:)i-.;d emi be un.uk; use "I in Llie leijitseritatiOD. 
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CHAPTER TV 

THE STRAIGHT LINE AND THE GENERAL EQUATION OF 
THE FIRST DEGREE 

40. The idea of coordinates and the iiitiniat.e relation connect- 
ing a curve, and an equation, which results from the introduction 
of coordinates into the study of Geometry, .have been considered 
in the preceding chapters. Analytic Geometry has to do largely 
with a more derailed, study of particular curves and equations. 
In this chapter wc shall consider in detail the straight line and 
the general equation of the Ihst degree in the variables x and y 
representing coordinates. 

41. The degree of the equation of a straight line. It was 
shown in Chapter TTI (Theorem I, p. 58) that 

(1) y = mx + b 

is the equation of the straight line whose slope is in and whose 
intercept on the F-axis is b; m and b may have any va'ues. 
positive, negative, or zero (p. 34). But if a line is parallel to 
the F-axis, its equation may not he put in the form (1); for, 
in the first place, the line has no intercept on the F-axis, and, 
in the second pla.ee, its slope is infinite and hence cannot be 
-iubsti.tuted for m in (1). The equation of a line parallel to the 
F-axis is, however, of the form 

(2) x = constant. 

X'he equation of any line may be put; either in the form (1) or 
(2). As these equations are both of the first degree in x and y 
we have 

Theorem I. The equation of any straight, line in of the first degree 
in the coordinates x and y. 
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42. The general equation of the first degree, A& + By+C=0. 
The equation 

(1) Ax + By + C = 0, 

where A, B, and C are arbitrary oonsfcanta (p. 1), is called the 
general equation of the first degree in x and y because every equa- 
tion of the first degree may be reduced to that form. 
Equation (1) represents all straight lines. 

For the equation y = m;c + b may lie written mx — y + b — 0, which is ol the 
form (1) if A = m, B = — 1, C= b; and the equation x — constant may be written 
's. — constant — 0, which is ol the 1 orm (1) if A = 1, B — 0, C= — constant. 

Theorem II. (Converse of Theorem I.) The locus of the general 
equation of the first degree 

Ax + By + C = 
is a straight line. 

Proof. Solving (1) for y, we obtain 

A C 

(2) „ = __.-_. 

This equation has the same locus as (1.) (Theorem III, p. 59). 

By Theorem I, p. 58, the locus of (2) is the straight line whose 
slope ism=-^ and whose intercept on the F-axis is 5 = — — ■ 

If, however, B = 0, it is impossible to write (1) in the form 
(2). But if B = 0, (1) becomes 

Ax + C = 0, 



The locus of this equation is a straight line parallel to the 
F-axis (1, p. 57). Hence in all cases the locus ot (1) is a straight 

Corollary I. The dope of the line 

Ax + By + C = 
is m.— — — ; that is, the coefficient of x with its sign changed 
divided by the coefficient of y. 
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Corollary II. The lines 

Ax + By + C = 

and A 'x + B'y + C" = 

lire. parallel when trail nv.li/ when the. 
■proportional; that is, 



~.r slopes lire ci|ii;il !"]':)..-, . 



. and i 1 1 ■!"-.■■" : ! ' ~ ■' '■_!. ■:•■'• i '"-I i"" . '■'"i: obtain 



Corollary III. The lines 

Ax + By + C = 
a K <£ 4'* + JJ'y + C = 

are jii'V[ieAldli'Ad.i:ir leluya. and mill/ when. 

AA' + BB' = 0. 



_A_& 

B A'' 

or AA'-¥BB' = 0. 

Corollary IV. The, irdereepta of the line 

Ax + By + C = 

on the X- and Y-axes are respectively 

= _C ,, = _£ 
a A an fl - 

For the intercept on tlio X-axis is found (p. 73) in- sotting y = Q and solving 

for x, and the intercept on the 7-axis has been found in t-Jio above proof. 

Corollaries I and IV ure ffiven elnet'.y "or nucpusos of rolVn.-noe. In a numerical 
example the iutereopt.s are found most, simply by apnlyiti;: iln- ^enerid rain already 
given (p. 73) ; and the. slope is found by cednciiiy (lie equation to the form 

when the coefficient of z will he the slope. 
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Theorems I and II may be stated together as follows : 
The locus of an equation is a straight line, when and only when 
the equation is of the first- degree in, x and y. 

Theorem II asserts that the locus of every equation of the first 
degree is a straight line. Then, to plot the. locus of an equation 
of the f ml ih-gree it is merely necessary to plot two points on the 
locus ami draw the straight line passing through them. The two 
simplest points to plot are those at which the line crosses the 
axes. But if those points are very near the origin it is better to 
use but one of them and some other point not near the origin 
whose coordinates are found by the Rule on p. 60. 

Theorem III. When two equation* of the first degree, 

(3) Ax + By + C = 

(4) A 'x + P.'y + C = 0, 

hare this same locus, Ihcii the correxjitmtli'ig e'leiiir'ti-u.fs are juvj/nr- 
turned: that is. 



Proof. The lines whose equations are (3) and (4) are by 
hypothesis identical and hence they have the same slope and the 
same intercept on the F-axis. Since they have the same slope, 

J - §■ (Corollary I, p. 86) 

and since they have the, same, intercept on tire F-axis, 

| = |', (Corollary IY, p. 87) 

by alternation we obtain 



and hence 
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THE STRAIGHT LINE 89 

Ex. 1. Find the values of a and b for which the equations 
2ax + 2y -5 = 
and is - 3y + "b = Q 

wil! represent (lie same straight, line. 

Solution. These two equations wn! represent the same straight line if 
(Theorem III) ^__^_^, 

4 ~ -H~ lb '' 
and hence the required values are obtained liy so!-, ing 
2a_ 2 _2 _ -_5 

4 _ -3 aT1 -3 ~ 76 
for a and 6. This gives 

43. Geometric interpretation of the solution of two equations 
of the first degree. If we solve the equations 

(1) Ax + By + C = 

(2) A'x + B'y + C = 0, 

we obtain the coordinates of the points of intersection of the 
lines whose equations are (1) and (2) (Rule, p. 76). But if 
these lines are parallel they do not intersect, and if they are 
identical thev_Jnte£Kect.__ "' ;l ' 1 °^ ^'eir points. The relation 
between the position of the lines whose equations are (1) and 
(2) and the number of solutions of the simultaneous equations 
(1) and (2) may be indicated as follows : 

N~i!vilirr of Mi/iit ima 
of equations 

Intersecting lines. One solution. 

Parallel lines. No solution. 

Coincident lines. An infinite number. 

It is sometimes as convenient to he able to determine the 
virm.hf.r of solutions of two equations of the first degree without 
solving them as it is to be able to determine the nature of the 
roots of a quadratic equation without solving it. The following 
theorem enables us to do this. 



Position of lines 
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Theorem IV. Two equations of the first degree, 
Ax + By + C = 
and A'x + B'y + C' = 0, 

haiie, in 'je.nead, one solution, for a; and y ; but if 
A__ B_ 
A'~ B 1 ' 



when there is an infinite, number of solutions. 

The proof follows at once from Corollary II, p. 87, and Theorem III. 







PROBLEMS 




1. find Uic hi!.t>!Tf'pts 
(a) 2 X + 3y = 6. 


Of tht 


i following lin 


es and plot tho lines. 
Ans. 3, 2. 
Ans. 2, 4. 


»J + i-L 






4m. 4, -2. 


3. Plot the following linos. 
(a) 2s-3j< + 5 = 0. 




B l + | = i. 



3. Find the equations, and reduce them to the general form, of the lines 
for which 

(b) m = - J, & = §. Ans. a + 2j/-3 = 0. 

(c) m = |, 6 = - f . ^ns. 4 s - 10 y - 25 = 0. 
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4. Find the number of soliaionn oi the ioilowlrj; pairs of equatio 
plot the loci of the equations. 
z + 3y-Q = Q. 

Arm. Ono. 






4jM. No solution, 






11 infinite number. 



Li j; 



= 0. 



4ms. No solution, 

- 0, Also plot the locus of 



6. Plot the lines 2a; — 3^ + 6 = and 
(2<t-3y + 9) + k((c-y) = 0i(nk = 0, ± 1, ±2. 

6. SHulei.it psiii's of ]i:L]f,lli.:i ar.d P'.rfpendic.ular lijit-y from t!ie following. 

fXi 

ll£i; x 3 ±z 4 . 



(a) 






7, Show that the quadrilateral whose sides are 2x — 3^ + 4 = 0, 
3 a; — ?/ - 2 = 0, 4a;-6"2/-9 = 0, and 6 a: — 2j/ + 4 = 0isa parallelogram. 

B, "Find tlie equation of the line whosu slope is — 2 which passes through 
the poinL of intersection of y = 3 a: + 4 and ;/ = — x + 4, 

4ns. 2« + j/ — 4 = 0. 

9. What is the locus of y = mz + b if 6 is constant and m arbitrary ? if 
m, is constant and 6 arbitrary ? 

10. Write an equation which will represent all lines parallol to the line 

(a) y = 2x + l. (c) y-Sx-4*=0. 

(b) y =-a + 8. (d) 2y - 4a: + 3 = 0, 

11. Write an equation which will represent all lines having the same 
intercept on (lie Y-axis as (a), (b), (c), and id) in problem Id. 

12, Find the equation of tin? line parallel to2x-3y = whose intercept 
on the F-axis is - 2. yLjis. 2a;-3j/-6 = 0. 

1 3, What is the locus of Ax + By + O = if if and C at 
A arbitrary ( ifX and B are constant and C arbitrary ? 



,GoosIe 



92 ANALYTIC GKOMIvl'RY 

44. Straight lines determined by two conditions. In Ele- 
mentary Geometry we have many illustrations of the determina- 
tion of a straight line by two conditions. Thus two points 

determine a, Hue, and through a given point one line, and only 
one, ('-an be drawn pnrallel io a given line. Sometimes, however, 
there will be two or more lines satisfying the two conditions: 
thus through a given point outside of a circle we can draw two 
lines tangent to the circle, and four lines may lie drawn tangent 
to two circles ii' they do not intersect. 

Analytically such facts present themselves as follows. The- 
equation of any straight line is of the form (Theorem IT, p. 86) 
(1) Ax + By + C = 0, 

and the line is completely determined if the values of two of the 
coefficients A, B, and C are known *#4es«*s-of the third. 

For example, if A - 2B and = — 3B, equation (1) Deeomes 
2Bx + By — SB = 0, 

or <lx + y-3 = i>. 

Any geometrical condition which the line must satisfy gives 
rise to an equation between one or more of the coefficients 
A, B, and C. 

Tims if the line is in his-, thrmi^i i lu; origin, v,-c must luivc (,'— (Theorem VT, 
p. 73); or if the elope is to be 3, then— -- = 3 (Corollary I, p. KG). 

Two conditions which the line must satisfy will then give rise 
to two equations in J. IS, and C from which the values of two of 
the eoelliei.ects .mny lie. determined in terms of the third, and the 
line is then determined. 

If these equations are of the first degree, there will be only one 
line fulfilling the given conditions, for two equations of the first 
degree have, in general, only one solution (Theorem TV", p. 90). 
If one equation is a quadratic, awl the other of the first degree, 
then there will be two lines fulfilling the conditions, provided 
that the solutions of the equations are real. And, in general, 
the number of lines fulfilling the two given conditions will 
depend on tire degrees of the equations in the A, B, and C to 
which they give rise. 
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Rule to determine the ii'/ua-tion of a at mi f/ lit Hits which satisfies 
two conditions. 

First step. Assume that lie:- eyiMtlon of the line is 
Ax + Bij + C = 0. 

Second step. Find two equations between A, S, and C each of 
irhirh expresses (iJijehra.iea.il ij /ha fact that the tiae satisfies one 
of the given conditions. 

Third step. Solve these equations for two of the coefficients A, 
B, and C in terms of the, third. 

Fourth Step. Substitute the results of the tli ird step in the equa- 
tion hi. the first step and dlrlde oat the rein "in in <j roefiei.eiU. The 
■result is the re'] aired- eqaadon. 

Ex. 1. Find the ruination of Shu lir.c tli rough I ho I wo points Pi (5, — 1) 
&nd Pi (2, - 2). 

Solution. First step. Lei the required equation he 

(1) Ax + By + C = 0. 
Second s - .op. Since I', lies on t.lie Incus 

of (1) (Corollary, p. S3), 

(2) oA- B+G = 0; 
and since F s lies on the line. 

(3) 2A-2B+C = 0. 
Third step. Solving (2) and 13) for A and B in terms of C 

A=- jC, B = l& 
t'ourtli step. Sh!» [.ii.ut.i113- i" (1), 

- } Cx + } Cy + C = 0. 
Dividing by C and simplifying, the niq-aired conation is 















































'J 




1 




■! 










X 
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-J 














-ft.-; 







































Ex. 2. Find the equation of the 111 
slope is — £. 

Solution. First step. Let the re- 
quired equation be 
(4) Ax 4- By + C = 0. 

Second siesi. Since .('1 lies on (1), 
(6) 34-22 + = 0; 



passing through /',. (3, —2) whose 



indsi 



e the slope is 



-j, 





t 


-i-' \~''~X> 






X 




— — PIS,- 




\ 
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Third step. Solving ('>) and (0) for .1. and C in lernis of if, we obtain 

A-\B, C = \B. 
fourth step. Substituting in (■■]). 

\ Bx + By + ; B = 0, 

PROBLEMS 

1. Find the equation of the line satisfying 11m following conditions and 
plot the lines. 

(a) Passing through (0, 0) and (8, 2). Ans. x-iy = 0. 

(b) Pacing through (- 1, 1) and (- 3, 1). Ans. y - 1 = 0. 

(c) Passing through (— 3, 1} and slope = 2. Ana. 2x — y + 7 = 0. 

(d) Having the intercepts a = 8 and 6 = — 2. Ans. 2x — ?,y — 6 = 0, 

(e) Slope = — 3, intercept on JT-axis = 4, Ans. 3x + y — 12 = 0, 
(f> Intercepts a = - 3 and b =: - 4. A ns. 4 x + Sy + 12 = 0. 
(g) Passing through (2, 3) and (-2, -3). Ans. Zx-2y = 0. 

(h) Passing through (3, 4) and (-4, - 3). Ans. x-y + 1 = 0. 
(i) Passing through (2, 3) and slope =-2. Am. 2x + y - 7 = 0. 
(j) Having the intercepts 2 and — 5. A ns. = 1. 

othe 

:0. 

3, Find the equation oi the line parsing i hrn-.igh the origin perpendicular 
bo the line ax 4- j" — 2 = 0. jIhb. x — by = 0. 



G. Find the equation of r.1 1 c;= line whoso hilereopt on Iho I'-axis is 5 which 
raises through t.hu point (6, 3). Ans. x + Sy — 15 = 0. 

7. Find the equation of too line- whose intercept on the .X-axis is 3 which 
s parallel to the line x — 4y + 2 — 0. Ans. x — 4y — 3 = 0. 

B. Find the equation of the: line passing throug'h the origin and through 
n of the lines x - 2y + 3 = and x + iy - = 0. 



9. Find the eq-.uition of the straight line whose slope is m which p 
through the point Pi(&i, yi). Ans. y~yi_ = m(x — a 
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10. I-'iiid tii-j crj-.mtirii: of t.:if: stniijhl ii:ii; who."' i : i r ■ ■ r-i ■. i - ■-. s ;iro n mid. b. 

Am. - + ? = !■ 



11. Find the 
Pi (*i, !/i) and P 


equatio 


n of the straight lini! 

Ans. {y 2 - y-i) x - (x s 


passing through 
-xijy + xzy,- 


tin; points 
iCtf/a = 0. 


12. 


Show that the result of the last problem 


may "be put i 


n the form 








*2 — a>i 3/3 — j/i 








ffiu 


t. Add and; 


robtract 


»■,;/!, linnor, 1 1 ;!■: -;.. -■■■. ml.I 


express ae a pi 


upor 


(ton. 



45. The equation of the straight line in terms of its slope 
and the coordinates of any point on the line. In this section 
and in those immediately following, the Rule in the preceding 
section is applied to the determination of general forms of the 

equations of straight lines satisfying pairs of conditions which 
occur frequently. Those general forms will then enable us to 
write the equations of certain straight lines with the same ease 
that the equation y = mx + b enables us to write the equation 
of the straight line whose slope and intercept on the I'-axis are 
given, 

Theorem V. Point-slope form. The equal ion of the straight line 
which passes throvjh the point J\ (?i, >/,) and has the slope m is 
("V") y — Vi = m(gc~ac 1 ). 

Proof. First step. Let the equation of the given line be 

(1) Ax + By + C = 0. 
Second step. Then, by hypothesis, 

(2) Ax, + By, + C = 
and 



Third step. Solving (2) and (3) for A and C in terms of B, 
we obtain 

A = — mB and C = B{inx t — y,). 



,Google 



96 ANALYTIC GEOMETRY 

Fourth step. Substituting in (1), we have 

- mBx + By + B (mx t — y{) = 0. 
Dividing by B and transposing, 

y - y t = m ,(x - Xy). q.b.d. 

If P[ lies on the F-axis,. x x = and p, = b, so that this equa- 
tion becomes y = mx + b. 

46. The equation of the straight line in terms of its intercepts. 

Wo puss now to die consideration of a line determined by two 
points, acd wo (''"insider iirst the case in which the two points lie 
on the axes. This section does not, therefore, ujiplj! to lines par- 
allel tn nrie. of thii ti-ms nr to Hues passinij i/iroii.ifh the urii/iu. as in 
the latter case the two points coincide and hence do not. deter- 
mine a line. 

Theorem VI. Intercept form. If a- and b are the intercepts of a line 
on the X- and Y-axes resj,eetieeh/. tlien the equation of the line, is 

(VI) l + l" 1 

Proof. First step. Let the equation of the given line be 

(1) Ax + By + C = 0. 

Second step. By definition of the intercepts (p. 73), the points 
(«, 0) and (0, b) lie on the line; hence 

(2) Aa + C^0, 

(3) Bb + C = 0. 

Third step. Solving (2) and (3) for A and B in terms of C, 
we obtain 

A = — -C and B = - - C. 

Fourth step. Substituting in ('!), we have 

- - Cx - t Cy + C = 0. 

Dividing by C and transposing, 

= + ? = !. 
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Ex. 1. Write tin; cqnalion of the 
ts intercepts and plot the line. 
Solution.. Transposing the 




This equation is of the form (VI). Hence 
a =- $ and 6 = J. 

Plotting the points (— i], 0) and (0, '.) ami jo in inn t':i'.-:n by a straight line, 
we have the required line. 

47. The equation of the straight line passing through two 
given points. 

Theorem VII. Two-point form. The equation of the straight line 

passing through i'lh:^ ;'/0 <md l't(x t , y%) is 



(VII) 



-«i . 



- Hi 



Proof. Let the equation of the line be 
Ax + By + C = 0, 



0) 

Then, by hypothesis, 

(2) 
and 
(3) 

To follow 

andiJ in terms of 0. substitute in (1), and divide by C; that pro- 
cedure amomits to eliminating A, B, and C from (1). (2), and (.'!). 
and that elimination may be more conveniently performed as 
follows : 

Subtract (2) from (1) ; this gives 

A(x-x 1 )+B(y-y 1 )=0, 



Ax^ + By x + C = 

Ax t + By i + C = 
i the Rule, p. 93, we must solve (2) and (3) for A 



(*) 



A(x-*,) = -B(y- !/i ). 
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Similarly, subtracting (2) from (3), we obtain 
(5) A{x 3 -xO = -B( j/i -7 A ). 

Dividing (4) by (5), we find 

x, - a, ~~ y, - y, 

Corollary. The, condition that tluns points, l\(x x , y{), P i (x 2t y%), 
and P 3 (x a , y s ) should lie on a line is that 
x a -x t ^ i/ s — ?/ t 
a 'a — x l 3/s — 111 
For this is the condition th;it 1'-. should i:c mi ibe lint: (VII) passing Ihroufjli 
P, and Pi (Corollary, p. S3).' 

The method of proving the corollary should bo remembered 
rather than the corollary itself, as then the condition may be 
immediately written down from (VII). 

PROBLEMS 

1. Find, by snVtslil.nl ion in tin- p roper formulas, tin.' equations of the lines 
BMisfylnij Ihi: omdilion.- in problem 1, p. 94. 

2. Find the equations of t.he line's iullilliiiy the following conditions and 
plot the lines. 

(a) Passing through lire origin, slope = 3. Avis. 3a; — y = 0, 

(b) Passing through (8, - 2) and (0, - 1). Ana. x + Sy + 8 = 0. 

(c) Having the intercepts 4 and — 3. Ans. 3x — iy — 12 = 0. 

(d) F-intercept = 5 and slope — 3. Ans. 3a — 31 + 5 = 0. 
(c) Passing through (1, — 2) and (3, — 4). Am, x + y + 1 = 0. 
(1) Having the intercepts — 1 and — 3. Ana. 8x + y + 3 = 0. 
(g) Passing through (- 5, f) and slope = - f. Aw*. 4x + 6?/-7 = 0. 
ik) fussing through (0,0) and slope = m. Ans, y — mx. 

3. Find the equations; of the sides of the triangle whose vertices are 
(-3, 2), (3, -2), and (0, -1). 

Ans. 2x + Sy = d, £ + 3^ + 3 = 0, and x + y + l=<>. 

i. Find the equations of the medians of l.lie triangle in problem 3 and 
show that they meet in a point. 

-4ns. s = 0, 7% + 6y + 3 = 0, and 5x + 9y + S — Q. 
Mnt. To sfcjiF that three lines meet i,i a- point, (ii.u the i)0;nL ui iutcrsicliDii uf two 
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5. Show that tin: medians of any triangle meet in a point. 
Hint. Taking out vevtes for origin and one- suit for Lire X-axis, (.ke vertices imiv then 
iieeallod (0, 0), ei, 0),;iiid(*, c). 

8. Determine whether or no; 1-hr:- iullowing sets- of points lie on a straight 

(a) (0, 0), (1, 1), (7, 7). Ana. Yes. 

(b) (2, 3,), (- 4, - 6), (8, 12). Ana. Yea. 
(o) (S, 4), (1, 2), (5, ]). Am. No. 

(d) (3, - l}, (- 0, 2), (- j, 1). Ana. No. 

(e) (5,6), (J, 1), (-1,-1). iw. Yes. 

(f) (7, 6), (2, 1), (0, -2). Am. No. 

7, Reduce tho following equation!; to the form (VI] and plot their loci. 

(a) 2x + 3^,-6 = 0. (d) ?,z + iy + l = 0. 

(b) »-Sy + 6 = 0. (e) 2x -4y -7 = 0. 
(o) 8m -41/48 = 0. (f) 7a -Qy -3 = 0. 

B. Find the equations of die lines joining the middle points of the sides 
of trie triangle in problem '■', and show r li; i L they are parallel to the sides. 
jljiS. 4* + 6y + 3 = 0, a; + Sj/ = 0, ands + j/=.0. 

9. Find the equation of i.ho line pas-sing through the origin and through 
the intersection of tlie lines x + 2 y = 1 and 2x-iy -3 = 0. 

Ana. x + 10 y = 0. 

10. Show thai the diagonals of a square are perpendicular, 

HiMi. Take two sides for flic axes and lei tlio '.en;!tti of aside be a. 

11. Show that the lino joining the- middle poinls of two sides of a triangle 
is parallel to the third. 

Hint. Choose the aaes so tliat the vertices nre (1), 0), (a, 0), and (6, c), 

12. Find the equation of the line passing through the- point (3, — 4) which 
has the same slope as tlie line 2 x - y = 3. Ans. 2x - y - 10 = 0, 

13. Find the equation of r.helbe passing through the point (— 1, 4) which 

is parallel to the line 3 x + y 4- 1 = 0. Ana. Sx + y -1 = 0. 

14. Two sides of a parallel eg ram are 2x + 3y — 7 = and x — 3^4- 4 = 0, 
Find the other two sides if one vertex is the- point (3, 2). 

Am. 2m + 3a — 12 = 0a,nda; -Sy + 3 = 0. 

15. Find the equation of the line passing through tlie point (—2,3) 
which is perpendicular to the line x + iy = l. Ann. 2% — y + 7 = 0. 
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16. Show that the three lines x — 2 
-8 + fc(l — 2y)-0 meet in a point Ji 

17. Derive (V) and (VII) by the Rule on p. 53, using Theorem V, p. 35. 

18. Derive (VI) and (VII) by the Rule on p. 53, using the theorem that 
the corresponding nidi:-! if simi.ar triangles ;iro proportional. 

19. Derive y = mx + b and (V) by the Rule on p. 53, using the definition 
of the tangent of an acute angle in a right triangle. 

20. Derive the equation of (he straight lino in term* of the perpendicular 
dLstanoc p from I ho origin ;o the line and the alible w which 
that perpendicular makes whh the positive direction of 
the .Y-axis. 

Hint. Find the intercepts in terms ol p and w by solving the 
right triangles in the figure ami substitute in (VI). 

Ana. x cos u> + ^ sin u — p = 0. 




21. "What is the locus of (V) if a=i and ?/, arc constant and m arbitrary ? 



22. What is the locus of (VI) if a is constant and 6 arbitrary ? if 6 is con- 
stant, and a arbitrary ■'' 

23. Write an equation which represents all lines passing through (2, — 1), 

24. Write an equation representing ali lines whose intercept on the X-axis 

25. Write in two different forms the equation of all lines whose intercept 
on the Y-axis is - 2. 

26. Write an. equation representing all lines whose slope is — ■'. 

27. If the axes are oblique and make an angle of ™, then the equation of a 
straight line in terms of its inclination a and intercept on the Y-axis ft is 



28. If the angle between the sixes is w, the equation of the line pass] 

through ./'i(.C], Hi) whose inclination is a is 

V-Vi = sln B l° ° (t > (* - »i)- 

29. Show that equations (VI) and (VII) hold for oblique coordinates. 
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I'll 



48. The normal form of the equation of the straight line. 

In the preceding sections the lines considered were determined 
by two points or by a point and a direction. Both of these 

methods of determining a line are frequently used in Elementary 
Geometry, but we have now to consider a line as determined by 
two conditions which belong essentially to Analytic Geometry. 




Let A B be any line, and let ON be drawn from the origin perpen- 
dicular to AB at C. Let the po,iifii:/>, direction- on, ON be from, 
toward N, — that is, from the origin toward the line, — and denote 
the positive directed length OC by p and the positive angle 
XON, measured, as in Trigonometry (p. IS), from OX as initial 
line to ON as terminal line, by m.* Then it is evident from the 
figures that the position of any line -is determined by a pair of 
ualuen ofp "'"d 01, both p and. >,: heiiuj positive and <o < 2 ir. 

On the other hand, every line determines a single positive 
value o.f » and a single positive value (if „, which is less than 




2?* 


J 


a, y^ 


■: 


Sis 


\ -Y 



2tt, unless p — 0. When p = 0, however, AB passes through 
the origin, and the rule given above for the positive direction 
on ON becomes meaningless. From the figures we see that we 
can choose for o either of the angles XON or XON'. When 

p =3 we sJ/Ji.'i a'-irrtr/s sn/sPoai: that i,> < vr and that flu: p'Oiifirr 
ON is the upward direction, 
not tin: utiulB I'fcl.uTei! Uic elim/tfi i iTii--i n.Y.'mrt i/X, a- linfiiiMl on p. 28. 
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Theorem VIII. The. normal form* of the equation of the straight 

(VIII) a: cos M + y sin w — p = O, 

where, j/ is the perpendi.eii.lji.r dhtimee, or normal from the ori'jin to 
the line, and a is the posit ire- niujle which iln.it jirrjjca.dir.ulo/r makes 
ivith the positive direst Ion- OX of the, X-axix regarded- as initial 
line. 

Proof. Let P(x, y) be any point on the given line AB. 

Then since AB is perpendicular to 
ON, the projection of OP on. ON is 
equal to p (definition, p. 29). By 
tlio second theorem of projection 
(p. 48), the projection of OP on ON 
is equal to the sum of the projections 
J - Y of OD and DP on ON. Then the con- 
dition that P lies on AB is 

(1) proj. of OD on 0_Y + proj. of DP on ON = p. 
By the first theorem of projection (p. 30) we have 

(2) proj. of OD on ON = OD cos <u = x cos o>, 

(3) proj. of HP on ON= DPcoal"^ — o>) = y sin tu. 

For the anglo betwoen the directed lines DP and ON equals that between 
OYs.n&ON=---w. 

Substituting from (2) and (.">) in (1), we obtain 

x cos <o + y sin ui — p — 0. q.e.d. 

To reduce a given equation 

(4) Ax + By + C = 

to the normal firm,, we must determine <a and p so that the locus 
of (4) is identical with the locus of 

(5) x cos to + y sin <o — p — 0. 

* The designation of this equation 1b made clear by the definition of the normal in 
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Then we must have corresponding coefficients proportional 
(Theorem III, p. 88). 



Denote the common value of tliPsi: ratios by r; then 

(6) cos <u - rA, 

(7) sin o) = rB, and 

(8) -p=rC. 

To find r, square (6) and (7) and add : this gives 

sin 2 m + cos 2 o> = r*(ji* + -S a > 
But sin 3 o, + cos 2 o> = 1 j 

and hence r 2 (_-l 2 + £ 2 ) = 1, or 

' ' ± V^. 2 + B* 

Equation (8) shows which sisn oi the radical to use; for since 
■p is positive, r and C must ha\ o of)p>jskt: sign;;, unless C = 0. If 
C = 0, then, from ($),p = 0, and hence m < 7r(p.l01); then sin «> 
is positive, and from (7) »■ and it must have the same, signs. 

: value of r from (9) in (G), (7), and (8) gives 






± V,l 2 4- B 1 ± V.l 2 + B 

ILtmoc (r>) becomes 

! ± V^ 2 + B 2 ± VI 2 + £ 9 ± VI 2 + E* 

which is the normal form of (4). The result of the discussion 
may be stated in the following 

Rule to reduce Ax + By + C = to the normal form. 

First step. Find, the. numerical value of Vj4 4 + B*. 

Second step. Glee the resv.U of the, first step the sign opposite to 
that of C, or, ifC = 0, the same sign as that of B. 

Third step. Divide the. given equation hy the, result of the second 
step. The resv.lt is the. required equation. 



,Google 



104 ANALYTIC GEOMETRY 

The advantages of the normal form of the equation of the 
straight line over the other forms are twofold. In the first 
place, every line may have its equation in the normal form; 
whether it is parallel to one of the axes or passes through the 
origin is i mm uteri al. In the second pltiw;, as will be seen in the 
following section, it enables us to Una iminediuudy the distance 
from a line to a point. 

PROBLEMS 

1. In what quadrant will ON (Fig., p. 101) lie if sin u and cos u axe both 

positive? !>olli r.i'^auvo ? iJ! sin w is posiiLu: and ousw uega-Livo ? if sinw 
is ncgiitivo and rain positive? 

2. Find (he er.uu'io'.is ;'.nd yjlo; the liii;;.-; [or which 



(a) . = 0, p = 5. 








4m. x = 5. 


C>- = t" = * 








4ns. y + S = 0. 


W- = J.*-a 








4ns. V5 z + ~^2V -0 = 0. 


(d) « = ^, p = 2. 








Ans. x-V3y + 4 = 0. 


(e) " = ^. P = 4- 








Ana. v^a-V2j/-8 = 0. 


3. Reduce tbo fallowing equations l 


othe 


normal form and find p and w. 


(a) 3z 4-42,-2 = 0. 


4ns. 


*>.= 


= |, 


« = co B -4 = 8 m-if 


(b) 3s-4y-2 = 0. 


Ana. 


P = 


= i, 


B = COa -4 = S in-i{-|). 


(c) 12i-5;/ = 0. 


Am. 


J» = 


:0, 


M = oos-i(-Ji)=flui-»^ r . 


(d) 2z + 5y + 7 =0. 










^ P = 


+ V29' 


= 0, 


ia- 


Arv^) =8m-1 (3v^) 


(e) 4«_3y + l = 0. 


.4 /is. 


P = 


- h 


B = eo S -i(-^ = S in-iJ. 


(f) 4z- 5^ + 6 = 0. 


6 , a 


= a 


»- 


'(-^)=--(-^)- 



4. Find the perpuiulicu'ar distance from the oij.sin in i:;ich of the follow- 
ing lines. 

(a) 12a 4- 5v- 28 = 0. Ana. 2. 

(b) a: 4- y 4- 1 = 0. ^s. -J- v*2. 
(0} 3a-2y-l = 0. ,4ns. ^ Vi3. 
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5. Derive (VIII) when (a) -<«<;r; (t>) nr<w<—-; (c)— <u<2?r; 
(d) p = 0and0o<~ 

B. For what values of p and u will the locus of (VIII) Vie parallel to the 
:X-axis? the X-axis? pass through the origin P 

7. Find the equation;; of the linos whosr: Slopes equal — 2, which are at a 
distance of jj frmti the origin. 

Ans. 2V5E + V5J/ -2"> = Oand2V0R;+V5y + 25 = 0. 

B. Find the linos whoso 'list.ii.noi! from the origin is 10, which pass through 
the point (5, 10). Ans, y = 10 and 4a! + 8^ -60. 

9. What is the locus of (VIII) if p is constant and u arbitrary ? if w is 
constant and p arbitrary ? 

10. Write an cqun.l ion representing all linos whoso distance from the 
origin is 5. 

49. The distance from a line to a point. The positive direction 
on the normal ON drown through the, origin perpendicular to AB 
(Fig. 1) is from O to AB (p. 101) ; and when AB passes through O 
(Fig. 2) the positive direct ion on ON is the upward dir«:;,irsii. 





The positive direction on ON is taken to be the positie-n direction 
on all lines perpend i.e. n In r to All. .Hence the distance from. the 
line AB to the point P l is positive if /*[ and the origin are on 
opjiosiie sides of AB, and. negative if i\ and tits origin are on the. 
same side of A 11. When A B passes through the orlain the distant:'.-. 
from AB to i\ is posifire -if that distance is in the vptranl direc- 
tion, (t-rtd negative if it -is in the. dovmirttrd direction. Thus ill the 
figures the distance from AB to P Y is positive and from AB to P a 
is negative. 
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Theorem IX. The distance d from the line 



tu the point P 1 (x 1 , y,) is 

(IX) d = ac ± cos to -f- // t sin tu — p. 

Proof. Let AB be the given lino and let ON be perpendicular 
to AB. By the second theorem of projection (p. 48) we have 
proj. of OPi on ON = proj. of OD on ON + proj. of DP, on ON. 
From the figure, 
proj . of OP, on ON 

= OE=p +d. 
By the first theorem of 
projection (p. 30), 
proj. of OD on ON 

= OD cos <o = x, cos tu, 
proj. of DPi on ON 

= ^«»(f--) 

= ?/i sin o). 

Hence £> + ^ = ^i eos <■> + ¥i ^ n ^ 

and therefore t£ = x, cos <u + j/j sin tu — p. q.e.ti. 

From this theorem we have at once the 

Rule to find the perpendicular distv.net>- from a given line to a 

//wen point- 
First step. Reduce the equation of the, given line to the normal 

form {Rule, p. 103). 

Second step. Substitute the, coordinate* of the given point for 

x and y in the left-hand aide of the equation. The result is the 

repaired distance,. 

The sign of the result will show on which side of the line the 

point lies. 
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Ex. 1. Find the distance from the 
(2, 1). 
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Sy + 16 = to the point 











/ 
































„■ 
































/ 




* 


N*? 




• 


' 
















:v 



















;s of an isosceles 



Second step. Bubstitvuinsr. 2 for x and 1 for y, 

a=-f.a + 4(i)-a=-4. 

What does the negative sign mean ? 



Ex. 2. Prove l.lini. i.ko sum of the distances from the 
triangle l.o a.ny point in the base is constant. 

Solution. Talie the: middle point of the base for origin and the "base itself 
for the A'-axis. Then the values of ;> for the two leys are eunal and the values 
of w fire supplementary. Hence, if the equatioi 
of one lei; in normal form is 

x cos u + j/ sin u - p = 0, 
then the equation of the oilier I05; is 

■ o»(*-ii) + yita <*-.«)-*=: 0, 




y + ?/ si 



= 0. 



Let (ct, 0) be any poin" in :1m base. Then the distances from the le.tts tr. 
(d, 0) are re spy o lively (tcosio — p and — acosw — p, so thai, the sum of these 
distances is — 2p, that is 



PROBLEMS 
1. Tind IJie distance from tbe line 

(a) KCOB45° + ysin4fl°-V2 = to (5, -7). 

(b) |»-iy-l = to (2,1). 

(c) 3i + 4^ + 15 = to (-2,3), 



(d) S 



2. Do the f 
:-y+l=0 



7 3/ + B = to (8, - 6). 

y = to (0,4). 

and the point (8, — 2) li 



Ans. -2V2. 

Aw. -V. 

Jng 40 

+ V53 



/Ins. - " 



12 

f vTo 
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4. Find the lengths of Hie altitudes of the l.rianer'.e- formed by the lines 
2x + 3y = 0, %-t;$y + 3 = Q, and x -I- j + 1 = 0. 

Ana. -4=i - —' and VH, 
V13 VlO 

6. Find the distance from the line Ax + By +G = to the point 
Pt{^,yt). Ans Ax, ± By 1 + C 

± V/i-J + B* 
6. Prove Theorem IX when 

(a)p = 0, u <|i (b|^< M < K ; (o)*< u <^; (d)^< W <2*. 

T. Mnd the locus of all points which are finally distant from 
?,x -iy + 1 -0 and ix + B ?/-! = (). 

Ans. 7 £ — 2/ = and x + 7y — 2 = 0. 

8. Find the locus of all points which are twice as far from the line 
12a + by - I = as from the T-axis. Ans. 14tc - by + 1 = 0. 

9. Find the locus of points which are fc times as far from \x-Zy + l=(\ 
asirom5j;-12i/ = 0. Ans. (62 - 25 fc) a; - (SS - 60 fc) y + 13 = 0. 

10. Find the bisectors of the angles formed by the lines in problem 9. 

4ns. 77 x - my + 13 = and 27 x + 21 y + 13 = 0. 

11. Find the distance between the p;ir;i!!el lines, 

(y = 2x + &, 8 , , r2ss-8tf + 4 = 0, . 1 

(b) r» = -8» + i, A 3 . (d) r^^ + s, ^ 6 

|U ' \], = -S* + 4. + VT0 W U = >»z-3. +Vl + m^ 

12. Derive the normal conation of the liiie by muar.s of Theorem IX. 

13. Prove that the altitudes on tin; legs of an isosceles triangle are equal. 

14. Prove that the three altitudes of an equilateral triangle are equal. 

16. Prove that the sum of the distances from the side:; of an equilateral 

i dangle to any point is ci 
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16. Find the areas of the l,mngles formed by this following lines. 

(a) 2a-8y + 30 = 0, * = 0, x + y - 0. -4ns. 30. 

(b) x + y = 2, 3x + iy-12 = Q, a-y + 8 = 0. Anft. If 
(o) Sss-4y + 12 = 0, as- Sy + 6 = 0, 2as-y = 0. Am. Sf. 

(d) as + 3 ?/ - 3 = 0, 6 as - y - 15 = 0, x -■- y + 1 = 0. -4iis. 8. 

17. Plot the following lines and Told tlie area of the quadrilaterals of 

whioli they are the fides. 

(a) x = y, y = 6, % + V = 0, 3 * + 2 y - = 0. An*. 16$ . 

(b) x + 2y -5 = 0, 1/ = 0, as + 4i/ + = 0, 2as + j/-4 = 0. AjiS. 18. 
{o)2s!-4i/ + 8 = 0,a; + » = 0, 2*-»-4 = 0, 2ai + y-3 = 0. 

4 lis. 4^'g. 

50. The angle which a line makes with a second line. The 

angle between two directed lines Las linen defined (p. 2<S) as the 
angle between their positive directions. When a line is given 
by means of its equation, no positive direction along the line is 
fixed. In order to distinguish between the two pairs of equal 
angles which two intersecting lines make with each other we 
define the angle which a line makes with a 
second line to be the positive angle (p. 18) 
fr om th.e _£gcgnd line to the J irst li ne. 

Thus the angle which i x makes with £ 2 
is the angle 6. We speak always of the 
"angle which one lino makes with a second 
line," and the use of the phrase "the angle 
between two lines" should be avoided if those 
lines are not directed lines. We have thus added a third method 
oi' designating angles to those given on p. 18 and p. 28. 

Theorem X. The angle- 8 which the line 

ti : AyX. + B,y + C, = 
makes with the line 

L, : A s x + Bgj +■ C. 2 = 
is given by 
m .... AB.-^.B. 
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Proof. Let <% and « 2 be the inclinations of L, and L t respec- 
tively. Then, since the exterior angle of a triangle equals the 
sum of the two opposite interior ar.gks. we have 

In Fig. 1, «! = 6 + or,, or $ = ai - a„, 

In Fig. 2, a 2 = 7T - + «i, or 9 = tt + (a, - « a ). 




And since (6, p. 20) 

tan (w + <£) = tan <£, 
ve have, in either case, 

tan = tan {a x — a,) 
tan a, — tan q 



(Corollary I, p. 86) 



Reducing, -we get tan 6 = 



1 + tana 


tana* 


, and tan a* 


s the sic 


-£? + 


A., 
B 3 


"(-$) 


K*) 


-d.*^ ~ ^ij, 





Corollary. 7^ m, <mmZ m 2 rare if/i.B sl'ine,-: nf two lines, then the 
angle $ which the first line m<i/:r,s villi the second is given by 
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Find the angles of the triangle fanned by the lines w 



N;6x + 4y-26 = 0. 

Solution. To see which nn^-I^H formed by the given 
lines are the angles of the triangle, we plot the lines, 
obtaining tha triangle ABC. A is the angle which 
M makes with X, no that M takes the place of Xi in 
Theorem X and L of L«. 
Hence 

A i = G, 7?i = - 1 ; 
.43 = 2, ft =-3. 

_ .l a ft ~A,B 2 _ - 2 + 18 _ 



n^ = - 



-l l /la + ftft 12 + 3 



Ill 

•e oquaiioos 



-Js 






■-' 










































































1- 














■■■■■ 




^ 












JC 









































































AxA-s-rBiB* 
! = 3, ft = 4 ; 

., _ 24 + 6 _ 30 _ 15 
J ~ 38 - 4 _ 32 _ 16 ' 
2 = tan-i(i£). 



e results. For if B = ' , then X = 



Ex. 2. Find the equation of the line through 
{3, 5) which makes an angle of , - with the line 



Solution, T.el »i he the slope of the required li 
Then its equation is (Theorem V, p. 95) 



V -6 = ^(3-3). 
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The slope of tlie give 



e tlie angle which (1) makes 



a have (by the Corollary), 



- (2 + ^3). 



Substituting in (1), we obtain 

y - 5 = - (2 + V3) (x - 3) } _ 
or (2 + VS)x + y - (11 + 3 VE) = 0. 

In Plane Geometry there would be two solutions of this problem, — the 
line just obtained and i.lte doited line of the figure. Why must tins latter 
be excluded here ? 



I. Find the angle which (lie line -'.x-:/ -2--f) m;il;es with 2x + y — 2=0; 
also tin: angic wiiirh tin:- .second line makes with the first, and show that 
these angles are supplementary. . Sit a 

m ' ~4~* 4' 

E. I'ind the angle which the line 

(a) 2 % - 6 2/ + 1 = makes with the line a: — 2 3/ + 8 = 0, 

(b) x + y + 1 =0 makes with the line % — y + 1 = 0. 

(c) Sx ~iy + 2 = makes with the line x + Sy -7 = 0, 

(d) 6# — 3ji + 3 = makes with the line x = 6. 

(e) K — 7j/ + l = makes with the line x -\- 2y — i — 0. 

In each east: lilol. the lines and mark the atig. : c found by a small arc. 
Ans. (ajtan-'f-^); (b)|; (o) tan-i(¥) I <d) tan-i(- i) ; (a) tan-i(jV). 

3. Find the angles of the triangle whose sides are x + Sy — i = 0. 
3x-2y + 1 = 0, and x -y + 3 = 0. Ann. tan-'(- if), tanri(!), tan-i(2). 

Hitfl. Plot the triangle to sit ivtiidi iindrs I'^ium! hv Lhs givim lines aro the angles 
of the triangle. 

4. Find the exterior angles of the trians'.e formed by the lines 5» — !/ + 3=0, 
y = 2, x- iy + 8 = 0. -4ns. tan-'{5), tan-i(- |), tan-*(- -s/). 

5. Find one exterior angle a.ud the two opposite interior angles of the 
triangle formed by the lines 2s-3j/-6 = 0, 3a;+4?/-i2 = 0, x-3y+Q=0. 

Verify tlie results by formula 12, p. 20. 
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6. Find tlie angles of Ujo triangle formed by ?,x-t2y-4=0, x—3y+6 = 0, 
and ix — 3y — 10^0. Verify the results by the formula 

Ian A + LanB + tan C = tan .d tan # tan C, Lf A + B + C = 180°. 

7. Find tlie lino passing through llie given point and milking the given 
angle with tho given line. 



(b) (1, - 3), — , * + 2y + 4 = 0. Ann. %!E + y = 0. 

(o) (2, -6),|, » + 3 B -8 = 0. 4n». z-2y-12 = 0, 

(d) (sex, ffi), 0, y = mas + 6. Ana. y - gi = i "^ t ^ - (g - g t ). 

(e) fa,Vi),-p,Ax + By+C = 0. Ana. y - yi = -~~-^-^{x- Xi). 

A tan $ + i) 

8. Show from a fignre that it is Impossible ;odr;iwa lino through the inter- 
section of two lines and '-making equal angles with those lines" in the 
sense in which we have defined " the angle which one lino nwkrss with a 
seeoml line." Prove (.ho same thing by formula- (X). How are the bisectors 
of the angles of two linos to ho denned? 

9. Given two lines L, ■ 3% — iy — ?, = and L 2 : 4x — Zy + 12 = 0; find 

the equation of (he line passing through their point of intersection secli that 
the angle it makes with i, is equal to the angle 7-u i nukes witli it. 

Ans. lx-"y + 9 = 0. 

51. Systems of straight lines. An equation of the first degree 

in x arid y wlnc.li contains a single a r bit vary constant will repre- 
sent an infinite number of lines, for the locus of the equation 
will he a straight line for any value of the constant, and the locus 
will be different for different values of the constant. 

The lines represented by an equation of the first degree which 
contains an arbitrary constant are said to form a system. An 
equation which represents all of the lines satisfying a single con- 
dition must contain an arbitrary constant, for there is an infinite 
number of lines satisfying a single condition : hence a single geo- 
metrical condition delhies a system of lines. 

Thus the equation y — 2x + b, where 6 is an arbitrary constant, represents the 

system .;■! lines liiiviiij; the slope 2; ami the conaiion >/ — ."1 — m (a; - ;>), where m 
is an arbitrary constant, rep resents the system of lines parsing through (3, fl>. 
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Second rule to find the equation of a straight line satisfying two 
eonditions. 

First step. Write the equation of the system of Hues satisfying 
one condition. 

Second step. Determine the arbitrary constant in the equation 
found in the first step so that the other condition is satisfied. 

Tided step. Substitute the result of the. second step in the result 
of the first step. This 'jlctts /he rc'/uired equation, 

This rule is, in general, easier of application than the rule on 
p. 93. It has already been applied in solving Ex. 2, p. Ill, and 
will find constant application in the following sections. The 
number of lines satisfying the conditions imposed will be the 
number of real values of the arbitrary constant obtained in 
the second step. 

Ex. 1. "Find tlie equations of the straight linos laving the slope | and 

intersecting 1,1m circle x- - y- = 4 in but one point. 

Solution. First step. The equation 

represents the system of lim.s wiionc slopes are : , (Theorem I, p. 58). 

Second step. The coordinates of the inter- 
section of the line and circle are found by solv- 
ing their equations simultaneously (Rule, p. 7G). 
Substituting the value of y in the line in the 
eqi!n.iio;i oj the cirole. we have 

& + (|ic + 6)' = 4, 
or 25a; 3 + 2ibx + (1062 _ 64) = 0. 




The i 



vanish (Theorem II, p. 
676 6= -100 (16 &*- 84) = 0. 



of this equation, by hypothesis, 
il; hence the discriminant must 
:em II, p. 3) ; that is, 



Third step. Substitute these values of o 

We t-i'is oh i liin l he two sohitioiiH 

y = i% + ! 



i the equation of the first step. 



/Google 



THE STRAIGHT SANE 



PROBLEMS 



1. "Write the equations of this systems el lines defined by the following 
conditions. 

(a) Passing through (- 2, 3). 

(I;) Having the slope — J. 

(c) Distance from the origin is '■>. 

(d) I laving llie ml.ercopt on the Y"-axis = — 3. 

(e) Passing through (6, — 1). 

(f) Having the intercept on the X-axis ■- (). 

(g) Having the slope l. 

(h) Having tin; intercept on the V'-axis - 5. 

(it Dist.anee frani the origin — 4. 

2. "What geometric conditions define the syslems ol lines represented by 
ihe fiillo'.vin.si' equations? 

(a) 2x-3y + ik = i). 

(b) kx-ty -1-H. 

(c) x + y - k = 0. 







(■11 


7, + A = 0. 






(«) 


E + 2fc!/- 






n) 


3 to - 3 y 






(g) 


£COS« + 


ffin 


t. Rednci 


itl»| 


;iyen equati. 


SfllE 


(degree. 






8. 


Deter:r,ine A 1 ; 


io that 


(a) 


ihe line 




■Sv + k = 


fl» 


the line 2 kz 


-6J/ + 3: 


if>) 


the Sim: 


s + 3/ - k = ] 


ffl 


tlie line 


3a- 


4iy4t = 



isses through (— 2, 1). -4ns. ft = 7. 

las the slope 3. 4ns. ft = y.. 

,s through (3, 4). 4ns. A = 7. 

is intercept on X-axis - ■ 2, 

Am. k = — <S. 
■;'e) the line x — Sky -)■ 4 = has intercept on F-axis = — 3. 

(f) the line 4z — 3 y + Gfc = is disla.nl three anils from the origin. 

4ns. t = ± f. 

*, Find the equations of the- straight lines with '.he slope — T ! j which cut 
the circle 3^ + y' 2 = 1 in but one, point. 4?!$. 5 * + 12 y = ± 13. 

6. Find the equations ■:'!" ;he lines passim: i hro'n.'h the point (1, 2) which 
cut the circle t? + y* = 4 in but one point. Arts, y = 2 and 4 » + 3 y = 10. 

6. Find the equation of the strniglil !i:ie passing through {— 2, 5) which 
imik.fj' an. ar.^le of ■(•">•' with ihe F-axis. Am. x + y — 3 = 0. 
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. find the equation ol the «1,n'i.ifrli1. lino which (j;'lksc\3 ihrough ths: paint 
1) and which is ;it a ilistiuict of uvii units from the origin. 

/Ins. x = 2 and 3* - iy = 10. 



B. Find the equation of the straight line 

dist.a,ni:«.: from i.hc lint to tin: point (a, 4) is 2. 



| such that the 



Ant. 8x — iy = 



52. The system of lines parallel to a given line. 
Theorem XI. Tlui syntr.ni. of lines jmriillel to o yieev line. 
Ax + By + C = Q 
is represented by 

(XI) A',c + By + k = 0, 

where h is an arbitrary constant. 

Proof. All of the lines of the system represented by (XI) are 
parallel to the given line (Corollary II, p. 87). It remains to be 
shown that all linos parallel to the given line are re pre sen toil by 
(XI). Any line parallel to the given line is determined by some 
point P, (*!, ■//,) through which it passes. If P, lies on (XI), 
then Ax, + B> fl + k = 0; 

and hence ft = — Ax x — By v 

That is, the value of k may be chosen so that the locus of (XI) 
passes through any point P,. Then (XI) represents all lines 
parallel to the given line. q.e.d, 

It should be noticed that the coefficients of x and y in (XI) 
are the same as those of the given equation. 

Ex. 1. Find the equation ol the line through the point Pi (3, — 2) paral- 
lel to the line Z, : 2 se — 3 y — 4 = 0. 

Solution- Apply the Rule, p. 114. 
First step. The system of lines parallel to 
i.ho .i'Lvon line is 

2x~Zy + k = <). 
Second step. The required line passes 
through Pi; hence 

2'3-3(-2) + fc = 0. 
and therefore k = — 12. 

Third step. Substituting this value of k, 
the required equation is 

2x-3y -12 = 
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53. The system of lines perpendicular to a given line. 
Theorem XII, The system of Lin-?.* ■piyi'ji-yiidi.r.ular to the given 

lim Ax + Bv + C^O 

h I'f-pras&nted by 

(XII) Jix - Ay + k = O. 

where k is an arbitrary constant. 

Proof. All of the lines of the system represented by (XII) 
are perpendicular to the given line, for (Corollary III, p. 87) 
AB — BA = 0. It remains to be shown that all lines perpen- 
dicular to the given line are represented by (XII). Any line 

perpendicular to the given line is determined by some point 
Pi 0*i! Vi) through which it passes. If P, lies on (XII), then 



",\ hence 
Thai: if 



fci — &y\ 



- Bx v 



;, the value of k may be chosen so that the locus of (XII) 
passes through any point P v Then (XII) represents all lines 
perpendicular to the given line. q.e.d. 

Notice that the coefficients ol x and y in (XIT) are respectively 
i, he coefficients of y and x in the given equation with the sign of 
one of them changed. 

Ex. 1. Find the equation r.if the line through the point Pi(— 1, 8) perpen- 

dittul.ir to the line L\ ; b:r. — 2 ;/ + 3 = 0. 
Solution.. Apply the Rule, p. 111. 
First Step. The equation of l.he system of lines perpendicular to the given 



Second step. The required line ; 
through Pi ; hence 
^|| 2(-l) + 5.8 + fc = 0, 



Third step. Substitute this v.'ihie nf !:.. The required r-qiiat.ion is then 
2* + 5?/ -13 = 0. 
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PROBLEMS 



1. Find the equation ;jf the straight !i:ie whieli passes through the point 

(a) (0, 0) and is parallel lox-3y + 4 = 0. Ann. x - 3 y - 0. 

(b) (3, - 2) and is parallel to x + y + 2 = 0. Ans. x + y-l = Q. 

(c) (-5,6) and is parallel to 2 k + iy-3 = 0. Ans. x + 2y-1 = 0. 
{d| (—1, 2) and is perpendicular to 3x ~4y + 1 = 0. 

Ans. 4x + 3i/ -2 = 0. 
(e) (— 7, 2) and is pcrpeudicidar to % — 3y + 4 = 0. 

Ana. 3x + y + 19 = 0. 

2. Find the equations of the lines drawn through the vertices of the 
triangle whose vertices are (- 3, 2), (3, - 2), and (0, - 1), which are parallel 
to (J id opposite sides. 

Ans. The side* of .lie triangle are 

2x + Sy = 0, x +3y + 3 = 0, x + y + 1 = 0. 
T!ie required equnLions are 

2x + iiy + S = 0, x + 3y - 3 = 0, x + y - 1 = 0. 

3. Find the equations of thy linos drawn through the vertices of the 
triangle in problem li which are perpendicular to the opposite sides, and 
show that they meet in a point. 

Ans. 3x-2y~2 = Q, 3x~y + 11 = 0, a; - y - o = 0. 

4. Find the equations oi' tin.'. perpendicular bisectors of the sides of the 
triangle in problem 'i, and show Hat ihey meet in a point. 

Ans. 3x-2y = Q,Sx-y-8 = 0,x-ti + 2 = Q. 

5. The equations of two sides of a parallelogram are &x — 4y + 6 = and 
x+ 5y — 10 = 0. Find the equations of the other two sides if one vertex 
is the point (4, 9). .ins. 3x — 4y + 24 = and x + by — 49 = 0. 

S. The vertices of a triangle are (2, 1), (- 2, 3), and (4, - 1). Find the 

nijHM.i.ions of (a.) the sides of the triangle, (b) die perpendicular bisectors of 
the shlos, and (c) the lines drawn through the vendees perpendicular to the 
opposite sides. Cheek the results by showing that the lines in (b) and (c) 
meet in a point. 

7. Show that the perpendicular bisectors of the sides of any triangle meet 

8. Show that the lines drawn (hrough the eerrices of :< triantfc perpen- 
dicular to the opposite sides meet in a point, 

9. Find the value of C in terms of A and E if Ax + By + C = passes 
through a given point P, (x u &q); show that the equation of the system of 
lines through /', may be wriucn A (x - x s ) + B(y - ja) = 0. 
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54. The system of lines passing through the intersection of 
two given lines. 

Theorem XIII. Tim. .•■■yxfent of lint'* /n^sinij tlrout/h ilm interven- 
tion of two given linen 

L, : A& + Bit/ + '.\ = 
and L, : A 2 x + B%y + C' £ = 

is rc/iresevted hij flu 1 , equation 

(XIII) Arx + Byy + Ci + k(A-& + B iV + ft) = O, 
where li is an arbitrary constant. 

Proof. All of thy lines represented by (XI II) pass through the 
intersection of L t and I... For let Pi(^i, y{) he the intersection 
of L, and L. 2 . Then (Corollary, p. 5'S) 

,l 1 .r 1 + B,yi +C\ = 
and A s Xi + B^ + C 2 — 0. 

Multiply the second equation by k and add to the first. This 

A,x L + B&i + C\ + k(A s x, + B iVl + C,) = 0. 
But this is the condition that P, lies on (XIII). 
That all lines through the intersection of L, and L 2 are repre- 
sented by (X.IIT) follows us in the, proofs of Theorems XI and 

XII. Q.B.D. 

Corollary. If L, and L s are -parallel; then (XIII) represents the 
system of Unes parallel to L t and L... 

For if L anil L* an' paralh-1, Uv.-n 



Hence L\ and (XIII) are parallel (Corollary IT, p. 87). 

Notice that (XIII) is formed by multiplying the equation of X„ 
by I; and adding it to ilic equation of L y . 
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Ifind tin; wcj_iss!l.uiTi of tlie lino passiny ilimngh l'i(i, 1) and the 
of ii:3ie-6v-10 = and L 2 :x +y + l = 0. 
Solution. Apply the Rule, p, 114. The system of lines passing through the 
intersection of the given lint's is represented by 
8as-5ff-10 + ft(as + y + l) = 0. 
If Pi lies on this line, then 

B-5-10 + *(2 + l + l) = 0; 
whence k = J. 

Sahstitutini! this value of.'.- and siinp'.ii'yiuy, 
we have the required equal ion 

21»-lly-31 = 0. 

Ex. 2. Mud the equation of the Una passing through tho intersec- 
tion of X, : 2£ + ?/+ 1 = and L i :x — 2y + l = and parallel to 
L B :ix- 3j/-7=0. 

Solution. Apply the Rule, p. 114. The equation of every line through 

a of the first two given lines lias the form 

2x + y + l+k{x-2y + l) = 0, 
or (2 + fc)fl! + (l-2fc)y + (l + fc) = 0. 

If l.lih line is purallul tn flic third line (Corollary 



> 


-y 


A 


-Li— 


'• 


\»"' 




$ 




:?i 







~ i 








a 'X7 \ 


5-Z f 


M 





whence k = 2. 

Substituting and simplifying, we obtain 
ix-^y + 3-d. 

The geometrical significant; of the value of k in Theorem XIII 
is given most simply when L ± and L s are in normal form. 

Theorem XIV. The ratio of tits distances from 
L, : x cos oij + y sin <ni — pi = 

and L 2 : x cos io 3 + y sin u^ — y s = 

ft; »,f2;y ^jo-(«/ of the line 

L : « cos uii + y sin u^ — f v + 7c {a: eos w 2 + y sin o^ — j> a ) = 

is r.DliSl 'it'll! '/.ill/. K'jW.U to — /.', 
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oof. Let Pj (.Cj, '*/,) be any point on L. Then 
costoi + iji sinui; — px + fc.(*i cos u^ + j/i sino) 2 — ^ a ) = 0, 
Xj cos 10, 4- yi sin ajj — p, 



-k = - 



xy cos (Bg +y, ainu,— j)j 

The numerator of this fraction is the distance from L, to P u 

and the denominator is the distance from L, to P, (Theorem IX, 

p. 106). Hence — k is the ratio of the distances from L, and £, 

to any point on /,. q.b.d. 

Corollary. If k =± 1, (/;<;/; /, ;s (!/«■; bisector »f one of the angles 

formed hy /,, crwrf /,.>. 77tai -is. the e>/ia<t/ons of the hlwtors of the 
ang/ex hi'.tvmisu two lines lire J'on.nd h<j rediiei/iy their etpi.of.ionei to 
the norma.!, form, and adding mid- siihtraetinij them. 

Fieid values ol' the disiam'us from h\ and L° to any 



The angle formed by I, and L.. in which the origin lies, or its 
vertical angle, is called an internal angle of l x and L 2 ; and either 
of the other angles formed by L, and L 2 is 
called an external angle of i.hoso lines. From 
the rule giving the sign of the distance from a 
line to a point (p. 105) it follows that L lies in 
the internal angles of L, and i a ioh.cn k i: 
fire, and hi the external angles -when, k is posi- 
tive. If the origin lies on £, or £ 2 , the lines 
must in each case be plotted and the angles in which k i 
tive found from the figure. 




? posl- 



PROBLEMS 

1. Find the equation of the line passing through the intersection of 
2x -3y + 2=0 and 3k — 4j/ — 2 = 0, without (in ding i In: paint of intersec- 
tion, which 

(a) passes through (.he origin. 

(b) is parallel to5B-2j/ + 3 = 0. 

(o) is perpendicular to 3a — 2y + i = 0. 
Ana. (a) 61- 7?/ = 0; {b)ijx-%y -&0 = 0; (c) 2z + 3 j< - 58 = 0, 



,GoosIe 



122 ANALYTIC GEOMETRY 

2. Find the equations of the lints which pass through the vertices of the 
triangle formed hy tlit lines 2 x — $y+ 1 = 0, x — y = 0, and 3x -4- 4 y — 2 = 
which are 

(a) parallel to the opposite sides. 
(1j) perpendicular to ilit opposite sides. 
Ann. (a) 3 x + 4 y - 7 = 0, 14 x - 21 y + 2 = 0, 17 x - 17 y + & = ; 
(b) 4 s -3#-l = 0, 21 as + 14y-10 = 0, 17 aj + 17y -9 = 0. 

3. Find the bisectors of the angles formed by [.he linos ix — 3y — 1 = 
and 3 a — 4j/ + 2 = 0, and show t.hat they are perpendicular. 

.iiw. 7s-7j + l=0 and x + y — 8 = 0. 
1, Tiiid the equations of the bisectors of tho angles formed by the lines 
5x- 12 # + 10 = and 12* — by + 15 = 0. Verify the results hy Theorem X'. 
5. Find the locus of a point the ratio nf whose distances from the lines 
4k - 3y + 4 = Oarid 5a: +12y -8 = Ola 18 to 5. .due. 9z -|- S& - 4 = 0. 

G. Find the bisectors of the inic-rior angles of the triangle formed "by the 
lines 4a- Zy = 12, ux - Vly - 4 = 0, and 12b - 6y - 13 = 0. Show that 
they meet in a point. 

Am. 7£-9y-16 = 0, 7ai + 7i/-0 = O, 112a; - 64y -221 = 0. 

7. Find the bisectors of the interior angles of the triangle formed by the 
lines 5 x - Vty = 0, 5 x + 12 y + 60 = 0, and 12 x - 6 y - 60 = 0, and show 
that they meet in a point. 

.dim. 2# + 5 = 0, ITas + 7 y = 0, 17 x - 17 y - 60 = 0. 

8. The sides of a triangle are. 3 a> + 4.y - 12 = 0, 3 x - 4 y = 0, and 
4k + 3 y + 24 = 0. Show that the bisector of the interior angle at the 
vertex formed by the first two linos and the bisectors of the exterior angles 
at the other vertices meet in a point. 

9. Find the equation of the line passing through the intersection of 
x + y — 2-0 and £-# + = and through the intersection of2j;-j, + 3 = 
oiida:-3y + 2 = 0. Aim. 10a; + Sy + 26 = 0. 

Heal. Tho systems ol Liuu^ lusssitip; chyiju^h ihr in>L::l:sij£ iiiLfirJiiclionoI tlie two pairs 
of lines ore 

x + y-1 + Hx-y + tt)=(i 
and 2; t -y + ^ + i'(iC-8i/ + 2> = 0, 

These lines will coincide If (Theorem III, p. 88) 
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10. Find the equation of the line pacing through the i) 
2^-1-5^ — 3=0 and 3x — 2 j/ — 1 = and through the tnterBeellon of 
» - y = and x + 8 y - 8 = 0. Ann. 43 x - 36 y - 12 = 0. 

A figure composed of four lines intersecting in six points is 
called a complete quadrilateral. The six vertices determine three 
diagonals of which two are the diagonals of the- ordinary quadri- 
lateral formed by the four lines, 

11. rind the equation*! (if the t;nve diagonals of the complete quadrilateral 
formed by the lines x + 2 y = 0, Sx ~iy + 2 =0, x — y + 8 = 0, and 
3ie-2j/ + 4 = 0. ^liis. 2a; -y + 1 =0, x + 2 = 0, Sa)-6y + 8 = 0. 



13. Find a geometrical inlerpmatioii of k :ii (XI) and (XII). 

14. Find the geometrical interpretation of k in (XIIJ.) when Xj and Z 5 
are not in normal form. 

15. Show that the bisectors of the interior angles o: any triangle meet in 

16. Show that the bisector* of two exterior angles of a. triangle and of the 
third interior angle meet in a point. 

55. The parametric equations of the straight line. The 

angles <r and ji between a line directed upward* and the coordi- 
nate axes (p. 28) are called the direction angles of the line. 
Their cosines, cos a and eos p, are called the direction cosines of 
the line and satisfy the relation 
(1) cos 3 a + cos z yS ^ l. 

For (Tlteorem I, p. 28) cos 0— sin a and sin^a + eos^a^ 1. 

Given a line with direction angles a and passing through 
P 1 (x 1 , y,)- Let P(x, y) be any point on this line and denote the 
variable directed length I\P by P . The projections of P,P on 
the axes arc respectively (Theorem III, p. 31) 

x — Xi and y — y,, 
or (Theorem II, p. 30) 

p cos a and p eos /3. 
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Hence x — X\ = p cos « and y — y, — p cos $; 
whence x = x, + p cos a. 

y = y 1 + P cos &. 

Hence we have 

Theorem XV. Parametric form. The coordinates of any point 
/'(./, //) on the line Ihrongh. a gi.cen point P, {x„ y,) whose direction 
angles are a and ji are. given by 

(X¥) r» = », + /> ". a, 

{ > !„=,,, + /> cos ft 

where p denote* the no.riahle directed length P t P. 

Equations (XV) arc called the parametric equations of the 

straight, line because they express the variable coordinates of any 
point (x, y) on the line in terms of a single variable parameter p. 
As p varies from — 00 to + co the point P(;r,, y) describes the line 
in the positive direction. These equation:; are important in deal- 
ing with problems which involve the distances from a point P s 
on a line to the intersections of that line with a given curve. 



Theorem XVI. Symmetric form. The equation of < 


1 straight line 


in terms of the eoordi.nates of a point Pi(x„ y^ 01 


1 the Une and 


its direction cosines is 




(XVI) ^l^i = ^i|i. 
v ' cos a cos p 




Hint. Solre (XV) for p and equate the two values obtained. 




Theorem XVII. The direction, cosines of the line 




Ax + By + C = () 




-B - A 

are cos a = . cos a — - — 





± ^/A 2 + B* ± V2* + B 1 

when the zif/n if the ntdicd in the yi.m.i: as that of A. 

Proof Let Pi(x 1; y,) be a point on the given line. 
(Corollary, p. 53) ^ + By, + C = 0. 
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-Subtracting from the given equation, we obtain 

Transpose i.he second term and divide by — AB; this giv 



Dividing this equation by (XVI), we have 
<JOSiT _ cosj? 
- B ~ ' A 

Let )• denote the comnnm value of those rati' 
cos a = — Br and cos B = Ar 
Squaring and adding, 

cos a ff + go&'B —(A* + B')r 2 . 

Then from (1), p. 123, r = ; -- — > 

and hence 
(2) 



± VA* + £ ! ± V^ 2 -f B 2 

The sign of the radical must be the same as that of A. <j.e.d. 

[For since the lino is dircctrd ninvanl. ,;)< 'j . unrt lictiuf! eosfl is positive.] 

Corollary. J/ 1 cos " and cos /li am pinjiortimiaj to two numbers 

i and b, then 



± V«,* + fc a + V« 3 + 6 5 

TAe sir/m of the radical want ha tin- same as that of b. 

To reduce the equation of a given straight line to the symmet- 
rical or parametric form it is necessary to know the coordinates 
of some point on the line (which may be found by the Rule, 
p. 60) and its direction cosines (which a.re given by Theorem 
XVII). Then we can write the required equations by Theorem 
XV or XVI. 
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Ex.1. Plot 0\i: line, whose iKirani'.'lili: equation;; ; 



— — ^jfe ^ ft: «J 



Xdhdiun. Crmipc.t'inj; will) (X V") wi: six- that. 
i'l (2, 1) is a point on the line. A swond jioini 
will enable us to plot the line. We have at 
once the table 

Hence the line joining 
the points Pj (2, 1) and 
P 2 (- 1, 5) is the required 
line. 

are the coordinates of that 
in the line whose distance 



2 



Ex. 2. Given the circle C : z 2 + y 2 — 25 and the line whose parametric 
equations are :i; = 5 — | p and j/ = — 3 -f £p ; find the product of the dis- 
tances from Pi (5, — 3) to the points of inleise-'.'tioii of the line with C, and 
the middle point of the chord formed by the line. 



Solution. By Theorem XV the coordinates of any point e 
are (6 - £ p, - 8 + f p), where , 
denotes the distance from Pi ti 
that point. If that point 
C (Corollary, p. 58), 

(5-§P) 2 + (-8 + tp) 3 = 
or, simplifying. 
[3) p*- ° 5 « P + !) = 0. 

The roots of this quad ratio are 
the directed lengths pi = P1P2 and 
ps = PiP„, where P a and P a are the 
points of intersoi-linii of the tine and 
circle. For if P £ (5 - 4 w , - 8 + g pi) 
is on the circle, 

(6-fw) a +(-8 + M) a = 



tilt; 111. i'! 




Pl 3 - 



-i + 9 = 0. 



Hence p lt a'bd similarly p 3 , is a root of (S). 

The product of these disuindirS is therefore (! (Theorem I, p. 3). 
Half the sura of these roots is P X P, or -V. (Theorem I, p. 3). For p = ^ 
we have a. = ^ and y = JJ, so the middle point of the chord is the point 
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1, Plni. the folks win;; linos : 

'' l! = -it|f " Xv-Ap- 



« {::'.;& (d » ■ 



vs 



2. Prove that if eos ( .r and cos.d a:v tbc ilivociimi cosines of aline directed 
upward, then — cos a and — cos£ tiro the direction cosines of the same line 
directed downward. 

3. FinoUhe coordinates o: On- points rauLe line -j _ ^ 3 for which 
p = 3, — 2, and 4. Verify iln: geometric signitiemnv of p for ea.fr h of these 
points by Theorem TV, p. 81. 

4. Mud the product, of the distances from I\ (2. 1) to the intersections of 
the line x = 2 — &n and y = 1 + $p with the circle x- ! //- ■ - 2S, and explain 
the sign ol the result. Ana. — 20. 

5. Given the ellipse x 3 + 4y* = 16 and the line x = % — £p and 
i/ = la + | p ; find the equation whose roots are the distances from 
Pi(xi, j/t) to the point:* of intersection of the line and ellipse. 

88! - 24 Ifj n 

6. Find the condition that Pi in problem ■". should be the middle point of 
the chord on which it lies, 

libit. The two values of p must, be numerically equal, with iipiiositi! Kigiic. 

7 . Given the parabola y 3 = 4 a and the line a = 2 + p cos «, # = — i 
+ pCOS/S; find the condition which cos o- ami cos p most satisfy if the 
line meets lite parabola, in kit one point. 

Am. cos a a + 4cohqcosj3 + 2cos 2 |S = 0. 

8. If a and 6 are two numbers such that a 2 + 6 S = 1, prove that a and 6 
are the direction cosines of some line. 

9. Derive equation (XVI) from Theorem V (p. 95) and Theorem I (p. 28). 
10. Prove that the common value of the ratios in (XVI) is the length P.P. 



-*•»• S>'- ' .- ^tftw-^t 



11. Derive equation* (XV) I'rmn (XVI) by n 
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MISCELLANEOUS PROBLEMS 



1. Find the point on thy line 'Ax - ■"> // --- (i — which is equidistant from 
the points (3, - 4) and (2, 1). 

3. Find the equation of the liny through Lie in tern tot ion of the lines 
7x+y-S=0 and 3x + 6y — 11 = which is perpendicular to the line 
joining their intersection to the origin. 

3. Find the equation of the line through the point (2, 5) suoh that the 
portion of the line included between the axes is bisected at that point. 

4. Find the equation of the lino through the point (2, — S) such that 
Ihe portion of the i:ne included between the lines Hx + y — 2 = and 
x + &y -f 10 = is bisected at. that point. 

B. Prove that the diagonals of a rhombus are perpendicular. 

6. If the Y-axis makes an angle of a with the X-axis, find the equation of 
the straight line in terms of its intercept 6 on the Y-axis and its inclination it. 

7. If the Y-axis nialies an angle of to with the X-uxis, find the equation 
of the straight line whose inclination is a which passes through 1\{X\, y{). 

B. If the Y-axis makes an angle of «' with the X-axis, find the normal 
form of the equation of [he .-.iraight line. 

9. Find the tangent of ihe ,:.ngle whii.-ln.iiic line miliar with another if the 
axes are oblique. 

10. Show that all of the lines for which m = b pass through the same 
point, and find the cuordi nates 'of that point. 

11. Show that all of the lines for which I- — constant, pass through the 

same point, and find the coordinates of that point. 

18. Prove that all of the lines Ax + Sy+ C = for which A + B + C = 
pans through the same point, ;iml liud the coordinates of that point. 

13. Find the points in which the lines 2x - 3y = 0, * + 4y - 2 = 0, 
2x-Sy + \(x + 4y-2) = 0, 2x-Zy- \{x-4y- 2) = cut the X-axis. 
Show that the last, two points divide the line joining the first i. wo points inter- 
nally and externally in the same numerical ratio. 

14. Prove that Ax, + By + C - represents a straight line hy showing 
that if Pi and P« lie on the locus of the equation, the point which divides P,P» 
in the ratio X lies mi the ioeus uf the equation. 

15. Find the bisectors of the exterior angles of the triangle formed by 
2 £ — 3^ + 120 = 0, x + y = 0, and 3iC-My — 6 = 0. Show that these lines 
meet the opposite sides in Three points on tbe same .sliaigh: iii.r. 
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16. Find the equation of the line passing through the 
Ax + By + C — and A'x + Wy + C = which (a) passes through the 
origin, (b) is parallel to the X-axis, (e) is parallel to the T-axis, 

17. Show that the lines (A + hA')x + (B + \B')y + (C + \C) = pass 

through ;i point it \ is a vaitalih: parameter and the othrr hitters are L'onsta.nt. 

18. Let Ai + Biy + C-, = 0, A 2 x + Bty + C 2 = 0, and A s x + B s y + C S = 

lie three given lines forming it triangle. Show thai the- equation of any line 
Ax + By + C = may bo written in the form 

tx(A 1 x + Biy-t-C i ) + 0{A& + Bo/ + C 2 ) + 7 {A& + Biy + C a ) = 0, 
where a, f), and. 7 are definite constants. 
Hint. Use Theorem III, p. 86. 

19. Find the ratio in whieli I lie line !> y, — i>y — 8 ■- divides the line join- 
ing the points P, (1, 3) and P 2 (7, 2). 

Hint. The coordinate? of tin; point dividing I'-!'-, itit" si^tm'tiis whose ratio is A are 
J?_±li, 3 + 2A\ determine A so Una this point lies on the given line, 

30. Find the ratio in which the line x + ?.y — 8 = divides the line 
joining (- JS, 2) and (6, 1). 

21. Determine m so that the line y = mx — 1 divides the line joining 
(3, 2) and (1, 4) in. the ratio 8 : 2. 

22. Find the equation of I he line pacing through the point (2, — 3) which 
divides the line joining ((>, H) and (2. — 1) in the ratio 2 : 5, 

23. Show that the ratio 
the points /'1 (,C|, in) and Pal/i, ?/») 



^13 + By 2 + C 
24. Show that the line -4* + J?j/ + C = divides the line joining Pi(si, yi) 
and ./' 5 (x 5 . ;/ 2 ) into segments whose ratio is 



yi.?, + /;■//■. -■■ c 
:s + By 2 + C' 



25. Show by the preceding ii.vintplt: that any line cits the sides of a tri- 
angle PjP. 2 , PsPii, and P3P1 in tlie points L, M, N such that 

XP a X MP 3 * J¥P S ~ 

y + 5 = and iniliente all of the points for which 

87. Find the area of the triangle formed by A& + B lV + O s - 0, 
4*3 + Bay + C 2 - 0, and ^ s s + B B j/ + C s = 0. 



,GoosIe 



CHAPTER V 
THE CIRCLE AND THE EQUATION x 1 + y* +Da> + Ey + F = 

56. The general equation of the circle. If («, /3) is the center 

of a circle who so radius is ,-, then the equatii jii oi I. ho circle is 
(Theorem II, p. 58) 

(1) x 1 + f -2 ax- 2 py + «■> + [?- r» = 0, 

(2) (x - af + (y - pf = v\ 

In particular, if the center is the origin, a = 0, ,8 = 0, and (2) 
reduces to 

(3) »■ + „• = .•'. 
Equation (1) is of the form. 

(4) a? + */ a + Dx + Ey + F = 0, 
where 

(5) D = -2a, F = -2/3, and F = « 2 + /3 ! - r* 

Can we infer, conversely, that the locus of every equation of 
the form (4) is a circle ? By comparing (4) with (1) we obtain (5). 
Whence 

D F. , „ B* + E a - 4 F 

These values of « and /3 aro real, and if Tfi + E 3 — 4 F is posi- 
tive, the value of v is real and the locus of (4) is a circle, 

To plot the locus of (4) by points (Rule, p. 60), we solve for y. 
This gives 



W— (^> 



The discriminant of the quadratic under the radical in (7) i 
© = D 2 - 4(- 1) \ ~ 4 4 ' ) = V* + E s -i F, 
which is the numerator of v 3 in (6). 
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If & is positive, the quadratic under the radical is positive for 
values of x between the roots (Theorem III, p. 11) and the equa- 
tion lias a locus, as we have seen. 

If ® is zero, the roots of the quadratic arc real and equal (Theo- 
rem II, p. 3). But for all other values of x the quadratic is 

negative (Theorem III, p. 11). The locus therefore consists of 

the single point ( — 77' — v) ' 

For the quadratic in (7) equals zero whan a = — — (p. 2), and hence, from (7|, 
'.h,:: imrosponriijis; value of y is — — ■ This also follows from (G) if ivc suppose r 
approaches zoro, for thru llm umile wjnsi.-ts only uf its igniter ( — — > — -■- )■ 

If © is negative,, the quadratic in (7) is negative for all values 
of x (Theorem III, p. 11) except the roots, which arc imaginary 
(Theorem II, p. 3). Hence there is no locus. 

The expression ® = D ! +E ! -4F is called the discriminant 
of (4). When = the locus of (4) is often called a point-circle 
or a circle whose radius is zero, 

We have thus proved 

Theorem I. The locus of ike cjiMtrnt 

(I) a? + y 1 + Dx. + Ey + F = O, 

■lehose ijl<crir,i!))irnt is (D -- .!>' + &'- — 4 F. is determined ><s foi/o'irs: 
(a) When ® is positive, the locus in the circle whose center is 

(— — j — t^) and -whose radius is r = ■?, V IP- -\- li' — ±F=\ V®. 

(i) When® is xero the. locus Is the poud-eircle [ — -? > -r ■ 
(c) When ® is -nei/atwe there is no locus. ^ ' 

Corollary. When E = the center of (I) is on the X-axis, and 

when D = the, center is on the Y-axis. 

Whenever in what follows it is said that (I) is the equation 

of a circle it is assumed vliat O is positive. 
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Ex. 1. Find the locus of ilu: equation r- + y 2 — 4a; + 8y — 5 — 0. 

iSivIi'/ion. Tti;: ™ivi::i c.iUiUion i 




Ol 



the form (I), where 

D = -4, E = 8, F = -5, 

aii'.l lienco 

e = 16 + 64 + 20 = 100 > 0. 
The locus is therefore a circle whose 

center is the point {2, — 4) and whose 

radius is 1 ViOO = 5. 

The equation Ax 3 + Bxy + Cy l 
+ Dx + Ey + F=0 is called the 
general equation of the second degree 
in x and y because it contains all 
possible terms in x and y of the second and lower degrees. 

Theorem II. The locus of the general equation of the seco nd 



(D) 



V + Cy* + Dx + Ey + F=0, 



is a circle when and only when A = C, B = 0, and -5 

is positive. 

Proof. The equation of every circle must have the form (I) ; 
hence the coefficients of a: 2 and y 1 must be equal and the xy term 
must be Licking; dial, is, the locus of (11) can lie :t circle only 
when A —C and B = 0. If these conditions be satisfied. (II) 
may bo written in the form 



I-S- + -7* 



7? + T = °. 



whose locus is a circle when and only when its discriminant 
D*+ E 2 - 4AF . 

— — jj IS positive. ij.E.n, 

57. Circles determined by three conditions. The equation of 
any circle may be written in cither one of the forms 

(»-«)- + G, -»)■ = <■■ 
or x* -\- y* -\- Dx + Ey A- F = 0, 
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188 



Each of these equations contains three arbitrary constants. 

To determine these constants three equations arc necessary, and 
as any equation between the constants menus that the circle sat- 
isfies some geometrical condition, it follows that a circle may be 
determined to satisfy three conditions. 

Rule to determine the equati/ni. <>f a, circle satisfying three 
conditions. 

First step. Let the required, equation be 
(1) ( a _-a)« + Cy-»)"-f* 



(2) x 1 + y* + Dx + Ey + F=Q, 

as may be -more convenient. 

Second step. Find three equations between .the constants a, b, 
and r [or D, E, and /■"'] which express that the circle (1) [or (2)] 
satisfies the, three, ijlcen conditions. 

Third step. Sol.ee, /hr equations fau.r/d, in the second step for a, b, 
and v [or D, E, and F]. 

Fourth step. Sudstitut", the res-all.* of the third, step in (1) [or 
(2)]. The result is the, required, equation. 

Ex. 1. Mud the equation of tho nirde passing tWu<;]i the three points 
P,(0, 1), P s (0, 8), and P a (3, 0). 

Solution. .Kirs; step. Let, tin; rrquinul equa- 



te 



zS> + y<> + Ito + Ey + F- 



ScconJ s.t.ep. Since Pi, P 2 , and P 3 he on (:.!), 
their coiinl in atos urns!, satisfy (:i). Hence we 

(4) l + M + F = 0. 

(5) S6 + 6E + F = 0, 
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Third step. Solving (4), (5). an J (([), we obtain 

Jg = - 7, P = 6, D = - 5. 
Fomth step. Substituting in (3), the required equation, is 
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By Theorem I - 

point (-•,, £), 

Ex. 2. Find the equation of the i 
Pi (0, - 3) and P a (4, 0) which has its 
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j find tlsiit, Uio radius is ;V2*and the c 






Solution. First step. Lit. i hi- required equation be 
7) & + y" + Dx + Ey + F = 0. 

Second step. Since Pi and T'. ; lie an Iho ioeus of (7), we hare 
(8) 0-3S + J5 , = 











,3s - 




" 


' 


\ 




v..~ 






: 



16 -1- 4 n + F = 0. 



(9) 

The center of (7) <b(-~, - f )> 
lies on the given line, 



-M-'H 



(10) D + 2E = 0. 

Third step. Solving (8), (9), and (10), we obtain 

D = - ^, E = X, and P = - -=£, 
Tourth slop. Siibstiuitiiist in 0), ivi: nlxain tin' required equatioi 

a^ + ^-V^ + Jy- V- = °. 

■r 6s 1 + 5j/*- 14x4-7^-24 = 0. 

The center is the point (j, — T ' F ), and the radius is J-V29. 



PROBLEMS 

1. Find the equation of the cii-r-Ii: whose cir 

(a) (0, 1) ami whose radius is rt. 

(b) ■( — ■2, 0) ami whose radius is 2. 

(c) (■— 3, 4) and whoso radius is 5. 

(e) (a, 0) and whose radius is a. 

(f) (0, (3) and whose radius is p. 

(g) (0, — §) and whose radius is p. 



-S»- 



= 0. 



. s 2 + y 2 + 4a; = 0. 

. as a + y a + 8a;-8i/ = 0. 

, a? + #s _ a ck: = 0. 

, a i + J/2 — 2(31=0. 

. x 2 + j/ 2 + 2 jSs = 0. 



lit. We may construct ii. line wliosu loujrt.li is v'« i)j' (lespriliing :\ 
'.U.jfci! lou^tli is /.' ' j .- 1 1 i ■. ] 1'ii'i-l.iiLL; ii jni , !iC]Lili' , iilru L (" tin; i[iann:t''r 
n. The length of that perpendicular will he V". 
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2. Find tlie locus of the following eijoations. 

(a) & + y°- - (ix - 16 = 0. <f) x* + y* - fix + 4y - 5 = 0. 

(b) 3k2 + 3/-10k-24 ? / = 0. (g) (j; + i)i + (y _ 2)* = 0. 

(c) x 2 + ^ = 0. (h) Tx^ + 1y^-4x-y = ? / . 

(d) j6> + j/ a -8:e-6y + 25 = 0. (i) a 3 + j, 2 + 2 ax + 2 o^ + a 3 + & = 0. 

(0) <r? + y* - 2x + 2y + 5 = Q. (j) ^4-^ + 1805 + 100 = 0. 

3. Find the equation of the circle which 

(a) has the center (2, S) and passes through (3, - 2). 

Ana. x 2 + yi - 4 a — y — 13 = 0, 

(b) passes through the points (0, 0), (8, 0), (0, - 6). 

Ana. x* + y' 1 -8x + tiy = 0. 

(c) passes through the points (4, 0), (- 2, 6), (0, - 3). 

Ana. Wx* + l®y 2 + 2x- 47 y -312 = 1). 

(d) passes through tin: [join is (■',, f>) am! (■ 3, 7) and has its center on 
the X-axis, Ana. x 2 + y 3 + 4a; - 46 = 0. 

(e) passes through the points (4, 2) and (—6, — 2) and has its center on 
the r-axis. Ana. x* + jfl + by - 30 = 0. 

(£) passes through the points (5, — -!) ami ('.>. u'j aiid has its center on 
the Ene2»- 3y - 6 = 0. Arts. 3k 2 + 3j/* - 114a; - 64 j( + 276 = 0. 

(g) has the center (— 1, — 5) and is tangent to the X-axis. 

Ans. x'* + y* + 2 x + 10 y + 1 = 0. 
fli) passes tfirnui^h (1. ") ;-i:d (o. (t) and is i.angeut to the Y"-axis. 

Ana. 3? + y 1 — 6x ± 2V53/ + 5 = 0. 
(i) passes through (0, 1), (5, 1), (2, - S). 

Ana. 2x a + 2y 3 -10x + y -3 = 0. 
(j) has the line joining (;'J, 2) and (■ 7, 4) as a diameter. 

4ns. a; 2 + y 2 + 4 x - 6 y - 13 = 0. 
(k) has the line joining (3, — 4) and (2, — 5) as a diameter. 

Ans. x* + ;/ 2 -5a + 9y + 26 = 0. 

(1) which circumscribes the triangle formed by a; — 6=0, k + 2j/ = 0, 
and a;- 2y = 8. 4ms. 2a; 2 + 2j/ 2 - 21k + Sy + 60 = 0. 

(m) passes through the points (1, - 2), {- 2, 4), (3, - 6). Interpret the 
result by the Corollary, p. 98. 

(n) is inscribed in the triangle formed Ky 4x + 3y - 12 = 0, y - 2 = 0, 
1-10 = 0. Ana. 36a; 2 + 86yi - 510a; + GOy + 1585 = 0. 
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5. What is the locus of K 3 + j/ 3 + -Dz + Ey + F = if Dand-E a 
and F varies ? 

6. For what values of k d 

have it locus l' 

7. For what values of k docs i.lit- equation x- + y a + fcr. 4- F = have a 
locus when (a) P is p osi Live ;_(b) F is zero ; (c) J' 1 is negative ? 

yltts. (a) fc>aVVandfc<-2VP; (b) and (c) all values of t. 

8. Find the number of poinl-eirde;; n presented i.iy the equation in 
problem 7. 4™. fa) two ; (b) one ; (e) none, 

B. Find the equation of ike tin; in in oKiijur coordinates if w is the angle 

UOUVUUll till! il..\r> of (.■CiiilllitJiUCS. 

,4ns, (x - a) a + (!> - ,8) 3 + 2(* - «) (i> - P) cos » = r 3 . 

10. Write an equation reprcsenuii!; ail circles with the radius 5 whose 
centers lie on the X-axis ; on. the Y-axis. 

11. Find the number of values of !'.: for wfiieh the locus of 

(a) x" + y* + 4 kx ~ 2 y + 6 k = 0, 

(b) s 3 + j/ 3 + 4 is - 2 y - k = 0, 

(c) B» + u* + 4feis-2y + 4* = 

La a point-circle. , Ana. (a) two; (b) zero; (c) one. 

IS. Plot the circles xfl + y 2 + 4s - 9 = 0, s 3 + ;/ 3 - 4s - 9 = 0, and 
& + y* + 4x-Q + k(x* + y*-4x-9) = for fc = ±l, ±3, ± J, - 5, 
- J. Must any values of ft be excluded f 

13. Plot the circles a: 5 -1- 1/ 3 + 4 2 = 0, aP + y* -4^ = 0, and is" + y 2 + 4a 
■h k(x 2 -i- ;/ J — 4s) = for the value.- of .t in problem 12, .Must any values 
of k he excluded? j 

14. Plot the circles s 2 + y 3 + ix + 9 = 0, z 2 + y 3 - 4s + 9 = 0, and 
z 2 + ?/ 3 + 4s + 9 + 4(s 9 + y 3 -ix + 9) = for A = - 8, - J, -5, -J, 
_ J, _ $, — 1. What values of k must be excluded? 

58. Systems of circles. An equation of the form 
x 3 + y' A + Bx + Ey + V = 
will define a system of circles if one or more of the coefficients 
contain an arbitrary con jit ant. Tims the equation 

& 4- *■ - H - 
represents the system of concern trie circles whose centers are at 
I. lit! origin. Very interesting svsv.ems of circles, and the only 
systems we shall consider, are represented by equations ;-mrilo,L>T)-.;h 
to (XIII), p. 119. 
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Theorem III. Given, two circles. 

C\ :x* + if + A* + Em + F ± = 
and C\ :x 1 + y s + D 2 x + E?y + F,. = 0; 

tlic.ii tke locus of tin.; equation 
III) x* + y* + I> y x + JS lV + .F, 

+ fc (x 3 + y* + 1)*» + E 2 y + J<\) = O 
is a circle except when k = — 1. In this case the locus is a stmif/lit 

Proof. Clearing the parenthesis in (III) and collecting like 
terms in x and y, we obtain 
(l + k)x*+(l + k)y*+(D 1 + kD i )x+(E 1 + kE 1 )y+(F 1 + kF a ) = 0. 

Dividing by 1 + k we have 

The locus of this equation is a circle (Theorem I, p. 131). If, 
however, k = — 1, we cannot divide by 1 + k. But in this case 

(■> ci u at ion (111.) becomes 

■(A - A)s + (Ei - E s )y + (*k - F a ) = 0, 

which is of the first degree in x and y. Its locus is then a 
straight line called the radical axis of C, and C a . q.h.d. 

Coroliary I. IVie center of the circle (III) lies upon the line 
joihiii'! the centers of '.', and (.*., and di.uides that line into seij- 
nu'.ids icimse raj-io is eqit.al. to k. 

For by Theorem I (p. 131) the canter ol Ch. is i>i( — --> — — ) and of C": is 

Psl -> -)' The point dividing !\1'--. into segments whose ratio equals /: 

r-T + *(-f) -f + *(-f)i 

is (Theorem VII, p. 39) the point |_ — — ■ T^k J""' 
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Corollary II. The ei[UutUm of (he vatlinul o.xh of C, and C 2 is 
(A ~B 2 )x+ (E, - E 2 ) y + (1<\ - F 3 ) = 0. 

Corollary III. The, vattieal axis of two r-irckx in perpendicular to 

.'/:,- lint: j'rituwj their coatee.*. 

Hint. Tind tlie line joining the centers of C, ami (', {Thmuem VII, p. 97) and sliow 

tliat it is uerpeiulifliiliir tfj tlui railii-iLl axis bj Corollary 111, p. 87. 

The system (III) may have three distinct forms, as illustrated 
in the following examples. These three tonus cor respond to the 
relative positions of C, and C.,, which may intersect; ill two points. 
be tangent to each other, or not meet at all. 



Ex. 1. Plot tl 



■ jsy-'om ol oirdi'.i iiT'ICm 11 1 I ■;-. 

3 + yB + 8&-9 + k(& + y*-iv- 9) = 




The figure shows the circles 

x* + y' i + 8x-S = and x 2 + i/ 2 - ix - 9 = 

pinned in i i (.:;i, vy lines ami 'he circles oeiTL~|:oi'.iUi.f;' "." 

fc = 2, 5, 1, |, -4, -s, and - : |j 

! I ipse cii vies all j'iiss ■ lire! ;f;']'. 1 1 1 1 ■ iuiersi- i.i i ■. n nl tl.c first two. 

The radical axis of the two circles plotted in heavy lines, which c 
sounds to k — — 1, is the Y-ax"i.s. 
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Ex. 2. Plot tho system of circ.es represented hy 

3? + ff « + sx + k(& + y* -4&) = 





: = ^±:^::: 


' *■' ~~^ 


^;, "n ^ - 


/ 4 ^' \ 




' f I A ' 


/'!\ x is \. 


' 7 3 C "- ' 


J v- V ^3 


f^ -) -4 -i x 


r tS ^— i 


1— ' 1 7 3- 


\ \ v _j/ 


IS -- _' / 


\ V__^? 


§» ^ / _ 







&i!idiijn. The figure shows the circles 

x 2 _l_ j,2 + g s = o and ir. 2 + y' 1 - i x = 
plotted in heavy lines ami the cirdes coiresiiundinj,' Ui 

fc = 2, 8, J, 5, 1, J, - 7,.£, - 4, - 3, and - J. 
These circles ate all tangent to ilm given circles at. their paint of tangency. 
The locus for k = 2 is the origin. 

Ex. 3. Plot the system of circles represented liy 

v> + ij 2 - 10 w + + t (k 2 + j/2 + 8 x + 0) = 0. 



: x . — j; 


J 7 " _ 


.■■•' . \ \ \ 


~Z ~~ 




zi^ — -x v- - 


" r - t-~K i 


m£~~-+ \ X 




1 n \ a - 


~ i "~ /■'" "M 


^^ H— -U 


<-'■ \ ■/ ' 


jS" rl r| 


V ' v / 1 




: v \ *— jst: 


VV^—— -^ / / ■ 


\ ~^. 


X" x v ^ ^ ' - 


■^ X //" i 


5v^" --- I 


- " "^ r> 


Vx 



Solution. The figure shows the circles 

£ 3 + 3/' J - 10 a; + 9 = and £ a + 1/ + 8 a; + 9 = . 
plotted in heavy lines and the circles corresponding to 
k = ',, 17, -J, - 10, - A, and - -U- 
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These circles all cut the dot! ml circle at viglif, angles, as will bo shown 
later. For k ~ l the locus is ilie poini-drelo (;■>, 0), and for fc = 8 it is the 
point-circle (— 3, 0). 

In all three examples ihe radical axis, for which t = — 1, is the Y-axis. 

Theorem IV. Whan, the, circles 

C l ;x* + y* + Bi* + Ejy + i^ = 
a»w* C a : s 2 + if + D 2 x + E& + F 2 = 

intersect in two points /\(x L , y,) and l\(x%, </ 2 ), *Ae*i i/te system 
of circles represented by 

x* + if + D x x + E,y + F t + A (a 2 + y a + » 2 s + ^ + F s ) = 
consists of all circles jjassii/f/ t/ironyh P, and, P„. 

Proof. First, every circle of the system passes through 1\ and 
P s . Tor, since P t lies on C t and C„ -we have 

«>' + y,* + A«i + JBtfi + F, = 
and x-, 1 + J/J 2 + D&i + E^ + F B = 0. 

Multiply the second equation by A and add to the first; this 
gives 

zi 2 + 2/i 2 + 2>&i + E&i + F, + k(xf + */! 2 + 0,x, + E^ + F s ) = 0, 
which is tiie condition that I\ lies on any circle of the system. 
In the same manner we can show that every circle of the system 
passes through P 2 . 

In the second place, every circle which passes through P, and 

P a is in the system. For any such circle is determined by Pi, P 2 

and a point P 8 (# 3 j y 8 ) not on the line P X P& Then if P 3 lies on a 

circle of the system, ive have 

xi + y-.? + Dp, + E,y, + F 1 + k (x^ + y B a + D 2 z 3 + E 2 y 3 + F 3 ) = 0, 

V + 2/s 2 + D,x„ + E t y s + F t 

and hence k = , ,/3 . — L ^- J — -- ■ - ■■ ■ ■ 

x, 3 + y<? + Dp, + E,y s + F a 

That is, a value of h can be determined so that the corresponding 

circle passes through P B . Since P s is any point not on PiP 2 , 

that circle is any circle which passes through P, and P 2 ; and 

hence every circle which passes through P x and P a belongs to 

the system. q.b.d, 
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Corollary. 27;e radical axis of two hitersectinij circles is their 

■i chord. 



In like manner we may pro Ye 
Theorem V. When the. circles 

C\ : x z + y* + D s x + E x y + F, = 
and C a : x 1 + i/' 2 + T) t x + .E s y + F a = 

<m; tan'jmt at the point 7\(x,, iji), */(«» *A« system of circles repre- 
sented 111/ 

x * + ,/ + D ial + Bjy + Fl + i (* 3 + J/ 2 + A* + E.j, + F,) = 
consists of all circles ianr/eal to C, and C 2 at P,, 

These theorems show how to construct the circles of the system 
in case C\ and 6* a intersect or are tangent, but there is no analo- 
gous theorem if C\ and C a do not intersect. In what follows we 
shall consider a method which applies to all three cases. 

Theorem VI. The eiptaiion of the system. (Ill), (p. 137), may be 

■i.-ril/c;/, ill the form 

(VI) a; 3 + y* + h'u; + F = O, 

■where J:' is an arbitrary constant, if the axes of x and y be respec- 
tively chosen as tb-' line of centers and the radical o.xis of <\ and < \, 

Proof. No matter how the axes be chosen, the equations of 
C'i and C 2 have the forms 

C, : x* + if + D,x + Eiy + F t = 
and C 2 : x 2 + f + D& + E*y + F 2 = 0. 

If the centers of C, and C 2 lie on the X-axis, then E x = and 
E 2 = (Corollary, p. 131). The equation of the radical axis 
(Corollary II, p. 138) then becomes 

(D 1 ~D a )x+(F 1 -F 3 )=0. 

If this line is the F-axis, whose equation is x = 0, we must 
have F, — F 2 —. 0, and hence F, = F 2 . Substituting F for F x 
and F s and setting E, = and F s = in (III), we obtain 
x* + if + D& + F + k(x? + y* + !>& + F) = 0. 
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Collecting like powers of x and y and dividing by 1 + k, ~ 
obtain 

!h + kIJ 3 
l+k 



2 + r+ \, t - x + F=Q. 



The coefficient of a: changes with /,■ and may be denoted by a 
single letter; if we set 

D, + kD s 

we obtain equation (VI). q.e.d. 

Corollary. The /■enters of the, eiretes of the system (VI) lie, on 
the X-axin. 

The study of the system of circles (III), p. 137, may then be 
effeeted by the study of tiie system (VI), whose equation is in a 
simpler form than that, of (III). 

Theorem VII. If r' is the radii's of tlii.it rierle of the system 
x* + y* + k'x + F = Q 
whose center is («', 0), then 

r a _ a <i _ p 

Proof For by Theoi 

and ft:' 2 = -7— Hence r' 1 = a' 2 — F. 
4 

Corollary I. When F it neyatire, r' is the hypotenuse of a right 
triangle vhose leys are a' and V— F.* 

Corollary II. When F is aero, then r' = a'. 

Corollary HI. When F is positire. a is the hypotenuse of a right 
triangle whose legs are r' and "VF. 

We may readily consume!; circles of too system (VI) by the 
use of these corollaries. With the preliminary remark that the 
centers of all of the circles of the system lie on the A'-axis (by 
the Corollary), we shall consider the tliret 
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Case I. F < 0. In this case r' 1 — a™ — F is positive for all 
real values of a', and hence every point on the. X-axis may be 
used as the center of a circle belonging to the 
system. 

On 07 lay off OA = V^TF. With any 
point P' on the A'-axis as center and with 
P'A as a radius, describe a circle; this circle 
will belong to the system. For let OP' — a'; 
then P'A = r' by Corollary I, The system 
is then composed of all circles whose centers 
lie on the A'-axis which pass through A (0, + V— F). 
dent that the circles will also pass through B(0, - 

Case II. F = 0. In this case r' 1 = a 1 ' 2 , and hence all points 
on the A'-axis may be used as centers. Further , 
(.ho circles of the system will all pass through 
the origin (Theorem VI, p. 73). Hence the 
circle whose center is any point P' on the 
A'-axis and whose radius is ./"(> will belong to 
the system. It is evident that all of the cir- 
cles of the system are tangent to the )'-axis at the origin and 
also to each other. 

Case III. F> 0. In this case r' 1 = <r' 5 — F is positive only 
when «' is numerically greater than V F. and hence points on the 
A'-axis for which a' is numerically less 
than Vf cannot be used as centers. 
With as a center and with V.F as a 
radius, describe a circle, the dotted circle 
in the figure. Let J" be any point on the 
X-axis outside of this circle. Draw P'A 
tangent to the dotted circle. With ./" as 
center and P'A as radius, describe a circle; this circle will belong 
to the system. For let P'O = a'; then, since OA = Vf, and since 
A is a right angle, P'A = r' by Corollary III. Two intersecting 
circles whose tangents at a point of intersection are perpendicu- 
lar arc .said to be orthogonal; hence the system is composed of all 
circles whose centers are en the A'-:i\is which, cut the dotted circle 
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orthogonally. If P' falls at C or D, the radius will be zero; 
that is, the point-circles C and D belong to the system and are 
called its limiting points. Hence 

Theorem VIII. The circles of the xyxicm represented by 
x* + y*+ k'x + F=0 
have their centers on the X-axis, and 

(a) pass through (0, + V- F) and (0, — V- F) if F is 
negative; 

(&) are tangent to each other at the origin if F = 0; 

(c) are orl/aa/anal to the circle x i + if = F if F is puslticr,. 

The constructions given in the proof were \w.t\ in drawing the 
figures on pages 138 and 139. 

It is evident from tli.e figures, and can be proved analytically, 
that there are no pointcircles if F is negative, that there is one 
point-circle if F is zero, and that there are two if F is positive. 

59. The length of the tangent. 

Theorem IX. Giren a point P, (x, Vl y,) and the circle 
C : X s + y a + Dx + Ky + F = 0, 
then the pnnhai of any secant through 1\ and its exlicrnal seg- 
ment is 
(IX) as/ + m 2 + l>vi + EVi + F. 

Proof. Let the equations of any line through P, be (Theorem 
XV, p. 124) 




Then if the point (x, y) or (x y -\ 
i cos a, yi + p cos fi) lies on C, w< 
' have (Corollary, p. 53) 

I- p cos a) 2 + (?A + p cos {if 

+ B(x 1 + P cos a) + F,(y s + p cos (1) + F = 0. 
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Simplifying, arranging according to powers of p, and using 
(1), p. 123, we have 

P * + P [(2 x, + D) cos a + (2 y x + E) cos 0] 

+ ^i 2 + Vv + Dzi + Eyi + F, = 0. 
The roots of this quadratic are Uic lengths of the secant P.Ps 
and its external segment /VV Hence the product of P^P* and 
I\P 2 is (Theorem I, p. 3) 

V + Jh* + Dx, + E Vl + F v 
As this expression (.lues not contain cos a or cos £ it is imma- 
terial in what direction the secant be drawn. q.r.h. 

Corollary, The H'ju"'''' <f the l''ttf/th "f the tangent from P, to C 
i, given by (IX). 

For ivlien the secsir.1 sw:is;;s avuiiiil on 1\ until il Iwinmii titisgent to C, PiPs 
and P.i's both become oqual to PJ* t . 

Theorem X. The, ratio of the xqw.tre.fi of the lengths of the tan- 
gents drawn from, any point of the circle 
C, : x 2 + tf + D,x + E iV +- F s 

+ k (x* + if + D& + E. 2 y + F t ) = 
to the eireles 

C\ : x 3 + y 3 + D,x + Ejt/ + *\ = 
and C< i :x' 1 + if + D^x + E s y + F 2 = 

is constant, and U equal to — k. 

Proof Let Pj_(x v y,) be any point on C. k . Then 
Ei 3 + 2/i 3 + D& + E lVl + 2\ + k (a', 2 + y 3 + D s x x + B& + F t ) = 0. 
Dividing by the parenthesis and transpii.-dng, we obtain 

V + yi a + A*i + g, k + J*. = ,. 

By the Corollary the numerator of this fraction is the square 
of the length of the tangent from P, to C\, and the denominator 
is the square of the length of the tangent from P, to C s . Hence 
the ratio of the squares of the lengths of those tangents is con- 
stant and equal to — k, q.e.d. 
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Corollary I. The locus "f a point from which the, ratio of the 

squares of the lengths of the tan/jents to the circles C, and C\ is 
constant and equal to — 7c ■/» the circle C\. 

Theorem X proves only one part of tin; Corollary. It remains to be proved 
limi ill] noiuv.j .Hurli dim ilii.' ratio of I hi: si[u:u.ts of tin; lengths ol' r.hr< langotns In mi 
these points to Cy and C, eijiiiils — A: lie oa C'(.. 

Corollary II. The locus of points from, -which tangents to two 

circles are, i:i[i.i.oI is the radical axis of those circles. 

PROBLEMS 

1. By means of Theorem VIII plot the following systems of circles, 
(a) xz + y* + 4x-l+k(x* + yi-2x-l) = <\. 

(b> x 1 + y 2 + ix + l + ft (as* + y*- 2x + 1) = 0. 

(c) 3* + y» + 4x + k(& + j,* - 2s) = 0. 

(d) z* + j/* + 2x - i + k{& + y* + dm - 4] = 0, 

(e) & + y* + 2x + 9 + J; (as* + y 2 - ix + 9) = 0. 

(f ) & + y» - 6 x + k {x 2 + tf> + Sx) = 0. 

2. Find the length? of fho larigeni.-; from the point 

(a) (5, 2) to the circle x 1 -!■ y* — 4 = 0. Ann. 5. 

(b) (- 1, 2) to the circle a* + y* -0x-2y = 0, Ana. V?. 

(c) (2, 5) tothocircle2s* + 2!/2 + 2a; + 4j/-l = 0. Ana. jjVa. 

(d) (1, 2) to the circle x i + y 2 = 25. Am. V-20. 
What dnoH the ima^bi.fry :;iisi-.ct in (d) mean'.' 

3. Determine tin- nature of tin: following systems. 

(a) x* + y* + 2x -4y + k(x* + y* - 2x + 4y) = 0. 

(b) tf + f/2 + ix - j/ + fc(z 2 + ^* - 4ic + y - -1) = 0. 

( C ) gfl + y3 + 2x -iy + 1 + k{& + y* -2a + iy + 1) = 0. 

4. Find the equation of Hie dido passing : hroagh the in to ('sections or the 
circles y? + tfl — 1 = and x 2 + y 2 + 2x = ivliiol) pabsus ihrongh the point 
(3,2). Ans. 7x 2 + 7y 2 ~24x-lQ = 0. 

5. Find the equation of (he droit' passing through the intersections of 
ajs + y a _ c>x = and z' J + y 2 - - 4 = which passes through (2, - 2). 

Aiis. x 2 + y*~Sx -2 =0. 

S. Find the equation of thai, ciivle of flso system x 2 + y 2 — ix — S 
+ k(x 2 + y* — 4y — &) = whose center lies on the line x -y -4 = 0. 
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1. Find the equation of (lie circle p:\ssiug through flic i. 
J! 1 -I- '/- — 4 a; 4- 2 j/ ^ and a; 2 + y 5 — 2 y — 4 = whose center lies on the 
Une2ie + 4!/-l = 0. -4ns. a 3 -I- »" - 3a + y-l = 0. 

8. Find I lie equations of tin; circles posing through tin: intersections of 
a; 3 + y- - 4 = and x 2 + Jf 2 + 2 s - 3 = whose radii equal 4, 

yim i 2 + 2/ s - 6:6 — 7 =0 and k- + jy 3 + 8 a = 0. 

9. Find the radical axes of the circles x*-\-v*~ 4 k=0,i^+^+6x— 8y=0, 
and £- -|- y- + » — 8 = I) taken by pairs, and show that they meet in a point. 

10. Find the radical ax as of the circles x^+y^-Q-O, Zx*+3ifi-6x+8y 

— 1 = 0, and x--i-i/--|-B ;/■ = () U.keii by pairs, a.inlsbow that they meet in a point. 

11. Show that the radical axes of any three circles taken "by pairs meet 

13. iiy means of problem 1 1. .show t.-iat a circle may bo drawn cutting any 
three circles at right angles, 

13. By means of problem 1 1 pri'Vf (hat if Severn] circles pass tli rough two 
fixed points their chords of intersection will) a fixed circle will pass through 
a fixed point. 

14. The square of the tangent from any point Pi of one circle to another 
is prop-: jt.-1.ii u s;il to tin; disiauei. from j l:c radical axis of I be two circles to I\. 

15. If G\ and C s (Theorem III) are concentric, then all the circles of the 
system (fTT) are concentric. 

16. Show that, when C x and If, (Theorem 111) are concentric the equation 
of the system (III) cannot be written in the form given in Theorem VI. 

17. Show that Hie rculicai axis of any pair of circles in the system (III] 
is i In: same as die radical axis of f.\ and Co. 

18. How may problem 11 be stated if flic llirce circles are point-circles? 

MISCELLANEOUS PROBLEMS 

1. Find the equation of the circle which eiioum scribes the triangle formed 
by z + 2 j/ = 0, 3 a,— 2y — G, and z - y = 5. 

2. Find the equation of the circle inscribed in [lie triang'.e in problem 1. 

3. Find the angle between the radii of the circles x- + y 2 = 25 and 
& -\-y-i- ilix -4- 39 = which are drawn to a point of intersection. 

ffint. Find t-h« radii, tlm lmigtb of tin: Hilh ol centers, anil Jipiily IT, p. 20. 

*. rind the angle between the radii of the circles x* + y 2 + Ihx + E\y 

+ F, = and x 2 + y 2 + D»x + E-fj + F y = which are drawn to a point of 
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5. rind the condition Lliai. the angle in problem 4 should bo a right angle, 

6. Show that an angle inscribed in a semicircle is a right angle. 

7. Prove that i.hc perpendicular dropped from a point on a circle to a 
dia me !.(:■]■ is a mean proportional bet^e-cu the segments of too diameter. 

8. If a is the angle between the oblique axes OX and OT, then the 
locus of -j? + 2 cos way + y* + Dx + % + F = is a circle. 

9. Given a circle C:s 2 +y 2 + .Ds + E# + F=0 and a line X: .Act + ify + C = 0; 
show that the system of curves i a + ^ 2 + Dx. + By + F + k (Ax + By + C)= 

consists of a".l f.ir<jlcs whose centers lie on the line through the center of I: 
perpendicular to L. 

10. ITind the radical axis of any two circles of die system in problem 9. 

11. Find a geometric interpretation of !■; in the equation in problem 9, 

13. What does 1 1st 1 equation of tin; system in problem i! become if 

(a) the F-axisis the line £ anil the X-;sxis passes (hrough the center of C ? 

(b) the origin is ;ln: center of (! and Uie )"-axis i;; chosen parallel to J, '.' 

13. Show how to construe!, the circles of l.he system vl'^y' 1 — r^+lc{z— a)=Q 
when (a) r < a ; (b) r = a ; and (c) r > a. 

14. Show that the discriminant of (III) is 

where r t is the radius of Ci, ?'j of C 2 , ami rj is the length of t!ie line joining 
the centers of d and C a . 

15. From problem 14 show that, if there are no point-circles in (III), then 
<\ and ("m intersect ; if tl.ei.v i-. one point-circle iti (111), then fq ;iml €■• are 
tangent; if there are two point-ei ivies in (III), G± and C% do 



/Google 



CHAPTER VI 



POLAR COORDINATES 

60. Polar coordinates. In this chapter we shall consider a 

second method of determining points of the phme by pairs of 

real numbers. We suppose given a fixed point O, called the 

pole, and a fixed line O.I, passing through 

0, called the polar axis. Then any point 

T determines a length OP — p and an 

angle AOP — &. The numbers p and 

are called the polar coordinates of F. p is 

c-nllcd tin- radius vector and B Ihe vectorial \ 

angle. The vectorial angle & is positive \ 

or negative as in Trigonometry (p. 18). ' p 

The radina vector is ■positive if P lies on the terminal line of 0. 

and negative if Plies on that line produced through the pole O. 

Thug in tlio figure t'nc radius v«;:tor (it P in fwiiivu, ami tlmt of 1" is negative. 

Tt is evident that even/ 
pair of real numbers (p, ff) 
determines a single point, 
which may be plotted by 
the 

Rule far plotting a -point 
whose polar coordinates 
(p, 6) are given. 

First Step, Construct the 
terminal line of the vecto- 
rial angle $, as in Trigo- 
noriii-.tt-i/. 

Second step. If the radius 
vector is positive, lay off a 
B ; if negative, produce the. 




length, lip = p on the terni'in/xl line of 



,Google 




150 ANALYTIC GEOMETRY 

l.e-rmlnul line, tli.i'iai./jii. Ike foU- nail- bi./j off OP e/jual to /he rmmer- 
leal value, of p. Then P is the required point. 

In the figure on p. 1411 are plotted the points whosis polar coordinates are 

(»■ !)■(»■ ¥>(-*¥>»■>■ -('-¥> 

Every fioi.ii/. I' ifatur 111i.11.es an. ii'.Jhaie imhilxir of jiiar.i of rouiibara (p, 0). 

The values ni: wii; ilillcr liy ^nur mul- 
tiple of it, so that if <p is one value of H tlio 
others wiU be of the form + *k, where k is 
a positive or negative integer. The values 
of p will he the same numerically, but will 
be positive or nsigiitivft, if !' lies oil f>/>. 
accord ins ss the value of is chosen so that 
OB or OC is the terminal line. Thus, if 
Oil — p tliu coordinates of 11 may he written 
in ally one of 1.1m forms !';., <p), (— p, X + $), 
(p,2* + 0), (-p,tf-s),etc 

Unless the contrary is stated, we */i«^ always suppose that $ is 

po.-iitire. or Zero, and lenn ilmn 2 tt ; that is, < < 2 | jr. 



l^Pto. >.»po.n.,(4,--), (8, 2 3 »), (-2, £), (4. J), (-4, ^), 

2. Plot the points (g, ±~), (-2, ± |Y (3, *), (-4, *), (6, 0), 

(-6, 0). 

3. Show that the points (p, 9) and (p, — B) are symmetrical with respect 
to the polar axis. 

4. Show that the points (p, $), ( — p, fl) are symmetrical with respect to 
the pole. 

5. Show that the points (— p, it — 0) ami (/), S) ;u\: symmetrical with respect 
to the polar axis. 

61. Locus of an equation. If we are given an equation in the 
variables p and 6, then the locus of the equation (p. 59) is a curve 
such that : 

1. Every point whose eourdinatas (p. (!) satisfy the equation lies 
□n the curve. 

2. The coordinates of every point on the curve satisfy the 
equation. 
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The curve may be plotted by solving the equation for p and 

limliug the valuer of p for particular values of $ until tsie coor- 
dinates of enough points are obtained to determine the form of 
the curve. 

The plot-tiny is facilitated by the use <>f polar eouminutc paper, which enables 
us to plot, values of il l>y liars lirawn. I linau:h the pole iii ill valuos itf p by circles 
having tiki pole us e.'t.t.er. Tin- lablcs on p. 1!1 arc l.o lie used in eo ust nmtin;; 
tables of values of p and 8. 

In discussing the locus of an equation the following points 
should be noticed. 

1. The intercepts on the polar axis are obtained by setting 
= and 6 = it and solving for p. 

But other values of may maku p — ami hence give ii point ou the polar axis, 
namely, the pole, 

2. The cwrue j.v si/ in-metrical with, rcspert to the pole if, when 
— p is substituted for p, only the form of the equation is chu.tignd. 

3. The curve is nijiivractrmil with, respect to the polar axis if, 
when — is substituted for f, only the form of the equation is 



which the curve i 



i. The directions from the poh 
infinity, if any, are found by 
obtaining those values of 9 for 
which p becomes infinite, 

5. The method of finding the 
values of 6 which must he ex- 
eluded, if any, depends on the 
given equation. 

Ex. 1. Discuss and plot the locus 
of the equation p = 10 cos ft 

Solution. The discussion enables us 
to simplify the plotting and is there- 
fore pu; first. 

1. Eor 9 = p = 10, and for B = it 
p = — 10. Hence the curve crosses the 
polar axis 10 units to the right of tin; 
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finlty. Hence the curve is a 

closed curve. 

■1. So- values of 6 make p 
imaginary. 

Computing a table of values 
we obtain the table on p. 161. 
As the curve is symmetrical 
with, respect to tlie polar axis, 
the rest of the curve may be 
easily constructed without com- 
puting the table farther ; but 
as the curve we have already 
constructed is symmetrical 
with respect to the polar axis, 
no new points are obtained. The locus in a circle. 

Ex. 2. Discuss ami plot the locus of the equation p 2 = rt 2 cos 2 ft 
fStih'.Hmi. Tin; discussion gives a 

us Lb e fi.illowiiig properties. 

1. For $ = or n p = ± a. 
Hence the curve crosses the 
polar axis a units to the right 
and left, of the pole. 

2. The curve is symmet- 
rical with respect to the pole. 

3. II is also symmetrical 
with respect to the polar 
axis, for cos(-20) = cos2B 
(4, p. IS)). 

4. pdoesnotbecomeinfinite. 

5. p is imaginary when 
cos 2 8 is negative, cos 2 S 
is negative when 2 $ is in 

r third quadrant : that is, when 

^>2»>*or 7 *>2*>^. 
2 2 2 2 

[encc. wo !i;ml. exclude vaates of such thai. 

S it it ,1k 5 u 

— >9>-and _>»>-—. 
4 4 4 4 

The acciuiipiiiiy ::iir t.i'oh oi values is all that 
mieJ be ccmijutuil when wt take iiceouiil oi" 2. 3, and 0. 
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The complete curve is obtained by plotting these points and the points 
yrr.inetrical 1.0 i.liissn with respect io the polar axis. The curve is called a 
smtiiscate. I11 the figure a is taken equal to H.G. 

Ex. 3. Discuss and plot the locus of the equation 



Solution. 1. Por 6 => p = 1, and for 9 = ff ^ = ta ; so the curve crosses 
the polar axis one ;ud'. 10 Ui;? right of the pole. 

2. The cui-ve is no; syimneb'ieiil with respect to the pole. How may this 
be inferred from 1? 

3. The carve is symmetrical with respect to the polar axis, since 
cos(-0) = costf (4, p. 19). 

4. p becomes infinite when 1 + cos 8 = or cos 8 — — 1 and hence 
9 = %. The curve recedes to infinity in but one direction. 

f>. p is never Ln-agnniry. 

On account of 3 the table of values is computed only to 6 = it, and the 
rest of the curve is obtained from the sy:r.mi:l.ry with respect to the polar 
The locus is a parabola. 
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PROBLEMS 

Discuss and plot, the loci of !he following equation 

1. p = 10. fl=.tan~ 1 l. 5. psin 

2. „ = 5. 8 = *±. 6. P = - 

3. p = 16 cos 8. 
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a (1- cose). 
n2U = 1S. 



= a{4 + 6c< 
for 6 = 1, 



for a > t, a - 



15. 



31. p = a 



tare = i,%h 22. ,j = asinSli. P = acos3fl. 

33. Prove that the locus of an equation in symmetrical with respect to 
e = — if the results of substituting * -j- B and — - B give equations which 
differ only in form. 

34. Apply the test fur symmetry in pvolflcm 23 to the loci of 4, 5, 10, 11, 
and 12. 

62. Transformation from rectangular to polar coordinates. 

Let OX and OY be the axes of a rectangular system of coordi- 
nates, and let be 
the pole and O.Ytlie 
polar axis of a sys- 
tem of polar coor- 
dinates. Lei. (x, y) 
and (p, 6) l.«! respec- 
tively the rectan- 
gular and polar coor- 
dinates o:l: any point 
P. It is necessary 

to distinguish two cases according as p is positive or negative. 
When p is posit'iiM: (Fig. 1) wo have, by definition. 




whatever quadrant P i 

(1) . 
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When p is negative (Fig. 2) we consider the point P' symmet- 
rical to P with respect to 0, whose rectangular and polar coordi- 
nates are respectively (— x, — y) and (— p, 8). The radius vector 
of P\ — p. is positive since p is negative, and we can therefore use 
equations (1). Hence for P' 

— x = — p cos 8, —y= — psiad\ 
and hence for P 

x — p cos d, y = p sin 0, 
as before. 

Hence we have 

Theorem I. If the pole coincides with the origin and the polar 
axis ivith the positive X-axis, then 

where- (:):, //') tire the, rectangular coordinates and (p. 6) the polar 
coordinates of any point. 

Equations T are called the equations of transformation from rec- 
tangular to polar coordinates. They express the rectangular 
coordinates of any point in terms of the polar coordinates of 
that', point and enable us to rind tin.: equation of a curve in polar 
coordinates when its equation in rectangular coordinates is known, 
and viae versa. 

From the figures we also have 

■ = ce* + y a , 6 = tan- 1 ^! 



(2) 



sin = » 

± y/x" + y 



Tl) cse eipiation.-i express the polar I'-oordiuateso Cany point in terms 
of the rectangular coordinates. They are not as convenient for use 
as (1), although the first one is at times very convenient. 

Ex. 1. Pind the equation of the circle x? + y* = 25 in polar coordinates. 

Solution. Substitute the values of x and y given by (1). Tliis gives 
p cos 3 S + fi sin 2 8 = 25, or (by 3, p. 19) p" = 25 ; and hence p = ± 5, which 
is the required equation. It expresses l,hi: fact thai the point (p, 6} is five 
traits from the origin. 
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Ex. 2. Find the equation of tliu lemniscuU'. (.1:1 x. 2. p. 152) p 2 = a? cos 2 
in rectangular coordinates. 

Solution. By 14, p. 20, we have 

(? = aS(cos 2 0-sin 2 0). 
Multiplying Dy p 2 , p 4 = a 2 (^cos»fl -p 2 s.m 2 e). 

Prom (2) and (I), (a? + jfls = o»(aja - y"). ^hs. 

G3. Applications. 

Theorem II. .'/'/<« acnm-al r.yurUlon of the •■tra.if/ht line in polar 
coordinates is 

(TI) P (A cos 6 + Bsm0) + C = 0, 

where A, B, and (J are o.r/iitrari/ constants. 

Proof. The general equation of the line in rectangular coordi- 
nates is (Theorem II, p. 86) 

Ax + By + C = 0. 

By substitution from (T) we obtain (II). ij.e.d. 



In like manner we obtain 

Theorem III. The general equation of the circle in polar coordi- 
nate.-: is 

(III) p~ + p (D cos 6 + E sin 0) + P = 0, 

where I), E, and F are arbitrary constants. 

Corollary. If the pole is on, thu eirewinfereiice and. the polar axis 
passes through the eenter, the equation is 
p-2r cos = 0, 
where r is the raAius of the circle. 

For if the center lies on the polar axis, or X-axis, E-.0 (Corollary, p. 131) j 

mid if tin?, ciruli: passa* vhrmiidi iho pole, or origin, F -- U. Tin; filjwiriSii oi iiio 
umtar f(j mils ihe radius, and hfiinio (Thim-uin 1, p. 131) — -—— r, or D — — 2r. 
Snlislitutinsr r.hosa values of D, E, and F in (III) gives p — 2rcosfl = 0. 

Theorem IV. The length I of the line joining turn points P 1 (p 1 , 6\) 
and P 2 (pa, ftj) is given by 

(IV) P = ft" + ,," -a ftft m («,-»,). 
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Proof. Let the rectangular coordinates of P x and P 2 be respec- 
tively (xj, y,) and (x it y%). Then by Theorem I, p. 155. 
x-i = pi cos 8„ x% = p 2 cos $2i 
y, = Pl sin di, y s = p a sin 2 . 
By Theorem IV, p. 31, 

^ = (^i~^) a +(y 1 -y B ) 2 1 

and hence P ^ (p, cos ^ - Pa cos a ) 2 + ( Pl sin & - p, sin S ) 2 

Removing parentheses and using ','>, p. 19, and 11, p. 20, we 
obtain (IV). q.e.d. 



CO'"TiTi:iL 'a's ;Uid plot 



PROBLEMS 




1, Transform L.he following eiaaaions in 
eir loci. 




(a) x-3y = 0. 


Jmb. 


(b) y + 5 = 0, 


Jns. 


(c) ** + ?/* = 10. 

(d) & + i/ J - as = 0, 
(6)2^ = 7. 

(f) J* _ ^2 = a 2_ 


Ana. 


(h) (1 - &) x 2 + j/ - 2 <?px - ey = 0. 


Ans. 



(i) 2xj/ + 4;/ 2 -8a; + !> = 0. Ams. P 2 (sin2 

3. Transform equations J to 21, p. 153, into recta ngular coordinates. 

3. Find the polar coordinates of tl'.o points (3, 4), (—4, 3], (5, —12), 
(4, 5). 

4. Find the rectangular coordinates of the points j ">, - ) , ( — 2, - '- ), 
(8, a). v 2/ \ 4 / 

5. Transform into recta uvular coordinates p = — 

64. Equation of a locus. The equation of a locus may often 
be found with more case in polar than i:i roetangul a:: coordinate.-, 
especially if the locus is described by the. end of a line of variable, 
length revolving about a fixed point. The steps in the process 
of finding the polar equation of a locus correspond k> those in the 
Rule on p. 53. 
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Ex. 1. Find, the locus ill ;lie middle poims of cEie chords of the circle 
7:p — 2rco5(J = which pass through 1hc pule which is on the circle, 

Solution. Let i'(p, 0) be any point on the locus. Then, by hypothesis, 
OP = J OQ. 
where Q is a point on C. 

Rut OP = p and OQ = 2 r cos ft. 
Hence p = r cos ft. 

From the Corollary (p. 15U) it is seen that 
tilt locus is :i circle deseriued on the radius 
of C through as a diameter. 

Ex. 2. The radius of a- e ire le is prolonged a disuuie;: equal to the ordinate 
of its extremity. Find the locus of the end of this line. 

Solution. Let r be tiie radius of tiie circle, let 
let P(p, 0) be amy point on the locus. Then, 
by hypothesis, 

OP = OB + OB. 

But OP = p, 



Hence the equation of the locus of P is 

The: locus of [his equation is called ;: earilioiil 



1. Chords passing through a fixed point on a circle are extended their 
own lengths. Find the locus of their extremities, 

Ans. A circle whose radius is a diameter of (.he given circle. 

2. Chords of the circle p = 10 cose which pass through the pole are 
extended 10 units. Find the locus of the extremities of these lines, 

Ans. p = 10 (1 + cos ft). 

3. Chords of the circle o — 2 a cos which pass through the pole are 
extended a distance 2b. Jfind the locus of their extremities. 

Ann. p = 2(b + acosft). 
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4. Find the locus of the mIi.LiJ.lij points of the lilies drawn from a fixed 
jio in l. to a, given circle. 

Hint. Take the fixed point for the pole and let the;, polar axis iinsa through the center 
of the eir«le. 

4ns. A circle whose radius is half i.uat of the given circle and whose 
center is midway between the poll; and the center of Hie given circle. 

5. A line is drawn from a fixed point O meeting a fixed line in Pi. Find 
the locus of a point P on this line such that OPi ■ OP = a 2 . Ana. A circle, 

6. A line is drawn through a fixed point meeting a fixed circle in Pi 
and Pi. Find the locus of a point P on this line such that 

OF = 2 Q?1 ' 0f i- Ana. A straight line. 
OPi + OP* 
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TRANSFORMATION OF COORDINATES 

65. When we are at liberty to choose the axes as we please 
we generally choose them so that our results shall have the sim- 
plest possible form. When the axes are given it is important 
that we be able to find the equation of a given curve referred to 
some other axes. The operation of changing from one pair of 
axes to a second pair is known as a transformation of coordinates, 
We regard the axes as moved from their given position to a new 
position and we se;:k formulas which express the old coordinates 
in terms of the new coordinates. 

66. Translation of the axes. If the axes be moved from a first 
posi tion OX and OY to a second position O'X' and O'Y' such that 
O'X' and O'Y' are respectively parallel to OX and OY, then the 
axes are said to be translated from the first to the second position. 

Let the new origin be 0'(h, k) and let the coordinates of 
any point P before and after the 
translation he respectively (x, y) 
and (&', y'). Projecting OP and 
OO'P on OX, we obtain (Theorem 
XI, p. 48) 

x = x' -\- h. 

Similarly, y =■ y 1 ■+- ft. 
Hence. 
Theorem I. If the axe.a lie translated to a ne'.r origin (A, h), and 



r 


r ¥ 
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y 'f x 
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A M X 



if(x,V) and (x',y') a 



the <:oSnl wiles <,f ,.v)ui -point I' 



ifore and after the translation., then 

= X' + h : 

>< +k. 
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Equations (I) are called the equations for translating the axes. 
To find the equation of a curve referred to the new axes when 
its equation referred to the old axes is given, we substitute the 

values of x and y given by (i) in. the given equation. For the 
given equation expresses the fact that l'(x, y) lies on the given 
curve, and since equations (I.) arc true for t<Jl value; vf (:v, y), the 
new equation gives a. relation between s' and y which expresses 
that P(x', y') lies on the curve and is therefore (p. 53) the equa- 
tion of the curve in the new coordinates. 
Ex. 1. Transform the equation 



when the exes ;ire translated to 1-1 
Solution. Here ft — 3 and k = 



rigin (3, - 2). 

equations (1) b 



(jf + 8)* + fy-2)«-6(8' + S) 

+ 4(y'-2)-12 = 0, 
or, reducing, a' 3 + y' 2 = 25. 

This result could easily be foreseen. 
For the locus of the given equation is 
{Theorem I, p. 131) a circle whose center is 
{3, —2) and whose radius is 6. When the 
origin is translated to the center the equa- 
tion of the circle must necessarily have 
the form obtained (Corollary, p. 68). 

PROBLEMS 
1. find the new cotfrdinates of the points (3, - 5) and (- 4, 2) when the 

axes arc translated to i fit: new origin {'■'>., H). 

3. Transform the followisip; equation? when the axes are translated to the 
new origin indicated ami plot "both pairs of axes and the curve. 



y\\£ 
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* 



(b) z? + y*-4x-2y = 0, (2, 1). 

(c) j/2-6z + 9 = 0, (|,0). 

(d) a" + !/* - 1 = 0, (-3. -2). 






3T-2 + tf* = 
tfl+y-2- 


(e) y*-2fci! + fes = 0, Q, 0). 




Am 


if- = 2 fcr 


(f) ^-4^ + 8^ + 24^-20 = 0, (-4 


3) 


Ans. 


z*-iy* 
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3. Derive equations (J) if 0' is in (ii) liio kitiiih.1 ini;idi;i,Ht ; (b) the third 
quadrant ; (c) the fourth quadrant. 

67. Rotation of the axes. Let the axes OX and OY be rotated 
about through an angle to the positions OX' and OF'. The 

equations giving the coordinates of any point, referred to OX and 
OY in terms of its coordinates referred to OX' and OY' are called 
the equations for rotating the axes, 



rtrtvs t.hvoi'.i/li an mttjle 




draw PJtf' perpendicular to OX'. 

The proj. of OP on OX = x. 
The pro], of 0M< on OX = 
The proj. of M'P on OZ = 



'.■■OS f*. 



= aj' sinS -f j/' cos ft 

Proof. Let P lie any point 

whose old and new eoordi- 
are respectively (#, y) 
and («', y r ). Draw OP and 
Project OP and OjI/'P on OX 



(Theorem III, p. 31) 
(Theorem II, p. 30) 

(Theorem II, p. 30) 

(by 6, p. 20) 



,'eos^ + ^ 
= — y' sin 9, 

Hence (Theorem -X.L p. 18) 

x = x' cos 6 — y' sin ft 
In like manner, projecting OP and OM'T 

y — x' cos I ■ — 6 I -H ?/' cos 6 . 

= x' sin 8 -\- y' cos 9. o,.k.t>. 

If the equation of a curve in a and y is given, we substitute 
from (II) in order to bud the equation of the same curve t 
to OX' and OY'. 



OY, we obtain 
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if* = 18 when the axes are rotated 



Ex. 1. Transform the equati 

Uiiiviiil) ■'■'■ 

Solution. Since 



V2 = 



~VS 



t:<|-,in!,ioi)-i (II) hcccTi):: 



Substituting in th 
equation, we obtain 
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V V2 ' V V2 / 



PROBLEMS 
1. Find the coordinate;; of the points (?,, 1), (-■ 2. fi), and (4, — 1) when 
the axes are rotated through -■ 

3. Transform the JV'Uowhi^ ■:■■. i uai [■..-■us when ihe axe* are rotated through 
the indicated angle. J'lot I.Miii i);iirs of axes and the ci 

(a) b- 9 = 0,±. A, 

(b) sf + 2sy + »« = 8, ~ At 
(o) y> = 4«, --■ A 



(d) 'Jfi + 4 <cji 4 

(e) a;* + ^ = r 



z^ = iy'. 

3 £'2-1/2 = 1(5. 
as* + y* = ?*■ 
■Viy^ + ix' = 



3. Derive equations (II) if » is obtuse. 

68. General transformation of coordinates. If the axes are 
moved in any manner, they may be brouylih Crom the old position. 
to the new position by translating thein to the new origin and 
then rotating them through the proper angle. 
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Theorem III. .//' the axes he iroMtd-oted to n. new origin (A, k) and 
then rota/ad through an angle 0, the equation* of the tra.-iuy'oent.a- 
tion of coordinates are 

foe = x' cos 8 — a' sin 6 + h, 

\y =x' sinff + y> cos S + fc. 



(TIT) 



Proof. To translate the axes to O'X" and C?'F"we have, by (I), 



r 




r\ * 




*x' 




\O r (h.h) 


X" 







^s 








' 






X 



v = y" + h 

where (x", y") are the coordi- 
nates of any point P referred 
to O'X" and O'Y". 

To rotate the axes we set. 

ij (ii), 



y" = x' nisi & + y'cos 0. 
Substituting these values of x" and ?/", we obtain (III'). q.e.i>. 

69. Classification of loci. The loci of algebraic equations 

(p. 17) are classified according to the d.egree of the equations. 
This classification is justified by the following theorem, which 
shows thai: the degree of t lie equation of a locus is the same no 
matter how the axes are chosen. 

Theorem IV. The degree of the equation, of a loeaa is unchanged 
by ii tmnsfuniwUmi, of coordinates. 

Proof. Since equations (III) are of the first degree in x' and 
y, tire degree of an equation cannot he raised, when the values of 
x and y given by (III) are substituted. Neither can the degree 
be lowered; for then the degree must be raised if we transform 
back to the old axes, and we have seen that it cannot be raised 
by changing the axes.* 

As the degree can neither be raised nor lowered by a trans- 
formation of coordinates, it must remain u 
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70. Simplification of equations by transformation of coordi- 
nates. The principal use made of transformation of coordinates 
is to discuss the various forms in which the equation of a curve 
may be put. In particular, l.licy enable us to deduce tin/pie forms 
to which an equation may be reduced. 

Rule to simplify the form of an equation. 

First step. Substitute the values of a: and y given by (I) [or (II)] 

and collect tike, powers of x' and, y\ 

Second step. Set equal to aero the coefficients of two terms 

til itaii iet I in the. first step ivlt'fii, contain h and k {or of our- foejfi- 
f.lent r.oiittthiiifj 0). 

Third step. Solve flu-, et/iw.tioit* nhtaincd in the second step for 
handh* (prff). 

Fourth step. SithMitutc- th-ese. values for h and k (or ff) in' the 
result of the first step. The result will be the. required equation. 

In many examples it is necessary to npply the rule twice in 
order to rotate the axes, and then translate them, or rive versa. 
It is usually simpler to do this than to employ equations (HI) 
in the Eule and do both together. Just what eoeitieients are 
set equal to zero in the second step will depend on the object, 
in view. 

It is often convenient to drop the primes in the new equation 
and remember that the equation is referred to the new axes. 

Ex. 1. Simplify the equation ;/* — 8 a; -f 6 y + U = Iiy translating the 

Solution. "First step. Set x = x' + li and y = y' + k, 
ThiagiveH{y' + fc)2-8(a!' + ft) + a(^ + fc) + 17=0, or 

(1) j^-8z' + 2*|if'+ fc a t = 0, 

+6 J -8fc 

+ tik 



ihcsn orniutiiHis (Theorem IV, p. 90). 
it nt p/Licntliosi'H. Tims -3/,- ■ (! '< tin' coefficient or ,.v' 
term. Their use enables ns to mlloitt like (inoeri 
■ iviiifiii: tile naresitliosts in Ihc nieoMiiiji ■ - . 1 1 1 I " : • 1 1 
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d step. Setting the ciioCiicirat ol ;/' and [he constant term, the only 
pin :ftk! Lents coiiiuiniii™ A and ■'.". equal to zero, we 
obtain 

(2) 27c +0 = 0. 

(3) *«- 8ft + 6,6 + 17 = 0. 
Third, step. Solving (2) a:id (3) for h and k, 

we find 

k=-a, ft = i, 

Fourth step. Substituting in (It, remember- 
ing that h anil k satisfy (•■!) and (i>), »e have 

Tlit' locus if! Ilif: para hiil a plotled in the figure 
whieli sliows the new ami old axes, 

Ex. 2. Simplify s: 2 + 4 y 2 - 2 x - l(i y + 1 = 
l.i; l"ai:-'.atin s tin' sixes. 

.^oii^i'jn. First step. Set s =x' + ft, y = ^' + k. 
This gives 
»' a + 4y« + 2A|»' + 8ft|/+ A 2 1 = 0. 
_2 | -16 +4*? 
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-16 A; 
+ 1 i 

Second sic] j. Sol. Hie colli., id as uf .;' and ;,/' equal U, 

2ft-2 = 0, 8 k - 16 = 0. 
Third step. Solving, we obtain 

h = 1, k = 2. 
Fourth step. Substituting in (4), we obtain 

as* + 4 ^ = 16. 
Plotting on the new axes, we obtain the 

Ex. 3. Remove the ,r.s/-terni from x 2 + 4 my + I/ 2 = 4 by rotating 11 
Solution. First step. Set # = as' cos 5 — ifsmd and ?/ = lc' sin 8 + 
whence 

cos 2 8 i as' 2 — 2 sin 8 cos laV+sin'S W* — 4 

+ i sin e cos e\ + i (cos 2 8 - sin 2 fl) - 4 sin 8 cos 

or, by 8, p. 10, and 14, p. 20, 

(5) (1 + 2 sin 2 8)3^ + 4 eos 2 8 ■ x'y' + (1 - 2 sin 2 0) ^ = 4. 



I 

If 
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Second sU'p. Sciiin^ the coeibcieiv.. of .[';/ wjual to zero, we have 

Third step. Hence 



Fourth step. Substituting ii 
(5), wo obtain, since sin — = 1 
(P. 21), 
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The locus of this equation if 
the hyperbola plotted on tihi 



From cos 2 = we sis'l, in geneva], 2 S -- - ■ + nif, where n is any positive 

or- 1 ii ■■;■;; tivi- L-ik-gev, or zero, ami hence fl = -' -■■ it — ■ Then i lie .>:?/■■* erni may 
lie removed by [riving fl any one oC these vai;u-s. For most purposes v.e 
choose the smallest positive value of 9 as in this example. 

Ex. 4. Simplify z 3 + 6s 5 + 12k — iy + 4 = by translating the axes. 
Solution. First step, Set 
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IV (! obtain 

(fl) s'« + 3 /( I ; 



'/ + ft, :■ 



4& 



Second step. Set equal to zero the eoeiheient 
of a,'* and the constant term. This gives 
3 h + 6 = 0, 
ft 8 + 6 ft 2 + 12 ft - i k + 4 = 0. 
Third stop. Solving, 

fc = -2, fc = -l. 
roarth step. Substi luting in (6), we obtain 



s -4y 



whose locals is ihe cuba-al pavabolu- \a the figar 
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1. Simplify r.ln : ir.V.owhig iiqK'.:'v-ms ;>y irunbisinr,!; ihc axes. T'!o! iolh 


pairs o£ axes and the curve. 






(a) x 1 + 6 x + 8 = 0. 




Ana. z' 2 = 1, 


(h) 3? - 4 y + 8 = 0. 




Ans 


%'* = i y'. 


(c) & + y* + 4x-Gy-S = 0. 




Ans 


X '2 + y'i _ 13. 


(d) jfS-fls-lOy-f 19 = 0. 




Ans 


y' 2 = 6 z\ 


(e) a* - ys + Sx- 14y + 66 = 0. 




Ana 


X -2 _ y'i = 0. 


(I) 3? + iy* -18s + 2iy + 84 = 0. 




Ans 


ar" 2 + 4y'* = 16. 


(g) y s + 8a-40 = 0. 




Ans 


Sx" + y' i = 0, 


(h) iB* - J/ 2 + 14 y - 49 = 0. 




Ans 


y'* = x'%. 


(i) 4e2 -4a;i/+ ^ _40;e+ 20^+99 = 


;0. 


Ans 


{2x'-y)*-l = 0, 



3. Remove til e :ej/-1.»'rm from 1.1m following cqualidiis by routing the axes. 
Plot both pairs of axon and the curve. 

fa} a" - %xg + »* = 12. Ans. j^ - 6. 

(b) «2-2zif + y 2 + 8z + 8?/ = 0. ,4ns. VSi/' 2 + 8ar" = 0. 

(c) a# = 18. Ans. x" 1 - y"> = 36. 

(d> 25a? + 14 xy-+ 25^ = 288. Am. 16^ + 9^ = 144. 

(e) 3ffl*-10ajH-8s« = 0._ Ans. x*-&y'* = 0. 

(f) 6a? + 30v'3iy + 26yS = 824. 4n». B as* - »* = 81. 

71. Application to equations of the first and second degrees. 

In this section Ave siuill apply tin' .llulc o£ tho preceding yt^e-t ion 
to the proof of some general theorems. 

Theorem V. By moiuny the. a:x:'.x the ye.iie.i-n!. <■'/ nation of the first 

Aa + By+C = 0, 

may he, Iransfnrm-ed into x' = 0. 

Proof. Apply the Rule on p. 165, using equations (III). 

Set x = x' cos 6 — y' sin 9 + h, 

y — x' sin -\- y' cos & + k. 

This gives 
(1) A cos 8 1 x 1 — A sin 1 y' + Ah I = 0. 



-Bai 



+ 
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TRANSFORMATION OF COORDINATES 



L>I'.t 



Setting Llio one-Ilk ieni; of y' and tise constant, term equal to zero 
gives 

(2) - A sin 9 + B cos = 0, 

(3) -1A + Bk + C = 0. 



From (2), 



tan# = -, 



■ $ = tan" 



(!)' 



From (3) we can determine many pairs of values of h and k. 
One pair is 



r 


y'\ 
\^ 1 / 


A 





OVPs 


X 



i (1) tho last two terms drop out, and dividing 
by the eoetlieient of x' we liave left i:' = 0. q.e.d, 

We have moved the origin to a point (h, ft) on the given line 
L, since (3) is the condition that (A, k) lies on the line, and then 
rotated the axes until the new axis of„ 
y coincides with L. The particular 
point chosen for (A, /.') was the point 0' 
where L cuts the A-axis. 

This theorem is evident geometric- 
ally. For x' = is the equation of 
the new F-axis, and evidently any line 
may be chosen as the F-axis. But the theorem may be used to 
prove that the locus of every equation of the first degree is a 
straight line, if we prove it as above, for it is evident that the 
locus of x' = is a straight line. 

Theorem VI. The term in xy may trfway* be- removed from an 
equation of the seeond degree, 

Ax* + Bxy + Cy 2 + Dx + Ey + F - 0, 

liy rotating tin: axr-s tlironqh n.n rrpijle $ s'l.r.h that 

(VI) tan30 = — - 
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Proof. Set 

Tliis gives 
(4) J0o^$ 

+ B sin 6 cos 6 
-i-Csin 2 ^ 



r. ------ x COS — // Sill t) 

y = a;' sin 6 + y' cos 



+ *(«. 
+ 2Cs 



-Bi 



titfc 



4- .D cos U' - .D sin 01 1/' - 

+ /; sin 1 + ;; cos e \ 

Setting the coefficient of x'y' equal to zero, we have 

(C - A) 2 sin cos 6 + />' (cos* - sin 3 ff) = 0, 

or (14, p. 20), (C-.4)sin2 + .Bcos2 = O. 



Hence 



fan L> fl = 



i(4)- 



1 obtain a 



/i -C 

If satisfies this relation, on substituting i 
equation without the term in xy. 

Corollary, hi tmnxform-ing an equation of t lie, mieond degree by 
rotating ike ".res the '.-/instant term- in uiwhatvji'.d -nuli-xs the 'new 
Equation is multiplied or divided by mime eonstant. 

For tiii! isiiisliiiit tori-i In (li is ilm msihi'- ;lk ,]m.1. of I lis pven i-ijiuiliini. 

Theorem VII. The terms of the rlrsl degree wag he removed from 

an equation- of the, sei'o-nd degree-. 

Ax 2 + Bxy + Ctf + Dx + Ey + F = 0, 
liy ! ro.iudoiiiiJj tin: axiM, -/iroriiled- that the. disrrimiuai/i of lite terms 
of the seeond degree, & — B'* — 4 A C, is not aero. 
Proof. Set x = as' + h, y = y' + ft. 

(5) .'Ilk' 2 + Bx'y' + Cy' % + 2Ak\; 



x' + Bh 


y' + Ah 2 


1 + 2 Ck 


+ Bhk 


+ E 


+ Cfc 2 




+ Dh 




+ Eh 




+ P 
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Setting equal to zero the coefficients of x' and ?/, we obtain 

(6) 2 Ah + Bk + D = Q, 

(7) 7iA + 2 C/c + E = 0. 

These equations oan be solved for h and k unless (Thcore: 
IV, p. 90) 



If the values obtained be substituted in (5), the resulting equa- 
tion will not contain the terms of the first degree. q.b.». 

Corollary I. //' on equation, of the second degree he transformed 

In/ Iron. dating the axes, the coefficients of /he levins of the second 
degree, are -unchanged iinlcss the new equation, be mni/i/ilicd- or 
divided: //// some constant. 

For these coefficients in (r,) ;m: the same as in the given equation. 

Corollary II. When A h vol, zero the locus of an equation of the 

second degree has a. center of symmetry. 

For if the terms of tin- rirsi deduce bn removed tin- ]t.i-iis v.- ill he symmetrical 
with respect to the new origin (Theorem V, p. 73). 

If A = A' a — 4 J iC'=0, equations ((i) and (7) may still he solved for A and k 
if (Theorem IV, p. 110) — = — — — > when tlie new origin (A, K) may be any 
point mi the line 2 Ax ■ By -f D = 0. In this eiii.e every point on that line will 
be a center of symmetry. 

For example, consider 3- + &zy + iy 2 + 4B +-8y + 3 = 0. For this equation 
equations (IS) and (7) become 



x + 2y + l)b + 2y-l) = 0. 

of two parallel linos and evidently is 
n the line midway between those line; 
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MISCELLAMEOUS PROBLEMS 



1. Simplify and plot, 

(a) y* - 6ji + 6 = 0. (e) a* + 4^ + j,* = 8. 

(b) X s + 2x# + j^-Sa; -By + 6 = 0. (f) £ a -9j/ a -2a: - S6y + 4 = 0. 
(o) ^ + 6^-10^ + 2 = 0. (g) 25 y 2 - 10 a: 2 + tMly - 110 = 0. 
(d) x* + ±y*-8x-lQy = 0. (h) & + 2zy + y 5 -8a; = 0. 

2. Find the point t.o which the origin must, be moved to remove the terms 
of the first degree from sin equation of i.iio second degree (Theorem VII). 

3. To what point (ft, k) insist, we translate the axes to transform 

(1 - <P)x 2 + y* - 2px + p 2 = into (1 - &)x'* + y 2 - 2e?p - e'V = 0? 

4. Simplify tin 1 secyr-d equation in problem J). 

5. Derive from a iigurn the equal ions for rotating the axes through + -■ 
and < and verify by substitution in (II), p. 162. 

6. Prove that every equation of the first degree may he transformed into 
?/' = by moving the axes. In ho'.v many '.sbvs is this po.-siblo '■' 

1. The equation for rotating the [solar axis through an airgle # is 
9 = 8- + 0. 

8. The equations of transformation from rectangular to polar coordi- 
nates, when I lie pole is the point, (ft, .(■) and the polar axis makes an angle of 
<p with the .X-axis, are 

■x = h + pc.as(g + 0), 
y = k + psia{8 + <p). 
B. The equations of transformation from rectangular coordinates to 
oblique coordinates air- 

if the- .Y-a-xua coincide and the au^le- between OX' and 03*' is w . 

10, The equations of transformation from one set of oblique axes to any 
Other set with the same origin are 

iin(.-«) , , >»(.-») 



where « is the angle between OX anil Oi", o is the ansle from OX ti 
and f is the angle from OX to 01". 
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CHAPTER VIII 

CONIC SECTIONS AND EQUATIONS OF THE SECOND DEGREE 

72. Equation in polar coordinates. The locus of a point P is 
called a conic section* if the ratio of its distances from a fixed 
point F and a fixed line DD is constant. F is called the focus, 
DD the directrix, and the constant ratio the eccentricity. The 
Hue through the focus perpendicular to the directrix is called 
the principal axis. 

Theorem I. if tin: vole is the focus and. ihp, polar axis the princi- 
pal axis of a con'u: section, /hen Hit: polar ei/aation of the eonie is 



where, e is the eneentririltj and % 
to the f onus. 



Proof. Let P lie any point o 



e cos 9 ' 

% flu.', distance from the directrix 



Then, by t^ofinil ii.ni, 



From the figure, FP = p 
urd EP = HM — p + p cos 6. 

Substituting these values of FP and H 
IP, we have 
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From (I) we see that 

1. A conic is symmetrical with respect to the principal axis. 



lunges only t 



form of Olid uqwilinii. s 



2. In plotting, no values of 6 need be excluded. 
The other properties to be discussed (p. 1.51) show that three 
ases must be considered according as e=l. 
The parabola e = I . When 6 = 1, (I) becomes 



P = c/ The parabola 



i - cos e 

and the locus is called a parabola. 

1. For ^ = p==c, and for = 71 
therefore crosses the principal axis but once at the point 0, 
called the vertex, which is ~ to the left of the focus F, or mid- 
way between F and DD. 

2. p becomes infinite when the denominator, 1 — cos 6, vanishes. 
If 1 — eos & = 0, then cos 6 = 1; and hence 6 = is the only 
value less than 2 * for which p is infinite. 

3. When f) increases from to -^> 

then cos 6 decreases from 1 to 0, 
1 — cos 9 increases from to 1, 
p decreases from 00 to p, 
and the point P (p, 6) describes the parabola 
from infinity to B, 

When 6 increases from -^ to ir, 

9 decreases from to — 1, 
■eases from 1 to 2, 

i> decreases from -p to ~> 

and the point P(p, 6) describes the parabola from B to the 
vertex 0. 
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175 



On account of the symmetry with respect to the axis, when 

S ivxTeases from ir to -77-1 P(p. 6) describes the parabola from 

3tt 

to 5'; and when 6 increases from —^- to 2 it, from B' to infinity. 

When e < 1 the conic is called an ellipse, and when e > 1. 
an hyperbola. The points of similarity and difference in these 
curves are brought out by considering them simultaneously. 



1. I'Ol- I: 



1 - 



The hyperbola, e > 1. 
1. For 6 = p = -^— = - 



As e<1, the denominator, and hence As e>l, the denominator, and htuuc 
p. is positive, so tli Lit. wc obtain a pomi. <>, is initiative, so that wo obtain a 
A on the ellipse to tlio right of F. point A on the hyperbola to the left 

of F. 




positive, and hence we obtain a point posii.ivo, and hence »r obtain a see- 
A' to the left of F, ond point A' to the left of F. 



J and A' are called the vertices of A and 4' are called the 

the ellipse. the hyperbola. 
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The ellipse, e < 1. 

is mlii;ii.o if 



The hyperbola, e > 1. 
i becomes infinite if 



As «<1, then ->Ij ami hence 
then; arc iw values of 9 for which 
p becomes infinite. 

3. When 

then coa B decreases from 1 to 0, 

>s from — — to 

md /' (p, 9) describes i.Ue ellipse t't . 



[,o 1 ; 



As e>l, then -<1; and hence 
there arc l.mo values of B for which 
p becomes infinite. 

3. When 
increases from to ma~ l f-\ 

then cose decreases from 1 to -. 

1 — e cos 9 increases from 1 — e to ; 

hence p decreases from 



ii:i:f 



1-e 

and P(p, 9) describes the low 

of the left-hand branch from A to 

When 
8 increases from cos -1 ( - ) to — • 

then cos B decreases from - to 0, 
1 — e eos 8 increases from to I ; 

and P(p, <?) describes tin: upper part of 
the vight-hand branch from infinity 
toC. 



When 8 fnoreaaea from - to it, 


When 9 increases from — to tt. 


then cos 9 decreases from to — 1, 


then cos 9 ducrcftscs from to — 1, 


1 — e cos 9 increases from 1 to 1 -f e : 


1 — e cos 8 increases from 1 tol-fe; 


and P(p, B) describes the ellipse from 


hence p decreases from ep to — — , 
iind P(o, (?) describes the hyperbola 


to A'. 


from C to A'. 


The rest of the ellipse, A'G'A, 


The vest of the hyperbola, A'C 


may 1j(! obtained from the symmetry 


to infinity and infinity to A, may be 


with respect to the principal axis. 


obtained from the symmetry with 




respect to the principal axis. 


The ellipse is a closed cume. 


Tin- hyperbola bus ha./ injh'JU 




branches. 
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(a)/ 


'~1-C0SS 


0>)i 


2 


1 - J cos 8 


Wi 


8 




W>< 






CONIC SKCTIONS 

PROBLEMS 

aics. Fim 

W A = ; 
W p = ; 

(g) P = ; 



r: ami j>, and draw tin. 1 - 



(h) p = — 

_ ... w P 8 - 4 cos e 

2. Transform iln: equations in problem 1 into reel angular coordinates, 

simplify by the llulc im [>. l(i;">, and dismiss \hc. refilling equations, rind 
t.lic cooi'diuiites of tin:- focus and tin; equation of the directrix in the new 
variables. Plot tlio lotus of each equation, ita foi:vis, and directrix on the 



[») »■ = 


4*. (1,0),* = 


i-i. 




o»|-t 


•? = ' 


■(4 


.). 


■ 


"5- 


> 


'■("■ 


.)., 




(4) »" - 


5a, (i 


, »), ■ -- 


— * 




»fr 


.«! = , 

» 


■ (-.■ 


„), 


« 


<«§ 




-•("■ 


»), 


.: 


»~- 


■T = ! 


■(-;■ 


.). 


. 


WtS 


^ 


->■("•: 


I' 



3, Transform (I) into rectangular coordinates, simplify, and find the coor- 
dinates of the focus and the equation of the directrix in the now rectangular 

coi'irdin al.es if (a) e -■■ 1, (b) e^l . 



Am. 



(a) J^Sjffl, (|. 0), 



(b)- 



.-*f l 



jC_=i, (-A i0 ), 
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4. Derive llie equation of a coni 
left of the directrix ; (b) the polar ai 

Ans. (a) p = e l__. (b) P = r _^ s . n -^ 

Find e and p, arid draw the 

W ' = r+^n' (c)p = nTTo- C osT 

73. Transformation to rectangular coordinates. 

Theorem II. Tf ilia origin is the. focus and the X-axis the princi- 
pal axis of a, conic, si-i'/i'ii/. .'/,,'■.■; its >:■■/ nation is 
(II) (1 - e') x' + ,f - 2 «> - «y = 0, 

where e -is the eeceiitriciiij and x = — p is the equation of the 
directrix. 

Proof. Clearing fractions in (I), p. 173, we obtain 

p — ep cos 8 = ep. 

Set p=± y/x 1 + y 2 and p cos $ = x (p. 155). This gives 

i Va; 1 + 2/ 2 — ex — ep, 

Squaring and collecting like- powers of j; and ?/, we have the 
required equation. Since the directrix DTJ (Fig., p. 173) lies p 
units to the loft of F its equation is x = — p. <).e.i>. 

74. Simplification and discussion of the equation in rectangu- 
lar coordinates. The parabola,*? — 1. 

When e = 1, (II) becomes 

y" — Ipx — p 2 = 0. 
Applying the Rule on p. 165, we substitute 

(1) x = x' + A, y = y< + k, 
obtaining 

(2) y« - 2 px ' + 2ky' + k 1 - 2^7t - p a = 0. 



,GoosIe 



UO.NIC SIXTICLXS 



Set the coefficient of «/' and the constant term equal to zero 
and solve for h and k. This gives 



(3) ''=-%■ '< = »• 

Substituting these values in 12) and dropping primes, the equa- 
tion of the parahula becomes if = 2px. 

From (3) we see tluit the origin has been 
removed from F to 0, the vertex of the l 
parabola. It is easily seen that the new ( 

coordinates of the focus are (~, 0), and A' 
the new equation of the directrix 
x = — |j. Hence 

Theorem III. If the origin is the vertex a,nd the X-i 
of a -parabola, then its aquation- is 
(III) y* = 2px. 




n, 



focus is the point I -.-, 0], and the equation of the directrix 



A general discussion of (TTT) gives ns tbu following properties of the 
parabola in addition to those already obtained 
(p. 174). 

1. It passes through the origin but does not cut 
the axes elsewhere. 

2. Values of a: having the sign opposite to that 
| dp are to be excluded (Rule, p. 73). Henee the 

curve lies to the right of TY' when p is positive and 
to the left when p is negative. 

3. No values of y are to be excluded ; hence the 
curve extends indefinitely up and down. 



Theorem IV. If the origin is the vertex a 
of a parabola, then its equation is 

(IV) afl = Spy. 



i Y-axis the a 
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The focus is the point, [ 0, — \ , and the equation- of the directrix 



Proof. Transform (Til) by rotating l.ho 
axes through — -;y Equations (II), p. 162, 




7 


V-f 


Ii 


.0 


X' s"o 
/ Y 





>J=-X. 

Substituting in (III) and dropping primes, 

After Totaling tins axes the whole (igur 
turned through in 1.1m positive dLivciiori. 
The parabola, lies ohor,t; or below the .T- 
;it : f online its jv Is jujnilice ur -ntijidica. 

Equations (III) and (IV) are ca] 
the typical form* of the equation of 
parabola. 

Equations of the forms 

Ax 2 + Ey = and Cif + Dx = 0, 
where A, E, C, and D are different from zero, may. by transpo- 
sition and division, be written in one 
"3 of the typical forms (III) or (IV), 
^ so that in each case the locus is a 
- parabola. 



Solution. The given equation may be 
«?■ = - iy. 

Comparing with (IV), the hlf.'iis V-. ^ceii In be a. ]!ar;:bnia for which p = — 2, 
Its focus is therefore the point (0, — 1) and its directrix the line y — 1. 

Ex 2. Find the equation of (.lie parabola whoso vertex is the point 0' 
(3, -2) and whose directrix is parallel to the Y-axis, if p = 3. 
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Solution. Referred to O'X' and 0'F / a 
is (Theorem III) 

(4) y'* = 6x: 
The equation for translating the axes from 

Oto 0' are (Theorem I, p. 1(50) 

a; = »' + 3, y = y' -2, 
whence 

(5) x' = x-S,y' = y + 2. 
Substituting in (4), we obtain as the re- 
quired equation 

fo + 2)= = 6<x-S), 
or yZ-6x + 4j, + 22 = 0. 

Referred to O'X' and O'Y', the coordinates 
of F are (Theorem III) (\, 0) and the equa- 
tion of DD is «' = — |. By (6) we see that, 
referred to OX and OF, the coordinates of i*' 
of DD is x = |. 

PROBLEMS 

1, Plot the locus of the following eiraution 
trix in each ease. 

(a) y"- = ix. 

(b) y= + 4i = 0. 

(c) *2-8y = 0. 

2, If the directrix is parallel 
parabola for which 

(a) p = 6, if the vertex is (3, 4). 

(b) p = - 4, if the vertex is (2, 

(c) p = 8, if the vertex is (-5, 7). 

(d) p = 4, if the vertex is (ft, 1). 

3, The chord through the focus perpendicular to 
rectum. Find the length of the lutus rectum of y- 



ea, the equation of the parabola 



T. , j ir* [ I | 



llruw the focus and direo- 

(d) y*-fSz = 0. 

(e) a? + 10y = 0. 

(f) *> + »=.& 
the F-axis, find the equation of the 



-3). 



Arts, {y - 4>» = 12 (a - 3). 
4ns. (y + S)* = -8(«-2). 
4ns. (y-7)* = 18(» + 6). 
4ns- (i/-7c) a = 8 (.?-/<). 

called the latus 
An*. 2p. 

4. What is the equation o: :he parabola wh'ise axis is parallel to the axis 
of y and whose vertex ia the point [a, 0)? Ann. [a — a) 2 = 2p(y — 0). 

5. Transform to polar coord mates a:ul discuss the resulting equations 
{a)y* = 2px, (b)x»-2py. 

6. Prove that the abscissas of I wo points on the parabola (III) are propor- 
tional to the squares of the ordinate!! of 11 Lose points. 
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75. Simplification and discussion of the equation in rectan- 
gular coordinates. Central conies, e%l. When e-31, equation 
(II), p. 178, is 

(1 _ e =) ^ + yi _ 2 eV - e y = 0. 

To simplify (Rule, p. 165), set 

(1) x = x' + ) hV = y' + k, 

which gives 



(2) (1 -„>'■ + s,» + 24(1 - 

-2,'p 



,")|s' + 2i 



Ki-O* 1 

hi' 

-2t'ph 



Setting the coefficients of a;' and ?/' equal to zero gives 

27 t (l-<i 2 )-2eV = 0, 2A = 0, 
whence 

(3) * = -T?V k=0 ' 

Substituting in (2) and dropping primes, we obtain 



- = 1. 



(1 - «=)' 



fine when e <1. Hence the new ori- (iwe when e > 1. Hence the n 



n lies to the Wj/ftt of (.lie focus J'', 



O lies to the (e/i of the focus F. 

Further, > 1 numerically, so 

h > p numerieiUly ; and hence the 
new origin lies to the left of the 

directrix Dli. 
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The locus of (4) is symmetrical with respect to YY' (Theorem 
V, p. 73). Hence is the middle point of AA'. Construct in 



D 


P^- 


B P' 


d' 


.\ 


Y 


T?^ 


* 



either figure F' and D'D' symmetrical, respectively to F and DD 
with respect to YY'. Then F 1 and D'D' are a new focus and 
directrix. 

For let P and P' lit two points on the curve, synnntLricii] with respect to IT'. 
Then Irom the symmetry PF — P'F and PE=P'E'. But since, by ddinition, 
Pf P' A v 

—-■■ ■ <-., then - -- = c. Htntf- Hit siime. conic is trnoi'd by P' , using i'" us focus 

and D'D' as directrix, sis i.< trimo-il l>y 7', usi'i:;; A' as icons and l)D as directrix. 

Since the locus of (-.t) is symmetrical with respect to the origin 
(Theorem V, p. 73), it is called a central conic, and the center of 

symmetry is culled the center. Hence a central conic has two foci 
and two directrices. 

The coordinates of the focus F in either figure are 



illMtcS Of /'' M 

■/' = - ft, or, 



e (0, 0). Substituting in (1), the n 



The coordinates of F' are therefore I _v I- 
The new equation of the directrix DD is x = — t— 
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Foe from (1) and (8), « = a' + j3^' y = y'- Substituting m x = -p 
(Theorem IT) iuid dropping primes, we oil tain !E = — £■- ■ 

Hence the equation of D'D' is x = _ a - 

We thus have the 

Lemma. TAe equation of a central conic whose center is the origin 
and whose principal axis is the X-axis is 

( ) «y _«y_ 

7te foci are, the points I ± t j> 1 

and its directrices are the, lines x = i * — ~' 

The eUipae, e <1. ZVie hyperbola, e > 1. 

(6 ) „ = JL, ,. = £, „ = _^L. fLjJ_,s, = _ **, e= __fiL. 

«» and 6' are Hie denominators in <4) n= and -A» aie the denominators in (i) 

imii e is tiifi iihseiasa, of ryne. focus. Sinci.' and <r is the illiscissil 01 one focus Sim:e 
e<l, 1-cs is positive; and hence a, I/', e >1, l-c- in negative; ;vml hene.en, <■=, and 



\Vy lii'LVe i 


A once 


tf- 


-6 s : 


= (1 " <V 



Dunce l.lif (iiri:-r. , trii.:es (i.emniii.) nr 
the lines » = ± — ■ 






(1-^ 



rt a _ e'p 2 e 2 p _ J) 

Hence the directrices (Lemma) a: 
the lints a: =± — ■ 
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The dUpst, t 
The intercepts are 



The hyperbola, e > 1. 

Thn inteivepts are :r, = ± a, but the 
hyperbola does not cut the F-axis. 



') the minor AA' — 2 a i, 



axis. Since a?~W = c 2 is positive, 
then a > b, and the major axis is 
greater than the 



; and BB' — 2b the conjugate 




Theorem V. The equation of an 
ellipse whose center is the origin and 
whose foci are on the X-axis is 



Theorem VI. The equation of an 
kyperhoht. wIi/i/ik center is the origin 
and vfi, one. foci are on the A'-axis is 



■ a is the major axis and ?. b the 
xis. If <i a = a 2 — b 2 , then the 
e (± c, 0) and the directrices 



Equations (5). also enable us to 
express e and p, the constants of (I), 
p. 173, in terms of a, 6, and c, the 

constants of (V). For 






r is ami ,'b 
t.hi'. coiijui/aie axis. If c 2 = a 2 + b 2 , 
then the foci are (±c, 0) and the 

'.■■■.'■ .■■.■■■■■■■* are X — ± — 

Equations (0) also enable us to 
express e and p, tin; constants of (1), 
p. 173, in terms of a, b, and c, the 
constants of (VI). For 
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The ellipse, e<l, 

In the flguto OB = b, OF-c; 

and since c 2 = a 2 - o 2 , then BF~ = a. 

Hence to draie tfie foci, with B as a 
center and radius OA, describe arcs 
cutting XX' at F and P'. Then F 
and F" are the foci. 

I£ a = b, then (V) becomes 

X* + J/S = ft 2 . 

wlioiti lor.us is a circle. 

Trcnsj'onu (V) ">y vokul'ig the 
axes through an angle of — - (Theo- 
rem II, p. 162). We obtain 

Theorem VII. The equation of an 
ellipse ■itfwsi- eenter in the, origin, and 
whose foci are on the Y-axis is 







r 








If 


/ 


/ 


F' 


.0'" 




X' /-l 


b 





F 


J 





The hyperbola, e>l. 

In the figure OB = 6, OA' - a ; 

and since c 2 = a% + ft 2 , then. BA' = c. 

Hence to drttiv the foci, with O as a 
center and radius HA.', describe arcs 
cutting XX' at F and $". Then F 
and F' are the foci. 

If a = b, then (VI) becomes 
»' - z/ 2 = a 2 , 
whose locus is called an equilateral 
hyperbola. 

Transform (VI) by rotating tbe 
e,x(:x through an angle of (Theo- 
rem II, p. 162). We obtain 

Theorem VIII. The equation of an 
hyperbola whose center -is the oriijin 
und whose foci are on the Y-a.tis is 

Vl-1 



(VIII) - — + It- _ 
1 ' i» 2 T a 2 



X' I! b 21' i 

3 1 --^L ^ 7 " 



'('.■/jtrc ^h is iAr ir;u>r axis <ijji J ft <s w.v/.cjy *'«■ is (lie Ira nsverse n.,ti s and .'ft 

the miner axis. If c* 2 = a 2 — ft 2 , the is the conjugate axU. Ifc 3 = a 2 + IP. 

foci are (0, ± c) and the directrieex the fie' are(0, j_ c) and thedi 

are the lines y = ± — ■ are the lines y = ± — ■ 
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1*7 



The ellipse, e<l. The hyperbola, s >1. 

The essential difference between The essentia', difference between 

(V) and (VII) is that in (V) the de- (VI) and (VIII) is that the coeffi- 

noniiiiiinn' of x 2 is larger than that cicni of y 1 is negative hi (VI). while 

of y", while in (VII) the denmiiina.ior in (VTIT) the coefficient of .:■- is ucga- 

of v 2 i s the larger. (V) and (VII) tiye. (VI) and (VIII) are called the 

are called the typical forms of the typical for-m of tin: equation of an 

equation of an ellipse. hyperbola. 

An equation of the form 

Ax 2 + cy + F = o, 

where A, C, and F are all different from zero, may always Ix: 
written in the form 



The locus of this equation will be 

1. An ellipse if a and (S are both positive, a* will be equal to 
the larger denominator and b 2 to the smaller. 

2. An hyperbola if a and ji have, opposite signs. <t 2 will be 
equal to the positive denominator and b 2 to the negative denomi- 
nator. 

3. If a. and j3 are both negative, (11) will have no locus. 

Ex. 1. Find the axes, foci, directrices, and 
eccentricity of the ellipse -1 7? + y 2 = 16. 
Solution. Dividing by 16, we obtain 

? + ^ = l. 
i 18 

The second der.oinina'.o:' is the larger. By 
comparison with (VII), 

IP = 4, a? = 1(1, c 2 = 16 - 4 - 12. 
Hence b = 2, o = 4, c=Vi2. 



only is 



Jallypi 



// ■ ~ D 

I y; i£_ 

X' O x 

Jilt 
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Hence the major axis A A' = 8, the minor axis BB' = 4, the foci F and F 
re the points (0, ± Vi2), and the equations oi the directrices D.D and US' 

re y = ± - = ± —= = ± - Via. 
o Vl2 ^_ 

From (7) and (9), e = — — and p = —_, = - Vl2. 



PROBLEMS 
1. Plot the loci, direct new, and foci of (.he follovrin;: equations and find 

(a) a» + 9»« = 81. (el 9^-4^ = 36. 

(b) 9 a? - 16 J/ 2 = 144. (f) » a - !/ a = 25. 

(c) 16x 3 + ;/ 3 = 25. <g) 4s 3 + 7^ = 13. 

(d) 4 x* + 9 & = 30. (h) 5 1 2 - 3 jf 3 = 14. 

3. Find the equation of the ellipse whose center is the origin and whose 
foci are on the A'-axis if 

(a) a = 5, & = 3. -d«a. 9a 3 + 25^ = 225. 

(b) a = 6, e = J. 4ns. 32^ + 30?^ = 1162. 

(c) & = 4, c = 8. jIm. 16i 3 + 25j( s = 4O0. 
(d)c = 8, e = j, 4ns. 5a; a + 9j/ 3 = 720 

3. Find the equation of the hyperbola wii.ise center is the origin and 
whose foci are on the X-axis if 

(a)« = 8, 6 = 5. Aw. 25e 2 ~ 0y*= 225. 

(b) a = 4, c = 5. -Ins. 9 x* - 16 y* = 1.44. 

(c)e = J, a=6. -4ms. 5x 2 -4j( 2 = 125. 

(d) c = 8, e = 4. A.-M. 1oj: 2 -!/ 2 = 60. 

4. Show that the latus rectum (chord (hrou.sli Urn focus perpendicular to 
the principal axis) of (he ellipse ami hyperbola is 

6. What is the eceeiuricity of an equilateral hyperbola ? -4ns, V2, 

6. Transform (V) and (VI) to polar coiirdhiales and discuss the resulting 
(■'iua:i'!iis. 

7. Where are the foci and directrices of the circle ? 

8. What are the equations of the ellipse and hyperhoia whose centers 
are the point (a, J3) and wlio.se principal nxes are parallel to the A-axis? 

. (s - «) 3 _ (y-fl 3 _ , 
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76. Conjugate hyperbolas and asymptotes. Two hyperbolas 
are called conjugate hyperbolas if the transverse and conjugate 
axes of one are respectively the conjugate and transverse axes of 
the other. They will have the same center and their principal 
axes (p. 173) will be perpendicular. 

If the equation of an hyperbola is given in typical form, then 
Hit equation -if the eortjwjv.te h i/pevboln is found by changing the 
signs of the aiejfcion/s- 'if x- and if in fh.ti given equation. 

For if one equation lie written in the form (VI) ami the other in the form (VIII). 
tlH-n iliii jjosilivc dcminiiiialor nl cil]ie.r is mnnerii'ally the -ami; a* Hie ni.:!;ativ(! 
. L . ■ i i . ■ : 1 1 L i i : 1 1 i.j j ■ oJ tin: other. I leinj'.'- tltc trans Vi.irsi- mis ol' either is I tie foujn^atu 
axis of tlie other. 

Thus the loci of the equations 

(1) 16a0-yS=16 and -16oS + !/ 2 = 16 
are conjugate hyiHirholas. They may he written 

Tho foei of the first are on tie A'-axis, those of the second on the F-axis. The 

transverse axis of llii! first ami llie coiijn^ate ;tsi.s of the second are equal in '>, 
while tin.: eonjnyar.e mis of tint first ami tlie transverse avis ui via; seeond are 

The foci of two conjugate hyperbolas are equally distant from 

the origin. 

For e a (Theorems VI and VIII) equals tlie sum of the squares of the somi- 

l.onsvcrse anil srnii-rim ju.eate axes, and llial sum is l.hc same tor I'.vo conju^ati' 
hyperbolas. 

Thus in the first of (.he hyperbolas above & = 1 -\- 10, while in the second 
<? = W + 1. 

If in one of the typical forms of the equation ol' an hyperbola 
we replace the constant term by zero, then the locus of the new 
equation is a pair of lines (Theorem, p. GG) which are called the 
asymptotes of the hyperbola. 

Thus the asymptotes of the hyperbola 

(2) jv - «y = an? 

are the lines 

(3) bV - ay = 0, 

(4) bx + ay = and bx — ay = 0. 
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Both of these line? jiass lln-au^li tiio origin, ir.nl 1 ]ii:ir slopts are respectively 
(0) -|and-- 

An important property of the asymptotes is given by 

Theorem IX. The bva.nch.es of the hyperbola approach its asymp- 
totes as they recede to infinity. 

Proof. Let Pj (a^, y,) be a point on either "branch of (2) near 
the first of the asymptotes (4). The distance from this line to 
P 1 (Fig., p. 191) is (Rule, p. 106) 

(6) 



d _ vXi + ayt 



Since P : lies on (2), bh-,^ — ofy^ — a 2 b 2 . 

a.% 1 
Factoring, bx Y + ay-, = t 

Substituting in (6), d = 



+ Vb 2 + a^(l>x 1 -ay 1 ) 

As Pi recedes to infinity, x L and y y become infinite and d 
approaches zero. 

For Jasi and ayj cminul caned, siru-e ;r l ami y- ii;:w opposite si^ns. in the second 
and imulh quadrants. 

Hence the curve approaches closer and closer to its asymptotes. 

Two conjugate hyperbolas have the same asymptotes. 



For if we replace the cons".aot term in lnn.li equal iovis by /.ero, tile resulting 
i:qii:LtiiMis ditlVr only iti form ami Iutuu !iiU'« ton ssijiio loci. 

Thu.stJje a syjj ipti ill's o.t liiijco!ijiu.'ai(.i hyperbolas {1} ;;ro respectively the loci o£ 
16 -J? - j/ 2 = and —16^ + ^ = 0, 
\tliidi arc Die same. 

An hyperbola may be drawn with fair accuracy by the fol- 
lowing 

Construction. Lay off OA = OA' ■= a on the axis on which the 
foci lie, and OB = OB' = b on the other axis. Draw lines through 
A, A', B, B' parallel to the axes, forming a rectangle.* Draw the 

* An ellipse may be drawn Willi lair acctirno-y by iiise-ribimr it in such a rectangle. 
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:ii cm n Bins bed circle. 
f. 




diagonals of the rectangle and the 
the branches of the 
hyperbola tangent to 
the sides of the rec- 
tangle at A and A' 
mid approa (.li ins; nearer 
and nearer to the di- 
agonals. The conju- 
gate hyperbola may 
be drawn tangent to 
the sides of the rec- 
tangle at B and E' 

and approaching the diagonals. The foci of both a 
in which the circle cuts the axes. 

The diagonals will be the asymptotes, hncjinse two of the vertices of the ree- 

lanLrki ( :■ a, dr. b) will lie on oaori ns,vit;plo;c (4). Half l-n; il:;oj.oil:i1 will <m\u:i.'. c, 
tin! disiiiiiCfi Iron; tin' origin l.o tlio lur-i, lircmise c£ = a a + & a . 

T7. The equilateral hyperbola referred to its asymptotes. The equation 
ol l.lu's nqunateraj hyperbola (p. 180) is 
(I) *-* = *. 

Its asymptotes are the lines 

x — y = and % + y = 0. 
These lines are perpendicular ( Corollary III, p. 87). and hence they may 

ho nsfr! iiH ooHriliiiHHi axes. 



■■ the points 



Theorem X. The cmtutlr. 




l of an equilateral hyperbola rtfcrml to its asymp- 
totes is 
(X) '2a: V = w* 

Proof. The axes unisL be rotated through 

to coincide with the asymptotes. 

Hence we substitute (Theorem II, p. 162) 

x = <* + y' i y= - x ' + v' 

infl). This gives 



Or, reducing and dropping primes, 
2xy = 
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78. Focal property of central conks. A line joining a point on 
a conic to a focus is called a focal radius. Two focal radii, one to 

t!K;li focus, nm.y evidently U> dm.wti [.'row. ii.ny point on a central 
conic. 

Theorem XI. The mm of the focal Theorem XII. The difference of the 

radii from any point an cm ellipse in focal rttrlU from any point on an 
equal to the major axis % a. hyperbola U equal, to the transverse 



11 


T 






L 


n 


/>- 




X 




X' 
D 


r 






L 



I'rnof. Lei, /' be any point on tl:o 
ellipse. By definition (p. 1T3), 
r = e-PE, f = e ■ PE'. 
Hence r+i' = e (PE + PE r ) 

= e ■ HIP. 
From (7), p. 185, e = e -, 

n,nd from the equations of the direc- 
trices {Theorem V), 

HH' = 2-- 




Proof. Let P be any point oi 

hyperbola. Jiy definition (p. 1.73), 



From (8), p. 185, e = -, 
and from the equations of the din 
trices (Theorem VI), 



Q.E.D. Q.K.J). 

79, Mechanical construct ion of conies. Theorems XI and XII afford simple 
moiliodsolidra-wiii^dliriKoa anil hyperbolas. Place two tacks in tin? drawing 
board at the fend F and F' and wind a slnni: abort; t.liem an indicated. 

If the string be held fast at A, and a pencil be placed in the loop FPF' 
and be moved so :u> to keep the string taut, then PF + PF' is consla.nl, and 
/' describes an ellipse. I; Hie major axis is to be ■> it, then the ienaxh of (lie 
loop PPF'mustbe2a. 
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If the pencil be tied to tint string ;i.i. /', anil both .strings be pulled in or 
let out at A at the same time, then PF' — PF will be constant and P will 

describe an hyperbola. If the transverse axis is to In; 2 a, the strings must 
j;e aJiusii'd til. the scarf so (hat tin.' diliereiMe between PF' :i :iel W equals 2 «.. 




To describe a parabola, place a right triangle with one leg EB on the 
directrix 1)1). Fusion one cud of a string « hose "it:iig;lt is .-1 E a! the focus 
J' 7 , and the oilier end to the triangle at A. With a pencil at 1' keep the 
string taut. Then Z*F = PE ; and as the triangle is moved along T>!) the 
point P will describe a parabola. 



1. Find the equations of tin; asymptotes and hyperbolas conjugate to the 
following hyperbolas, and plot. 

(a) ixz -y 2 = 36. (c) 16xa _ ,ji + 64 - o, 

(b) 9s2_25t/2 = 100. <d> 8^-16^ + 25 = 0. 

2. Prove Theorem IX fur the asymptote which passes through the first 
and third quadrants. 

3. If e and e" are the eccentricities of two conjugate hyperbolas, then 

^- 

4. The distance from an asymptote of an hyperbola to its foci is numer- 
ically enaal to b. 

5. The distance from a line through a focus of an hyperbola, perpen- 
dicular In an asymptote, to the comet is numerieally equal to a. 

6. The product of the distances from the asymptotes to any point on the 
hyperbola is constant. 

T. The focal radius of a point Pi(;r : , ■</,) on the parabola y^ = 2px is 

!+*<■ 
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Vi) on the ellipse b*x* + «V= aW 

9. The focal radii of a point on the hyperbola W - aV = a 3 6 a are 
r = exx — a and r* = ati 4- a when Pi is on the right-hand branch, or 

r = — «Ei — a and r' = — Mi + o when Pj is on the left-hand branch. 

10. The distance from a poin; or. an eqiiiUsli nil hypj^bola to the center 
is a mean nriinortiiina] hciv-veii the foi-a! nidii of the point, 

11. The eccentricity of ;ui hyperbola equals ihe secant of the inclination 
of one asymptote. 

80. Types of loci of equations of the second degree. All of 
tlie equations of the conic sections that we have considered are 
of the second degree. Ti' the axes he moved in. any manner, the 
equation will still be of the second degree (Theorem IV, p. 1G4), 
although its To I'm may be altered considerably. We have nowto 
consider the different possible forms of loci of equations of the 
second degree. 

By Theorem VI, p. 169, the terra in xy may be removed by 
rotating the axes. Hence we only need to consider an equation 
of the form 

(1) Ax 2 + Cf + Dx + Ey + F=0. 

It is necessary l.o distinguish two cases. 
Case I. Neither A nor C is zero. 
Case II. Either A or C is zero. 

A and C cannot both be zero, as then (]) would not be of the second degree. 

Cam I 

When neither .A nor C is zero, then A = B 2 — &AC is not zero, 
and hence (Theorem VII, p. 170) we can remove the terms in 

x and y bv translating the axes. Then (1) becomes (Corollary i. 
p. 171) 

(2) Ax' 3 + C.y a + F> = 0. 

We distinguish two types of loci according as A and C have the 
same or different signs. 
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Elliptic type, A and C have the Hyperbolic type, A and C have dif- 

same sign. ferent signs. 

1. F' / 0. s Then (2) may lie 1, F' & 0.* Then (2) may be 

written - + - = 1 written - + v - = 1, 

F' J" f F' 

wkore a = -— , £ = -— ■ where a = -—, p = -— . 

Hence, if the sign of F' is different Honce the locus is an hyper'xila whose 

from thai of A and C, the locus is an foci are on the F-axis if the s^us of 

ellipse; but if the sign of -F" is the F' and A are ike same, or on the 

same as that of A and 0, there is no X-axis if the signs of F' and are 

locus. the same. 

2. F' = 0. The locus is a point. 2. F' = 0. The locus is a pair of 
It may he regarded as an ellipse ■hdc.rsc.cting lines. It may he rr-ganlcrt 
whose axes are zero and it is called a» a:i hyperbola, whose ax.es. are zero 
a degenerate ellipse. and it i« called a degenerate hyperbola. 

Coto IT 
When either A or C is zero the locus is said to belong to the 
parabolic type. We can always suppose A = and C =£ 0, so that 
(1) becomes 

(3) C-f + Dx + % + J'' = 0. 

For if A /0andC=0, (1) becomes A& + Dx + My + F=0. Rotate the axes 
(Theorem II, p. 1(H) th rough , } - by setting x-- — y\y = x'. This equation becomes 
Ay"* + Ei' - Dy* + F =r. 0, which is of the form (3). 

By translating the axes (,'!) may ]x; rtx! ito.ed to one of the forms 

(4) C-/ 2 + Dx = or 

(5) <y + F' = 0. 

For substitute in (3), as = a' + A, y — y' + k. 

This gives 



+ E* 
+ -P I 

Til we determine ft and k from 

2 Cfc + E = 0, C# + -Dft + Eft + F = 0, 

then (fi) wnlnees fo 'A). Hut il W — 0, wo camel solve the last equation for ft. so 

thai we umirj. always remove I he n install I lei'iu. Tn 111 Is (in so (ii) roiieees to (a). 

• Road " /"not eyua.1 to zero " or •'¥' different from zero." 
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Computing (I) with (111), p. .170. l.he locus is seeu to be &parab- 
olo,. The locus ol (;">) i* the pair t> t jra,ml?el hues y — ± V f — ~ 
when F' and C have diifevent signs, or tlie swr//c &ne y = 
when i<" = 0. If F' and C have the sumt sign, there is ho Zocms. 
When the louus of an equation of the second degree is a pair of 
parallel lines or a single line it is called a degenerate parabola. 
We have thus proved 

Theorem XIII. The locus of an equation of the second degree is 
a conk, a point, or a pair of straight, lines, v:h ich may ha coincident. 
Tii/ movin'i the ar.es its equation, mar/ be reduced to one of the three 
forms 

Ax 1 + Cy* + F* = 0, Cy* + Dx = 0, Cif + F* = 0, 
where A, C, and II are different from zero. 

Corollary. The locus of an equation in irlrieh the term in xy is 
lacking, Aa? + Cyi + Dx + Ey + F = , 

will hefong to 

the parabolic l//pe -if A =0 or C = 0, 

the elliptie type if A and (' hare the same siy/i, 

the. h yperholie. type if A and I.' ham', different signs, 

PROBLEMS 

1. To whut [loinl l.i tho origin ivsuvprl ti> tr:inyfor:n (1) into (2) ? 

V 2 A 2C/ 

2. To wliat point is the origiti niorri.l lo transform 13} into (4)? into (5)? 

/E*-iCF E \ /„ E \ 

3. Simplify jlit; 2 + Ite + ^/ + P = 0by translating the axes (a) if E jt 0, 

(b) if A' ;= 0, and liud tins point, us whieh llie origin is moved. 

■4ns. (a) A& + £y = 0, (-g^ 1 4/1E j ; 



0M* + *' = (!, (-£•<>)■ 
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4. To what types do the loci of the following cquaLum luilimg? 

(a) 4^ + ^-183 + 7^-1 = 0. (e) x* + ltf-&it + l = 0, 

(b) y* + ax-4y + Q = 0. (I) a? + y* -6aj + By = 0. 

(c) 221 a 2 - 44 yS + 68 £ - 4 = 0. (g) 3 '£>■ - 4 y 2 - 6 y + 9 = 0. 

(d) iiS + 4y-8 = 0. (h) a? - 8a> + 9? -II =0. 

(i) The equations in problem 1, p. 172, which do not contain the sj-term. 

81. Construction of the locus of an equation of the second 
degree. To remove; the .('//-term from 

(1) Ax* + Bxy + Cif + Dx + Ey + F=Q 

it is necessary to roi.;rte the axes through an angle $ sueh that 
(Theorem VI, p. 169) 

(2) tan 2 = ^ , 

while in the formulas for rotating tin; axes [(H), p. 162] we need 
sin and cos 6. By 1 and 3, p. 19, we have 

(3) cos 2 $ = ± , 1 

w Vl + tan a 2 6 

From (2) we can choose 2 in the first or second quadrant so 
the sign in (3) must be the same as in (2). $ will then be acute; 
and from 15, p. 20, we have 



/l- cos 20 D ,/l 



(4) ; 

In simp] if ym^: a numerical eqanlion of the form (1) the com- 
putation is simplified, if A = B a — iAC ^ 0, by first removing 
the terms in x and // (Theorem VJ I , p. 170) and then the ^//-term. 

Hence we have the 

Rule to construe/ the locus of a Tunner'rul equation of the second 
degree. 

First step. Compute A — E* — J. AC. 
Second ts/ep. Simplify the equation hi; 

(a) translating and /hen minting /he fixes i/'A^= 0; 
(6) rotating and then translating the axes if A = 0. 
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Third step. Deter mini.', the nature of the loous by inspection of 
the equation (§ 80, p. 194). 

Fourth sieji. l'Sot oil of the ,i;re.s vsv.l orul the, loans. 

In the second stop tke equations for rotating the axes are 
found from equations (2), (3), (4), and (II), p. 162. But if the 
x;/-w.nv is ladling, it i^ not necessary to rotate the axes. The 
equations for translating the axes are found by the Rule on 
p. 165. 

Ex. 1. Construct and discuss the locus of 

Solution. First stop. Here A = 4 3 -4.1-4 = 0. 

Second step. Hence we rotate the fixes tl-Teui'ti an angle 9 such that, 
by (2), 



Then by (3), 


00829 = -*, 


;n:d by (i). 


2 , „ 1 
sinfl= — - and cos B = —-. 

Vb V5 


Tlie equations for r 


otating the axes [(II), p. 162] 


(1) 


_x'-2y' _2x.' + y' 
Vs V5 


Substituting in the 


given equation,* we obtain 




VE 


It is not necessary t 


o translate the axes. 


Third step. This i.:<] nation may be written 




-2 6 ' 


Hence the locus is 


.1 parabola for which p — — : 


the Y'-axis. 



:. and whose focus if 



a In Chapter XII thut when A- (I the loei'.E is alwiLys of the pambolic 
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Fourth step. The 
and directrix. 

Ill tlit- -lew t'.i>;'inl!ii;iK:H tlio focus 



e point ( 0, — ■ — ] and. the direc- 

V 2V5/ 
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i shows both Beta of axes,* the parabola, its focus 
_ 




IV, p. 179). The old coordinates of 
the focus may be found by substi- 
tuting the new coordinates for af 

and y' in (1), and the equation of 

the directrix in the old f-ourdinates 
may be found by solving (1) for 1/ 
and substituting in the equation given above. 

Ex. 2. Construct the locus of 

5& + Qzy + 5y* + '22x -Oy + 21 = 0. 

Solution. First step. A = 6 a -4-5-6?; 0. 

Second Step. Heriftr: we r.rjuishle I hi: ;ixi:s first. It is found thi 
tioiiri for translating the asc-s are 

and that the transformed equation is 

ox"* + 8x'y'+vyi = 32. 
From (2) it is seen that the axes must, he rotated through — . 



V2 V2 



y \\ 


\ / 




v,z£ - 


{ v 


^K 




5> 7 v -> 




7\ \ "S> 




v ^ t 




=._st » 


- J 


- W 



and the final equation 



Third ■■.a-:: '[".11 H:ni]ilii'i,.'.d cqua 



Hence the locus is an ellipse whoso major 1 

anil whose foci are on the I'"-axis. 

Fourth step. The figure shows the. three m 

"The inclination of OX' tee, find hence Its- Elope. 

this cxamiilo mn d-*'""- -^=-=--^ = 2. and the . 

OM • V5 V5 
method given in the lootiiote, p. 35. 
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PROBLEMS 



1. Simplify the following equations and construe: their loci, foci, and 
directrices. 

fa) Sb" - Axy + 8s - 1 = 0. Ana. ar"= -iy"* + 1 = 0. 

(b) i&+4xy + yi + 8x-lQy = Q. Ana. 5a^- 8 Vby' = 0. 
(o) 41»»-24a!2/ + 343^ + 25 = 0. .Ira. a" 1 + 2j/' a + 1 = 0. 

(d) 17a 2 - 12 s? + By» - 68k + 24? - 12 = 0. 

Ana. x" 1 +4y"«-18 =0. 

(e) *« + 6s-8y + ai=0. Ana. j^ + es' = 0. 

(f) a 2 - 6 ay + 9 ?/ 9 + 4 a - 12 y + 4 = 0. Ana. i/' 2 = 0, 

(g) 12sp-6^ + 482/-86 = 0. Ans. 4i"» - 9y" = 86. 
(h) 4» B -12a:i/ + 0j/ 2 + a* -3? -12 = 0. 

Ans. 52 y'"» - 49 = 0. 
(i) 14^-4a?/ + llj/ 2 -88;t + 34)j + ]4!) = 0. 

Aiis. 2x"* + ay" 1 = Q. 
(j) 12z 2 + 8;r.jj + 18»/ + 4Sa + l&y + 43 = 0. 

Ams. 4*2 + 2j/ 2 — 1, 
(k) 9s 2 + 24a^ + 16j, 2 -36a;-48y + <H = 0, 

Ans. i" 2 + 1 = 0, 
(1) 7& + 6Qxy + 7y ,i = 5G. Ans. 16x^-9^ = 25. 

(m) & + &xy~Sg* + 6z = 0. Ans. 2lx"* - lily"* = 7'2. 

In.) 18«3 - 2ixy + fly 2 -60s- 80? + 400 = 0. 

Aus. y / ' J — 4b" = 0. 
{o} 95 x* + 66 X)j - 10 y 3 - 56 x + 20 y + 194 = 0. 

Alia, (ia" 2 - j/"* + 12 = 0. 
(p) 5'j?-&xy-7y 2 - 165et 1820 = 0. Ana. lSar"^ - 11 y" 2 -330 = 0. 

82. Systems of conies. The purpose of this section is to 

illustrate by examples and problems the relations between 
conies and degenerate conies and between conies of different 
types. 

A system of conies of the same type shows how the degenerate 

conies appeal' as limiting forms, while a system of conies of dif- 
ferent types shows that the parabolic type is intermediate between 
the elliptic and hyperbolic types. 

Ex. 1. Discuss the system ol' conies represented by ?? + 4y* = k. 

Solution. Since the eoi.-incients of -■■- and //- tmve the same sign, the locus 
belongs to thu elliptic type (Corollary, p. li'Mi). When /,- is positive the locus 
is mi ellipse ; when J; = the locus is the origin, — a. degenerate ellipse; and 
when k is negative there is no locus. 
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In the figure the loeus is ploi.ir.ii for k. = 100, 54, 38, 10, 4, 1, 0. It is seen 
;.li:il. as k approaches '.ere ;lie ellipses become sinalli=v aiel til Lilly degenerate 
into a point. As soon as /; iwcoioes negative then; ls siu locus. Hence the 




when the locus if 



Ex. 2. IMscus.s t.he system of conies represented by 4a; 2 — 16 J/ 2 —k. 
Solution. Since the coeilieients of z- and ;/- have opposite signs, the locus 




belongs to the hyperbolic type. The hyperbolas wiil all have the sa 
asymptotes (p. 189), namely, the lines x ± 2y = 0. The given equation a 



i; the ..A! -axis when /■: is positive and 
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on the F-axis when i; is negative. For ,',: — the given equation shown that 
the loons is the pair of asymptotes. 

In the figure the locus is plotted lor k = 256, 144, 64, 16, 0, - 64, - 256. 

it is seen that as k approaches zero, whether it is posilive or iLegadve, the 
■me more, pointed and 'Ao, oiosor to the a.symp totes and finally 
the asymptotes. Hence a pair of intersecting lines is a Hm- 
itirnj i-uxc be: ween l.he eases when Ihe hyperbolas have their foci on the .."T-asis 
and on the F-axis. 

Ex. 3. Discuss the system of conies rep resetted by tj- -- 2kx + 1G. 
Solulion. As only one term of the second degree Is present, the locus 
belongs f.o the. parabolic type (i .'orollary, p. I'M'i). The givoji equation may be 
simplified (Reie, p. Iii5) by Lrai dialing die axes to l.he 
We thus obtain 

j/' a = 2 kx'. 

The locus is therefore a parabola whose vertex is (— -, 0) and for which 

p = k. It will be turned to the ri^hl. wheu h is poshive, and to t.ho left when 



■(-!■•> 



is negair 
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In the figure the locus is plotted for k = ± 4, ± 2, ± 1, ± f , 0. It is seen 

that as .'.■ approaches zero, windier it is positive or negative, the vertex recedes 
from the origin and the parabola, iies closer to the lines j = ±4 arid finally 
degenerates imo these lines. The degenerate parabola eonsisling of two 
parallel lines appears as a limiting '•imp. between the cases when the parah- 
olas are turned to the right and to l.he left. 
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Ex. 4. Discuss i'uc system represented by --_- — - ■ = 1. 

Solution. When k < 9 the locus is an ellipse whose fooi are (± c, 0) where 
c 2 = (25 - ft) - (9 - ft) = 16 (Theorem V, p. 185). When 9<ft<25 the locus 
is an hyperbola whose foci are (± e, 0), where c 2 = (26 - k) - (9 - ft) = 18 
(Theorem VI, p. 185). When ft > 26 there is no locus. Since the ellipses and 
hyperbolas have the same foci, (± 4, 0), they are called confocal. 

Clearing of fractions, we obtain 

(9 - k)tf + (25 - k)y* = (9 - ft) (25 - ft). 
Uenec when k = !) or 25 the lotus is a degenerate parabola .»/- = or X s = 0. 

In the figure the locus is plotted for fc = - 66, ~ 24, 0, 7, 9, 11, 16, 21, 
24, 25. As k increases Hurt approaches S) the ellipses flatten out and finally 
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desencrate into the Y-axis, ami as '.' decreases and approaches 9 the hyper- 
bolas flatten out. and degenerate into the X-axis. Hence the locus of the 
parabolie type, ;/- = ft, appears as a limiting case between Ihe edipses and 
hyperbolas. As k increases and approaches 25 the two branches of the 
hyperbolas lie closer to the F-axis, and in the limit they coincide with 
the Y-axis. 

Ex. 5. Plot and discuss the locus of kx 2 + 2 jfi - 8 x = 0. 

/Solution. If ft = 0, the locus is a parabola. If fc ia not zero, the locus is 
an ellipse or hyperbola according as ft iB positive or negative. The locus 
passes through the origin for all raiues of k. 
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Simplifying "by translating the axes (Rule, p. liiS), ii is found that if tlie 
origin is ( - , 1 the equation becomes 



From this the axes may be deievniiced and The locus sketched. 

In the figure the locu« is plotted for fc = 1, f, }, 0, — 1, — ■£. If fc is posi- 
tive and approaches zero, the ellipses become Imager and lie closer to the 






parabe'a. T( .'.- is negative raid :i p 1 1 iv j n.c ] l i: ^ ;kto. the tU:H-'ia:id branches m 
tin! hyperbolas lie closer to the paranoia and the left-hand brunches recede 
from the origin. This shows i.luil t/a; jmrah-jh'. i.a n 'imitiny firrm W«w« the 
tillipse tind li'/perbola. 

How does the locus bcha.ve if k approaches + 31 or — oc ? 



PROBLEMS 
1. Plot on separate sheets the foci and directrices oil the conies plotted in 

examples 1, 2, and ,'). Where, arc the foci and dher.lrioos of the dug' 1 lie rave 
conic in each system ? Verify [.lie results analytically. 



3. Plot the following systems of coni 
system belong to the same type. Draw 
conies of the system appeal as limiting i 



s and show thai the conies of each 

iiougb conies so l.hai ike dec'; lie-rave 



<b) y» = 2fcc. 
, problem 1 for the systems in problem 
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4. Plot tho system — \- — — 1 for positive value!; of k. What is the locus 

if k — 10 1 Show how ihf: loei and directrices ho have ;i,, Ai increases or 
decreases find approaches Hi. Where are tho foci and directrices of a 
circle ? 

5. Plot the system in problem'] tor positkeand negative values of k. Show 
how thi! conies change a.s k approaches ?erowhen it is positive ;nid negative. 

G. Plot the following systems or conies and show that all of the conies of 
each system are confocal. Discuss degenerate oases and show that two 
conies of each system pass through every point in the plane. 

'"' 16 -k + 36 -ft ~ ' 04 -ft + 16 -ft ~ 

(b) y* = 2k(x-k). (d) x* = 2k{y-k). 

7. Plot and discuss the systems 

fa) 18 (e - ft)* + By* = 144. (c) {y-kf = ix. 

(h) xy = ft. (d) 4 (as - ft) 1 - 9 (i/ - t) ! = 36. 

B. Plot the following systems and di.M'U.-s the incus as k approaches zero 
ami infinity. Show how the foci and directrices behave in each case. 

W e 30 l ' ft 2 36 

9. Show that nil of the conies nf tho .[olio wing systems pass through tho 
points of intersection of the conies ubtainetl by sell ing the parentheses equal 
to zero. Plot the systems and r.liscnss tho loci for the values of .(■ iudicuted. 

(a) fy>-4B) + ft(y» + 4as) = 0,fc = +l, - 1. 

(b> (^ + y2_ie) + ft(^-y2-4) = 0, fc = + l, -1, -4, 

(o) (x? + ?/ a - 16) + k(& - ?/ 2 - 16) = 0, ft = + 1, - 1, 

(d) (** + 16^ - 64) + ft(£ a -4^_a Q ) = o, ft = -l, 4, - Y' 

(e) ^ + 4j/ + A(^-4i/ + 16) = 0, ft= + l, -1. 

MISCELLANEOUS PROBLEMS 

1. Construct the loci of the following conations, their foci and directrices. 

(a) 9& + %4(ey+ 18^ -60a: + 80^-275 = 0. 

(b) 56a; 2 -64a^ + lOflj^ - 176s + 282?/ - 896 = 0, 

(c) 5a^-123^ + 6a;-86!/-e3 = 0. 

2. Find the value of p if if- — 2-p;c passes through the point (3, — 1), 

. 8. Find the values of a and 6 if — + ^- = 1 passes through the points 
(3, -6) and (4, 8). a 

4. Find the equation of the locus of a point P if the sum of its distances 
from the points (c, 0) and (— c, 0} is 2 a. 
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6. Mnd. the equation of the locus of a point P if the difference of its 
distances from the points (c, 0) and (— c, 0) is 2 a. 

6. rind the equation of (in- locus of a point if its distances from the line 
x = — — and tlit! point (- , ) are equal. 

7. Show thai, a conic or degenerate conic may be fountl which safisiks 
five conditions, and formulaic a ruin by which to find its equation. 

IliiU. Compare l). Vi and p. 133. 
B. Find the equation of the conies v.-hich satisfy Lhe following conditions. 

(a) Passing through (0, 0), (1, 2), (1, - 2), (4, 4). (4, - 4). 

(b) Passing through (0, 0), (0, 1), (2, 4), (0,4), (-1, -2). 

(c) Passing through (3, 7), (4, 6), (5, 3) if A = B and C = 0. 

(d) Passing through (1, 2), (3, 4), (4, 2), (2, - 1), (4, 2). 

(e) Passing through (0, 0), (0, 1), (1, 0), (6, 6), (5, 8). 

(f> Passing through (0, 0|, (2, 0), (- 3, 2), (5, 2) with its axes parallel to 
(lie- coordinate axes. 

9. What is the nature of a conic which passes through five points, of 
which three or four are on a straight line? 

The circle -whose radius is a and whose center is the center of 
a central conio is called the auxiliary circle. 

10. The onlin.at.es of points on an ellipse and the auxiliary circle which 

11. The area of an ellipse is nab. 

Hint. DiJLtle the limjur axis in'.o sijual puns. With these us !>;is«s ins-critic rectan- 
gles In the ellipse iiinl aiiiilisilj- L-imlo. .V]i]ily i.vohlem JO anil iiHTfiiisi! till! miiaher o] 
rectangles indefinitely. 

IS. The auxiliary circle of an hyperbola passes through the intersections 
of the directrices and asymp'otes. 

13. Show that the locus of xy + Di + Ey + F—0 is either an equilateral 
hypnrhola. wiiose asymptotes are paral'.cl to the coordinate axes or a pair oi 
perpendicular lines. 

14. Discuss the form of the locus olx^-y^ + Dx + Ey + Fz^O. 
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83. The slope of the tangent. Let P, be a fixed point on a 
curve C and let P 2 be a second point on C near P,. Let P, 

approach P, by moviiuj atony C. Then the limiting position 
P x r of the secant through Pj and P a is called the tangent to C 
at Pi. 

It is evident that the slope of P,T is the limit of the slope 
of 1\1'\. The coordinates of P a may be written (x± + h, y, + k), 




where h and k will bo positive or negative numbers 
to the relative positions of P t and P 2 . The slope of the 
through J\ and P a is therefore (Theorem V, p. 35J 

n . yi - ?/i - A = A 

W x,-x l -h h . 



As P a .approaches P, both A and A approach zero, and hi 
approaches rri which may be any number whatever. The 
value of the limit of ■=■ may be found in any case from the 
tions that I\ and P a lie on C (Corollary, p. 53), as in the es 
following. 



■ncc ~ 
h 

actual 
condi- 

U-lliplK 
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Ex. 1. rind Hie slope of flic: tangent to the curve C : Hi/ = « 8 at any p- 

Solution. Let Pi(si, tfi) and P s (ii + ft, 1/1 + t) be two points on C. 
Then (Corollary, p. 53) 
(2) 6y 1 = x 1 i 

and 8 (y, + k) = (<Ci + ft) 3 , 

(S) 8j/i + 8* = asi» + 8aii a A + 8ieift* + A s . 

Subtracting ['2i from (}',), wo obtain 

Factoring, 8S; = ft(3si 2 + 3xift + ft 3 ); 

fc 3 81 s1 + 3 xjk + h* 
and hence - = — 




Hence the slope m of the tangent, at P x is m = — - — 

C is symmetrical with re sn eel to 0, anil the t.ani;enls;ii symmetrical points 

arc pa-raiJcl since only even powers of x t and v/, occur in the value of m. The 
tangent at the origin is remarkable in that it crosses the curve. 

The method employed in this example is general and may be 
formulated in the Lbliowing 

Rule to deter ml tie. the. sleqie. of the, iirnociit t„ u eitre.-e C at a point 
P, on C. 

First step. Let Pi(a^, y{) and Pi(x, + h, y x + k) be two points 
on C. Substitute, their- coiird/iiates tit the. ei/ujitiou of C and 
svMract. , 

Second step. Solve the result of the first step for ->* the slope 
of the secant, through P, and !'.,. 

Third step. Find the lim.il. of the result of the second step when 
h and k approach aero. This limit is the required slope. 



* The solution irfllw 



lij OlI nation is not si,! ■■<".' in 
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■1<J\ > 



Ex. 2. Pimi the slope of the tangent to the semicubical parabola Stf 2 = x s 
■tPi(xi, yi). 

Solution. First step. Let Pi (id, t/if and P;.(zi -(- ft, yi + k) be two points 
m ilie curve. Then ( Corollary, p. 53) 



:>y r = ..',' 



TO 

and 3yf + 6tq/, + 3. 

Siihtriwtin^. 

Sj/ifc + 3 

Second snip. Factoring, 



^-l-airfe-l-Sici^-f-A 3 . 
Ki a ft + 8 ZiW + ft 3 . 



Hence 

Third s;.ej>. As /; ;i,id .';■ approiich 
limit o/ \ = limit of - ?'' . + . 3 : 



+ Sfc 
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Hence t!ie slope of (lie taugent at J'i 
- and is indeterm 



2tfi 

To find the value 



At the origin n 

origin, we may either apply tin: rale a second lime, setting x s = and ^ = 0, 
or eliminate. y t from the value of ■in. by means of (4), thus ob:aiumg a value 
udncli is determinate ;i.(, l,l.o uikhi. 



PROBLEMS 

. Find the slopes of the tangents to the following c 



il!i;iiM.;.!.:i:. 

(■)* = 

(b) & + 

(c) 4 1" 

(d) a 2 - 9;/ 2 

2. Find the 
Pi(3i,!/i). 

(b) Wy = x 

(c) rf + y« , 



<„ Pi (2, 4). 
- 25, Pi (3, - 4). 
^ = 16, P, (0,4). 

, Pi (16, -4). 

a of the tatige 



o the following c 



Ana. J. 
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(d) & - «* = 4. 

(e) y« = s s + a; s . 

(f) 4^ + ^-163 

(g) az/ = a». 

(h) xy + y^ = 8. 

(I) ^_^_ 8 ^4 
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0) « 



1-68 



fti + 3 
' 4-yi 



84. Equations of tangent and normal. We have at o 



i the 



Rule to Jin J, the cpai-lion- of the taii'jenl 
First step. Find the slope m of 



curve C at a point 
to C at P x (Rule, 
of 



Second step. SidistlJu.I.e x t , y,, and m, in 
the equation of a stra iyht Una [(V), p. 95], 

Third step. Simplify that equation by ■means of the condition 
that P[ lies on C (Corollary, p. S3). 

Es. 1. Find the equation of the taissrur-t to C : 8 y = x 3 at Pi (x-i, j/,). 

Solution. 1'irst step. .From l]x. 1, p. 208, die .slope ism = — — . 
Second stop. Hence the equation of the tangent is ' 

v - vi = ~y~ (a - si)i 

(1) Bxfr-By- 3X1? + 8^ = 0, 
Third step. Since Pi lies on C, Sy L = Xi". 

Substituting in (1), we obtain 

(2) Sxfic- 8y -2x^ = 0. 

The normal to a curve C at a point P t on C is the line through 
/ ] i perpend itml jit to the tangent to C at P t . lis equation- is found 
from that of the tangent by the Rule on p. 114, using Theorem 
XII, p. 117. 
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Ex. 2. Find the equation of the normal at i', to the i. 


urve in Ex. 1. 


Hubdion. Tin 1 . oqiiiiti'Mi of S.1LV line ^t ■ ^y ■ i i j 1 1 1 i ■. ■ . 1 1 ; l r t 
(Theorem XII, p. 117) 


o (2) has the form 


(3) 8» + 3s 1 %/ + fc = 0. 





If Pi lies on this line, then .(Corollary, p. 63) 
8ss 1 + S» l *i/ 1 + J: = 1 
whence 7c = — 8a-i — ii iti 2 yi. 

Substituting in ("), the equation of the normal is 

8k + 3 xftl-8 aii-8 161=3/1 = 0. 

PROBLEMS 

1. Find the equations of Hi'': lungfuls and normals at Pi(a:i, y%) to the 
curves in (a) to («), problem 2, p. 209. 

,4ns. (a) jfiy = S (as + id), j/ia; + 3 y = asiVi + 3 3/1. 

(b) Va - 4 y = 12 y-i, 4x + xfy = 4 asi + a^jft. 

(o) i»ia + yii/ = 16, y-ix - x,y = 0. 

(d) && - y-iy = 4, y& + <B& = 2 x^i. 

(e) (3ie 1 2+2as 1 )3s~2j/i3/-asi'=0, 2)/,K+(3iCi a +2ic,)j/ = 3as 1 ^ 1 -f i^j/,. 

2. Find the coordinates of a point on each of the curves in (/) to (j), 

problem 2, p. 2i'K), and then fkid the equations of the tangent and normal ill. 
that point.. 

3. Find the equations of the tangents and normals to tl.e following curves 
at the points indii:;il.ril. 

(a) y*-8x + 4y-0, (0, 0). Ana. 2x-y = 0, z + 2y = 0. 

(b) asy = 4, (2, 2). Ana. st + y = i, x-y = <>. 

(c) &-iy 3 = 2&, Pi(»i, 2/i). Ans. asias— 4foy=26, 4j/iE+Si^=5si!/i. 

(d) a5='+2asy = 4, Pi(s,,yi). 

Ana. (xi +■ Vi) as + siy = 4, »i3 - {asj + #i) j/ = ii a - Shift - ?/i a . 

(e) ^ = 2jra, Pi(a:[, #i). -ins. 2/i^=p(a;+si), Vix+py=miUi+PVi- 

(g) 6V - o%" = a 2 6 3 , Pi(ii, ft). 

Ana. &=Si3s - aVi!/ = o s ^i <&V& + W»W = (« 9 + &) "if* 
(h) a a - j/" + s a = 0, (0, 0). Ams. y = ± as, i = T^ 
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85. Equations of tangents and normals to the conic sections. 
Theorem I. Thr- ei/i'iifUm of /he. i an a en J, to the circle 
C:x* + y* = r 1 
at Ike, /ioint J\ (x l , y{) on, C is 
(I) aye + !h)t = r\ 

Proof. Let P, (Xi, ?ji) and P 3 (x, + ft, ^i + k) be two points on the circle C. 
Then (Corollary, p. 53) 





r 


<> 




Jjt 


7T*" 


_. J-X 




x ' / \ 
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(»i + ft) 5 + (y± + ft) a = r' 2 , 



is the Mlopo (>f ih« weant tiivouiih I\ and P s . 
Letting P s approaeli Pj, ft and fc approach 
tungem, at. P,, is 

»i = limit of 



(2) ^ + 2E 1 ft + A 2 + !/i 2 + 2S'ifc + t i = r2. 
Subl.ni/Uing (1) from (2), we have 
2aiift + ftS + 2yift + & 2 = 0. 
Transposing and factoring, this becomes 
k(2y, -f ft) =- A(2iti + ft), 
mliQnnQ fc_ 2% + ft 

2jft + * 



o that i«, the slope of llie 



+ k yi 

The equation of the tangent at P, is then (Theorem V, p. 95) 

V -!/l =-— (iE -El); 

or sjk + !/ii/ = a;i 2 + ft 2 . 

But by (1), xS + ft 2 = ?■>.. 

so thai. I.hc required equation is 

XiX + y,y = r"-. 
Theorem II. The equation of the tanymt to the locus of 
■ Ax 2 + Bxy + Cy 3 + Dx + Ey + F = 
I'/, i/j.f! paint I', (x,, ?/,) o-«. /A« (Jfjrtifs j.s 

(ii) 
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Proof. Let Pj{x±, yi) and P%(xi + A, i/i + A;) be two points on the conic. 
Then (Corollary, p. 53) 

(3) Ax? + BziVi + Cy? + Dsi + Eyi + F = and 

A (Xi + k)* + B (k, + ft) (V! + fc) + (3/i + fc) s + D(xj + A) + E(jh + k) + F = 0. 
Clearing parentheses, we have 

(4) Ani* 4- 2 Axik + Alfi + Re!?/! + Bxjc + By ± h + B/Jc 

+ Cy<* + 2 Cj/i/c + Cfc" + Itai + Dh + My, + Ele + F = Q. 

Subtracting (3) from (4), we obtain 

(5) 2Ax-,h + AW + Bx,A; + Byift + Shh + 2 Cjftfe + CW + Dh + Ek = 0. 

Trill isiiiiiiiii.i;- all the lerms coiiiainint; L iitvl factoring, (5) heroines 
fc(Bii + 2C!/i + Cfe + E) = -A(243; 1 4- A/i + Bj/i + BJ; + D), 
fe_ 2j12i + By, + D + Ah + Bk 
h~~ Bx, + 2Cy, + E + Ck 

This is the slope of the secant PiP t [(1), p. 207]. 

Letting i\ approach Pi, k and /.: will approach zero and the .slope cf the 
tangent is 2Ax^ + By, + I* 

fiB! + 2 Cj/i +E' 
The equation of the tangent line is then (Theorem V, p. 95) 
2^ + ^+D 
J J Bid + 2 Cj/i + IT ' 

To reduce this equation to the required form we first clear of fractions and. 
I i-iisiKposc. This (jives 

(2 Ami + By l + D)x + (Bfc, + 2Cy 1 + E)y 

- (2 jia;! 2 + 2 Ba^i + 2 Cj/i 2 + Dxi + Eyi ) = 0. 
Uin Irani (3) tho l;:st [Kirc-iHtn'Kiii in iliis euuat.iou equals 

-(nx l + Ey, + 2F). 
Substituting, the equation of the tangent line is 

(24a;i + Byi + D) x + (Bx x + 2 G yi + E) y -f (Dz, + Ey, + 2F) = 0. 

Removing the parent I) oses, collecting the coefficients of 4, B, C, I), E, 

and F, and dividing by (2), we obtain (II). q.e.d. 

Theorem II enables us to write clown the equation of the tan- 
gent to the locus of any equation of tho second degree. It is 
remembered most easily in the form of the following Rule. 
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Rule to write the equation of the tang ant at J\ (x 1; ji,) to the locus 
of a.n equation of the second- degree. 

First step. Substitute 'j\x and- i/,;/ for 'X s and y 3 , — — - — — for 
, x + x, , V + Vi - , . . 

xy, and — -r — and ■ '- for x and y m, the given equation. 

Second step. Substitute, (he uuui-cri'-ulvut.ues ofx ; andy 1: if given, 
in the result of the jreal s/e/.,. The result is the ro.ipi.ired equation. 

In like maimer, or at once from this Itule, we have 

Theorem III. The equation- of the tangent at P L (x u y t ) to the 
ellipse 6V + ahf = aW is b a x,ge + a?y x y = a a 6 s : 

hf/peeboia, Irx 2 — try- — a-li- is If-x^x — o 2 y s y ~ ra 3 & 3 ; 
parabola y 2 — 2 px is y ± y = p(x + x L ). 

By the method on p. 210, we obi n.in 

Theorem IV. The equation of the normal at Pi(x„ y,) to the 
ellipse hh? + a'y' 2 = a 2 lfl is a^y^x — b 3 x x y = (« a ~ b^jx,-,!/-^ 

hijjw.rtiola, h' l x? — v?if = v?U x is tfiyspc + b 2 x,_y = (a? -f b*)x ± y L i 
parabola, y* = 2px is Vl x + py = x x y x + py v 



1. Find the equations of the. r;ii:gcn!h and normals to the following conies 
;it the points indicated. 

(a) 3k2 - 10^'= 17, (3, 1). (d) 2a; 2 - y* = 14, (3, - 2). 

(b) y* = 4x, (0, -6). (o) x'* + 5y'* = 14, (3, 1], 
(e) & + y*= 25, <- 3, - 4). (f) & = 6jr, (- 6, 6). 

(g) B»-asy + 2ss-7 = 0, (3,2). 

(h) xy-y* + 6x + 8y-6 = Q, (-1,4). 

The directed, lengths on the tangent and normal from the point 

of craiiacl, to the A'-axis are tailed the length of the tangent and the 

length of the normal respectively. Their projections on the .Y-axis 

are known as the subtangent ;uid subnormal. 

2. Find the subtan^ems ami suSiinji'iriiUs in (a), (hi. (<1), and (e), prob- 
lem 1. A m. (a) - V, T \ i (b) - 18, 2 ; (d) - f , 6 ; (e) J, - %. 

3. Find the lengths of the (.avi^cnls avA iifirniiils i:i (;i), (b), (d), and (e), 
problem 1. Ans. (a) } VlsT, r >, VisT ; (b) 6 VlO, 2VTb"; 

(d) | VlO, 2 VlO ; (e) J V34, £ V34. 
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; iu:d subnormals of (a) the el'ip.;e, {'->) the hypcr- 

--^i; (b) L i-5aii (o) -2si, p. 

5. Show how to draw the tangent to a parabola by means of the sub- 
normal or subtangent. 

6. Prove that a point Pj on a parabola and the intersections of the 

yj the parabola ;u T\ with the a 



4. rind the 

bola, (o) the p,;ra'nola. 
Ann. {}'.) 



e equally distant 

s of problem G. 

er, the ellipse is a 



tangent, and normal 
from the focus. 

1. Show how to draw a tangent to a parabola by m- 

8. The normal to a circle passes through the center. 

9. If the normal to an ellipse passes through the c> 

10. The distance from a tangent to a parabola to the focus is half the 

length oi the normal drawn at the point of contact. 

11. i'ind the equation oi the tangent at a vertex to (a) the parabola; 
(b) the ellipse,' ((:) the hyperbola, 

12. Find the si; biu; nua.1 of a point l\ on an equilateral hyperbola. 

13. In an equilateral hyperbola the length of i.he normal at Pj Is equal to 

the distance from the origin (o 7q. 

86. Tangents to a curve from a point not on the curve. 

Ex. 1, rind the equations of the tangent k to die parabola y* = 4x which 
pass through P»(- 3, -2). 

Solution. Let the point of 
contact of a line drawn through 
P 2 tangent to the parabola be 
Pi. Then by Theorem III the 
eqnation of that, line is 

(1) y 1 y = 2x + 2x 1 . 
Since P 3 lies on this line 

(Corollary, p. 63), 

(2) -ayi^-e + Sasi; 
and since Pi lies on the parabola, 

(3) ft* = 4si. 
The coordinates of Pi, the 

point of contact, must satisfy 
(2) and (3). Solving them, we 
find that I'i may be either of the points (1, 2) or (9, - 
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If (1, 2) "be tlie point of contact, 11k; ui.ngoiit line is, from (1), 
2^ = 2s + 2, 
or x - y + 1 = 0. 

I;" (0, — fi) X>p. the point of contact, tlie tangent lint is 
-62/ = 2a: + 18, 
or x-3y + 9 = 0. 

The method employed may be stated thus : 

Rule to determine the equations of the, tangents to a curve C 
pausing through l' 2 (s: 2 , 7/ a ) woi ore C. 

■PVrs* step. Let P l {x u y v ) be the point of tangimcy of one of the 
ta.ngents, and find tin'; ei/aallori- of the tangent to C at, 1\ (Rule. 
V . 210). 

Second step. Write- the conditions that (.r L „ ■//,) satisfy the result 
of the first afr.p and, (;i\, u{) Ike et/ nation of C, and solve these t'/paa- 
tions for x, and y t . 

Third step. Substitute ea.eh jiai-r of valves ohia.ln.ed in the second 
step in the re* alt of the first step. The retailing eg nations are the 
equations. 



1. Find the equation* of t.lse tangenls to the following curves which pass 
through tlie point indicated and coti-dnict the figure. 

(a.) 7? + V* = 26, (7, - 1). Ana. 3s- Ay = 25, 4x + Zy = 25. 

(b) ii s = 4i, (-1, 0). -ins. p = » + l, y + * + I = 0. 

(o) 16 & + 25 i/a = 400, (3, -4). Ans. y + 4 = 0, 3x -2y = 17. 

(d) 8y = ;e=, (2, 0). -4ns. 2/ = 0, 27a- 8y- 64 = 0. 

(e) a^ + 161/2 -100 = 0, (1, 2). ^, iS . None. 

(f) 2iy + ff» = 8, (-8,8). .Ams. 2x + 3y - 8 = 0, 4x + ly + 8 = 0. 

(g) ^ + 4a;-6y = 0, (-■$, -1). Ana. 2iB-8;y = 0, 2^-^ + 2 = 0. 
(n) ss a + 4y = 0, (0, -6). Aiu. None. 

(i) X? - 3 y 2 + 2 1 + 10 = 0, (- 1, 2). 

,4ns. s + 3iy-5 = 0, s-3;/ + 7 = 0. 
(j) j/ 2 = z 3 . <f, 0). ,4ms. j, = 0, 3^-y-4 = 0, 3a + ?/-4 = 0. 

3, Find the equations of the lines joining the points of contact of the 
tangents in (a), (b), <c), (f), (g), and (i), problem 1. 

Ans. (a) 7(B-B = 26; (b) SB = 1 ; (c) 12« - 25y = 100 ; 
(!) x = l; (g) x-2y = 0; (i) y = 6. 



.Google 



TANGENTS AND NOli.MAI.S 



87. Properties of tangents and normals to ct 
Theorem V. If a point mows off to injiiut.y < 

tangent at that point approa.clics paralletixm 

with the X-iktAs. 

Pr'jof. Tin: d | iiiitutn of tlk- [.iiifiiriii at the 
point Fi(iei, Vi) is (Theorem III, p. 214) 



the parabola ij l = 2px, the 



■111!/ ~ 



4-JWi- 



Its slope is (Corollary I, p. 8 

m = — ■ 
ft 

As Pj iw.ni'lc-s to miimr.y Vi becfinies ii:iinit<;. 
avid hisice it; approaches /civ. tl-.iitiK,iliei-aiiiri;i:i. 
approaches pava'di.\!Mu with the A'-axis. q.e.d. 

Theorem VI. If a point mora off to infinity on Ute k 

the. tanaeut at that point appfoa'jho^ cohv-'nlon'M: with un iisi/mptMe. 

Proof. The equation of the tangent at the point PifiCi, yi) is (Theo 
III, p- 214) 
(1) Mans - o»#i» = aW 

Its slope Is (Corollary I, p. 





As Pi recedes to infinity x± and y, become infinite and m has the ii 

But since Pi lire on the liypcvho 1 ,;!.. 

Dividing by ifiy-p, transposing, avid (■■■xl-nmsiiiR the square root, 






-1. 



\' 2 + 
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From this form of m we see that as y\ becomes infinite m approaches 
± -, the slopes of the asymptote [(.1), p. 100], as a limit.. Tim intercepts of 

(1) arc — and As their iiinils arc zero the limil.iiii; pes i I. ion of the 

tiuiseu will pass through (he origin. Hence tin 1 tangent at 1\ approaches 
coincidence with an asymptote. q.e.d, 

'These theorems show an essential distinction between the form of the 
parabola and that of tlie right-liand branch of the hyperbola. 

Theorem VII. The, Itih/iciit and normal to an cUioxc Used, respectively the 
ezte.rro.d and iiitern:il angles formed b<j thefoeoJ r-tdU of!!:,: point, of cmdtirt* 
I'roof. The equation of the lines joining 1', ft,, ■;/■,) on the ellipse 
W + uy = am 
to the focus F' (c, 0) (Theorem V, p. 185) is 
{Theorem VII, p. 97) 

yix + (c-xi)y-cyi~ 0, 
' and the equation, of P^F is 

Vix -{e + xi)y + cyi = 0. 
The equation of the tangent AB is 
(Theorem III, p. 214) 

Wx-jx + afyn/ = hS%*. 
We shall show that the angle which AB mates with FiF' equals the 
,ugle i/. which PiF makes with AB. 
By Theorem X, p. 109, 

_ a Vi 2 - b*cx, + Wx, 1 _ (ffi^i 2 + Wx-^f - 






b^x-ax + a?cy, - atxiyi a?cy, - (a* - o^Xij/i 


But sine 


; Pi lies on the ellipse. 




oSyj* _!_ jfltf = am, 


and (Theor 


em V, p. 185) a? - 6 s = c a . 


Hence 


a 2 ^ - fi^ci! 6 s (o 2 - kci) b 3 
atcyi - c^Xiyi cy-i (a? - e,Xi) c^i 


In like i 






- &'rai - Wxi? - a 2 ;/! 3 (Eftei* + afyi") + ° ! rai 

W^li/l — aVj/x — O 2 !,^! (t 2 CJ/l + (d a — 6 2 ) fl^tf! 






am + Wcxi 6 2 




a .i i:?/] -i-rit^i ci/, 
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Hence tan 8 = tar. ij> ; and sir.ee 8 and <<i arc hoi.lt low than it, 8 = tp. 
That is, -4 Ti l.iiseets the e.^te-nial angle of FPj and F'f 1? and hence, als.ii, 
CD bincei.fi the internal angle. q.e.d. 

In like manner we may prove Hit following theorems. 

Theorem VIII. The (angerd. and, norma,! to an kyr.erb'da bisect respec- 
iirely the. iittirnal ct fit? crier n.al angles formal og tlr: foc.o.l radii of Ike. pohil 
of contact 




Theorem IX, The tangent and normal to a fiara'iola Voxel rtxp'xtivdii the. 
internal and external angles forna.-.I. hy the fuud radius of the point of contact 
and the, line liicoiiif: ::.-a l ,-.[ni i.orolici to the. axis,* 

These theorems give rules lor constructing ihe tangent and normal to a 
eniiie by means of ruler and compasses. 

Construction. To consi raol. i.he tangent, anil normal l.o an ellipse or hyper- 
bola al, any point, join that point to the foei anil bisect Ihe n.iig'.es formed by 
these lines. To construct the tangent and norm.'d In a parabola at. any point, 
draw lines through it to the focus and parallel to t.he axis, ami bisect the 
angles formed by these lines. 

The angle which one curve makes with a second is the angle which the 
taiiu'eai- 1,0 I lie first makes v. ilh the timeout to I la. 1 second if the tangents are- 
drawn al a pomi nf i l i ! ■■ r -^. i ■ ■■ i ion. 

Theorem X, ConforoJ cHipsf.s cat hyy.oehotas inle.rse 1 :! at rigid arajles. 

Proof. Let 

|2 > 5 + S = lmd fi-S'- 1 

be an ellipse and hypei-l.iola with the same loei. Then 



lien in the ellipse e' = a" 
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The equations of tlie tungen's to (2) at. a poin 
are (Kule, p. 214) 

(4) H + B!,i^g-H! = L 

Tt is to "be proved dial the lint:.; (■!.) are i3ev]jif.'-i ii.licTilMr, that is (Corollary 
III, p. 87), that 



Since 1\ lius on both ci 



Subtracting these equations, we obtain 

But from (3), a? - a' 2 = If- + 6' 2 , 

and hence ((5) reduces to (fi) and the lines (-1) are perpendicular, q.e.d. 

In like manner we prove 

Theorem XI. Twj ■purab'ri'tx v.-iiii th:; s/».« joins and axis which are turned 
in opposite dired.'ioiw inlr.rxcct ut rigid angles. 

Hence the confooal systems, in section Hi, p. 200 (Ex. 1 and problem 6), 
are such that the two curves of t.hc system through any point ii 
right angles. 

PROBLEMS 



(6) 



1. Tangents to an ellipse and its anxiiii-vj- clrcH: (p. L'Ofi) at points with 
the same abscissa intersect on the X-axis, 

3. The point of contact of a tangent to an hyperbola is midway between 
the points in which the tangent meets the asymptotes. 

3. The foot of the perpendicular from the focus of a parabola to a tan- 
gent, lies on l.he tangent at the vertex. 

4. The foot of the perpendicular from a focus of a central conic to a 
tangent lies on the auxiliary circle (p. 2iXI). 

5. Tangents to a parabola from a point, on the directrix are perpendicular 
to each other. 

S. Tangents to a parabola at the extremities of a chord which pass 
through the focus are perpendicular to each other. 

7. The ordinate of the point o[ intersect km of tl e directrix of a parabola 
and the line through the focus pcrpendic.niar to a tangent, is the same as thai 
of the point of contact. 
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8, How may problem T be used to draw ;,. l.angctil to a parabola V 

9. The line drawn perpendicular to a tangent to a central conic from a 
locus and the lii:o passing tlir^:i^]i ike (.'.enter and I lie point of corn act niter- 
sect on the corresponding directrix. 

10. The angle which one tangent to a parabola mates with a second is 
half t lit; angle which the focal radius drawn U> the point, of contact of tho 
lirst makes wil.li thai, drawn to the point of contact ol' tho second. 

11. The product of the distances- from a tangent to a central conic to the 
foci is constant. 

IE. Tangents lo any conic at the ends of tho latns rectum (doable chord 
through the focus perpendicular t.o the principal, axis) puss through the 
intersection of the directrix unr.l principal axis, 

13. Tangents to a parabola at the extremities of the latus rectum are 
perpendicular. 

14. The equation of the parabola refer ml to tho tangeuls in problem 13 is 

K*-2!W + yS-2 ■V f 2p(x + y) + 2pi = 0, 
or (compare p. 17) x* + y* = yj> V2. 

15. Tho area of the triangle formed by a tangent to an hyperbola and 
the asymptotes is constant. 

16. The area of the paralle'ioavam formed by the asymptotes of an 
hyperbola and lines drawn Ikrorgh a point on the hyperbola parallel to 

the asymptotes 



88. Tangent to a curve at the origin. If a curve 
the origin, the equation of the tangent at 
that point is easily found. 

Ex. 1. 1'ind the equation of the tangent at the 
origin to 

C;xs-ix-2y = 0. 

Solution. To find the slope of the tangent 
Pi (0, 0), let P 2 (0 + A, + k) he a second point 
on C. The conditions that J' t and P 2 lie on C 
give but one equation. 

¥'-ik- 2ft = 0, 
whence the slope of the secant P^ is [(1), p. 207] 



Letting Pi approach P t , h and £ approach 
and the slope of the tangent is the limit of 
which is — 2. 



tl:i'ij'.;;;!i 
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Hence the equation of tlie tangent is (Theorem T, p. 58) 

V = -lB, 

or 2x + y = 0. 

Notice that this equation may be obtained ut on™ by selling the terms of 
the first degree in the equation of C equal to zero, 

If a curve passes through the origin, the constant term in its 
equation must be zero (Theorem VI, p. 73), so that its equation 
must have the form 

Ax + By + Cx 2 + Dxy + Eif + F-j? -\ = 0, 

where the dots indicate that there may he other terms whose 
degree in x and y may he three or greater. 

Theorem XII. The equation of the tangent at the origin to the 
curve C whose equation arranged according to ascending powers of 
x and y is 

Ax + By + Cx 3 + Dxy + Eif + Fx 3 -\ = 0, 

is Ax + By = 0. 

That is, the r 'j I'M f ion of the tangent to ('.' at the origin is ohta.'meil 

Ig setting equal to zero the terms of the ji est degree in x and y. 

Proof. P x (0, 0) lies on C. Let P t (h, k) he a second point 
on C. Then (Corollary, p. 53) 

Ah + Bk + Ch 2 + Dhk + EJc* + Fh* + ■ ■■ = 0. 
Transposing all terms containing h, and factoring, 

k{B + Ek-\ ) = - h (A + Ch + Bk + Fit 1 -\ ). 

k _ A + Ch + Dk + Fh 2 -\ 

" h~ B + Ek + ■ ■ ■ 

Letting P a approach P s , the limit of j> which, is the slope of 
the tangent, is seen to be — — ■ 

Hence the equation of the tangent; is (Theorem V, p. 95) 
A 

or Ax + By = 0. Q.u.n, 

If A — and B = 0, ths terms of the Inmst degree, if set equal to zero, will 
be the eqiuu.iiin of the I ira or rnoiv lines whieh will ihou In: tangent to O at 
the origin, for example, it the equation of C is & — j/ 2 + q;< = 0, the two lines 
x i „ j,i— will be tangent to Cat the origin (problem ;i, (h), p. 211). 
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89. Second method of finding the equation of a tangent. The 

tangent: to a curve C at a point P t may now be found as follows. 
Transform C by moving the origin to P, (Theorem I, p. 160). 
The equation ol: the tangent at P ± in the new coordinates is then 
found immediately by Theorem XII. Transform it by translating 
the axes to their first position. The result is the equation of the 
tangent aL I\ in the given coordinates. 

Ex.1. Find the equation of the tangent to \ 4s: 2 - 2^ + X s = at 
Pi(-2, 2) which lies on G. 

Solution. Set (Theorem I, p. 160) 



The equation of C 

4 (a- - Z)* - 2 (i/' + 2)a + (x' - 2)* = 0. 

Only the terms of the first degree are 

needed, and these mail he inrked out without 
dr.n,-ir,g thr, pt(>-en/,ht:f<ex. The equation of 
the tu^ont is thevofore 

i(- 4x') - 2 ■ 4y' + 12x' = 0, 
or x' + 2y' = 0. 

To Irmisfovjii to. the old soars, set 

We thus obtain 

* + 2;/-2 = 0, 

wliiuli istbeequidionol' I.];-;: iii.ngen.Ho (.'at P t . 
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PROBLEMS 



1. Tind the equations of the tangents 

(a) & + 2xy + tf'-$x + Sy = Q. 

(b) xy~ifi + <e~'&y = 0. 

(c) K> + 4a#-8fll + 4y = 0. 

2. rind the equations of the tangents i 
indicated by tlie method of section 89. 

(a) 9a£-y s -f-2ai-4 = 0, (2, 6). 

(b) a? + 4i«!f + 6ff-7=0, (-1, 8). 

(c) sy4-8a;-4y-6 = 0, (2,3). 

(d) ^ + 43 + 2^ + 8 = 0, (-4,2). 

(e) 3,» = as» + 8, (2,4). 

(f) y = a*- 3^-5x2 + 4s + 4, (0, 



nto 



(d) ^ = ^-2^ + 3!. 

(e) a» + ]^ + a;-y = 0. 

(f) E 3 + x s -3ccy-4j( 2 = 0. 

j the following curves a' the points 



Ans. y — i x + 4. 
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4, Find, the angle which the Ji tie 'Is -1 ■/ — !l = makes with the locus 
of xy + &x-4y -19 = Oat (3, - 1). Ang . —■ 

MISCELLANEOUS PROBLEMS 

1. Find the equations of (he tangent* ami ihe normals 1.0 the following 
conies at the points indieatoil. 

(a) a? + 4aw - 4«- 10 y + 7 = 0, (3, - 2). 

(b) xy-ix + By-i = 0, (-1,4). 
(o) *y + y 2 + 2x + 2y = 0, (-3, 3). 

(d) ^ + 4» + 6y-27 = 0, (6,-7). 

(e) x^ + Bxy + if- 10i/ -1 = 0, (2, 3), 

(f) a0- 83 + 3^-14 = 0, (1, 7). 

3. Find the equation of one of the tangents to the ellipse j? -f 9yt — ix 
+ j/ = which is parallel to the line ix — 9y — 36 = 0. 

3. For what point of ihe parabola y' 2 = 2-px is the length of the tangent 
equal to four times the abscissa oi the point of contact? 

4. What is the ler.gl.li of the tangent l'i a parabola at. an extremity of 
the luciiH rectum y Restate the equation of the parabola in problem 11, 
p. 221, in terms of this length. 

6. For what point on the parabola y i = 2px is the normal equal to 
(a) twice- the raihtangi'iit. ? (\i) ihe tlisferenee between the i-ubiiingi.'Jit and 
the subnormal ? 

e. Through a point of the ellipse fj-.r- — ah/ 1 = a^V 2 and that point of 
the auxiliary cirele Willi the name abscissa normals are drawn. What is 
the ratio of the subnormals? 



6, The ordinate of a point on an equilateral liyperbobi and the length of 
the tangent drawn from the foot of that ordinate t.e the auxiliary circle are 

B. A tangent to a parabola meels ihe ilit'ermx ami latus rectum produced 
at points equally distant from the focus. 

10. The semi-transverse axis of a central conic is a mean proportional 

between the distance from the center to a tangent, and the length of the 
normal drawn at the point of contact. 
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11. Find the points oi ihe ellipse fur which the lengths of the tangent 
mid normal lire equal. 

13. Any point on an equilateral livperMa is 'lie middle point of tliat part 
of the normal included between the axes of the hyperbola. 

13. A circle is drawn through a point on the minor axis of an ellipse and 
through the loi'i. Show that the lines drawn through tin: given point and 
too points of inter section of the circle and ellipse are normal to the ellipse, 

14. How many normals may he drawn through a given point to (a) an 
ellipse'.' ().:■) an hyperbola'. 1 (<■) :i |;araixihi ■' 
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CHAPTER X 

RELATIONS BETWEEN A LINE AND A CONIC. APPLICA- 
TIONS OF THE THEORY OF QUADRATICS 

90. Relative positions of a line and conic. If a line and conic 
are given, it is evident that 

(a) the line is a secant of the conic. 
(v) the line is tangent to the conic, or 

(c) the linn dors not inert the conic. 
The coordinates of the points of intersection of the line and 

conic, are found by solving tiieir (.'filiations (Rule. p. 76), which 
are of the first and second degrees respectively- To solve, we 
eliminate y* and arrange the resulting equation in the form 
(1) Ax* + Bx +C = 0. 

Denote the roots by ,T! and k 2 and the discriminant./! 5 — & AC\>y A. 
Analytically the three cases above present themselves as follows : 

(«) If A is positive, the line is a secant. 

For X\ and x? aro real and unequal (Theorem II, p. ■'•). and hence they are the 
abscissas of the poird.i of intei'sei'iion. v.hk-h must be distinct. 

(h) If A is zero, the line -is a tangent. 

For in this case j-.j — a: 2 , so that Ihe points of intersection coincide. 

(a) If A is ne<jo.t'a:i\ the. line does not meet the. conic. 

For r £i and k 2 are ima<rhja)' L y. and hence there are r.o points of intersection 
(p. 77). 

It A. = 0, one root of (1) is infinite (Theorem IV, p. 15) and one point of inter- 
section is said to be " at infinity." 

If A = d and J} = 0, then both roots of (1) arc in Unite ami the line is said to be 
"tangent at infinity." 

If A = 0, li = 0, and C ■- [), then (I) is sinisf.nl by ft'.' values of X, and hence 
Ins an infinite number o£ roots. All of the points on the line lie on the conic: 
that is. (become is degenerate ami consists ol straight iiijcs (:■! which the jjivon 

*If one equation does not conta'n ;/, then .i: is found liy s. living iiiaf. equation. Hut 
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In solving tin; equations of the line ami conio it might be easier 
to eliminate x than y. Then (1) -would "be a quadratic in y, but 

die result of. the discussion would be, the, same. 
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Ex. 1. Determine the rcladve positions of the 

line 3»-2;/ + 6 = and the parabola y 2 + 4x = 0. 

Solution. It is easier to eliminate x. than ;/. 

Solving the equation of the; line fur x, we obtain 



Substituting in -if- + Ix = 0, we get 
83/2 + 8^-24 = 0. 

The Jisui'inihiant of ibis quadratic is 
A = 82-4.3(-24) = 352, 

As A is positive, the line is a secant, 

Ex. 2. Determine IJ it; relative position of the line ix, + y 
+ 5 = and the ellipse i)^ + y 2 = 9. 

Solution. It is easier to eliminate y than a. From the 
first equation, 

Substituting in i.lie second and arranging, we get 

25» 2 + 40s +16 = 0, 
Tho discriminant is A = 40 2 — 4 ■ 25 ■ 16 = 0. Hence the 
line is a tangent, 

Ex. 3, Determine the relative position of thu loci ot x' 2 — y* + 3 k — 3 y = 



i 






= 0. 



Sohdlvn. liiiminai.ing y, m: .net 

aj*-icS + 8x-3x = 0, 

or ■ s a + ■ i + = 0. 

As this equation is true for all values of a. 
then all of the points on the line lie on the conie. 
The equation of the conic may evidently be 
written (x. - y) (x + y + 3) = 0. The locus of 
this equation is (Theorem, p. (id) the degenerate 
toiiio consisdne; of the pair ol" lines 

x-y = 0,x + y + 8 = 0, 
of which one is the givon line. 



7\ _S 
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PROBLEMS 



1. Determine the relative ikihiIi'mlh 01 the loi.'i of the following equations 
and plot their loci. 

(a) z + y + l =0, s* = 4y. Am. Tangent. 

(b) x - 2 y + 20 = 0, x 2 + y 2 = 16. -1ms. Do not meet 

( c ) yi- — 4 x = 0, 2 x + 3 ?/ — 8 = 0. jlns. Secant. 

(d) x li + y*-x-2y = 0,x + 2y = 5. Ann. Tangent. 

(e) 2 xy - 8 x - y = 0, y + 8 a - 6 = 0. -ins. Tangent. 

(f) £- + !/ 2 - as - 8 v = 0, x - 2 y = 6. Ans. Secant. 

(g) 4x* + y 2 -Wx = ti, x + y -8 = 0. Ana. Do not meet, 
(h) x 2 + y 2 — 8 £ — = 0, x + 8 = 0. .dit*. Do not moet. 
(i) 8 x 1 - 6 y* + 16 x - 32 = 0, 2 x - 3 y = 0. Ans. Secant. 

(j) % 2 + xy + 2x + y = i), 2x + y + 4. = 0. Ans. Tangent, 

fk) & + 2xy + y* + ix - iy = 0, * + y = 1. 

-1ms. Secant, Willi ouo point of intersection at infinity. 
(1) ix 2 -y* + 4x + 1 = 0, 2x.-y + 1 = 0. -Ins. Line is part of conic, 
(m) a 2 + 4a^ + !/ 2 + 4ii-6y = 0, 2a:-3j/ = 0. .Arcs. Tangent, 

(n) a^ — ly* + Sy - SO = 0, a; - 2y + 2 = 0. -Ans. Tangent at infinity. 
[o) a?-Qxy + Qy* + z-3y-2 = 0, x-Sy=l. 

Ans. Line is part of conk'. 
(p> 6 x 3 - 5 xy - 6 y 2 = 1 8, 2 a: - 3 y = 0. 4ns. Tangent at infinity, 

S, Find the middle points of the clmrdK of the conies in (c), (f),and(i). 
problem 1, which are formed by the given line. 

Am. (c) (V, -3); (f) (V, -*)i (i) (~fc - *>■ 
3. Interpret Theorem II, p. '!, gfioinetrically Ivy dflerniining the relative 

positions of the parabola y = Ax 2 + lix + C and the line # = 0. Construct 

the figure if 

(a) A = \, B~-l, C=0; (b) ji=4, 7i=C=0; (c) J = £, i?=l, (7=0. 

91. Relative positions of lines of a system and a conic, and 
of a line and conies of a system. Given a system of lines (thai 
is, an equation of the first degree conksiniiig a parameter 7c) and 
a conic, we can determine the values of h for which the lines of 
the system intersect, are tangent to, or do not meet the conic, as 

[■'u'loVi'S. 

Eliminate x or y, as may be- move convenient, from the equa- 
tions of the system of lines and the eonie, thus obtaining an 
equation either of the form 
(1) Ay* + By + C = Q or Ax' 1 + Bx + C = 0. 
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The discriminant A will be in general a quadratic in /;'. 
Determine the values of k for which A is positive, zero, or 
negative (Theorem III, p. 11) and apply the results of the 
preceding section. 

The same process serves to separate the conies of a system 
(that is, the loci of an equation of the second degree containing 
;i parameter k) into three classes according as l.liey intersect, are 
tangvnt to, or do not meet a gi vet: line. Only here the values of /:, 
if any, for which the equation lias no locus must be excluded. 

Ex. 1. Find Hie values of k for which the line y = %z + k intersects, is 
ianscent l«, or does not meet the ellipse x- + 4 y^ — See + 4y — °. 

Solution. ElimmaUiicr .'/ by sulM.il.ni.iou in i.hc seeoiul equation, weohtain 
17cc 5 -\-Wkx + 4k? + 4/.: = 0. 

The discriminant of this quadratic is 

A = (16 &)3 - i ■ 17 (4 k? + 4 k) = - 16 (fc= + 17 ft). 



*± -is 


i-tlHti - 


#r§ 


nfl^ 



By (a), (6), and (c), p. 226, 

(a) the line is a secant H - 16(fc» + i7fc)>0; 

(b) tlie line is a tangent if - 10 (k 2 + 17 ft) = j 

(c) the line does not meet the ellipse if - 16 (fc 2 + 17ft)<0. 
Apply Theorem III, p. 11, to the quadratic - 16(fc a + 17 ft). 

Since A = (- 16 ■ 17) a is positive, A = - 16, and the roots are and — 17, 

(a) if - 17<fc<0, the quadratic - 16 (ft 8 4- 17ft)>0 ; 

(b) if ft = or -■■ 1 7, the quadratic - 16 (ft 8 + 17 fc) = ; 

(c) if fc<- 17 or ft >0, the quadratic -16(W + Wfc)<0. 

(a) the line is a secant if — 17 < jfc<0. 

(b) the line is a tangent if k — or — 17. 

(c) tlie line decs; nor nieel, (he ellipse if k < — 17 or ft>0. 

The lines of the system are all naraiUil. The lignre shows the two tangent 
lines and indicii.uis where ihe Uih-m J it- fur r.liiferunt values of 7c, 
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1. "Determine tlio values of It. for wlik-li Ihc loci of tin; following equations 
[:u intei-Htivl. (b) am tangent, (c) do not meet. Constrocl lite %ure in en.;:h 

(a) y = kx — l, & = iy. 

Arts. (a)fc>lorfc<-l; (b) * =±1; (o) -l<Js<l. 

(b) z + 2y = k, 3? + y i = b. 

Am. (a) - 5 < ft < 5 ; (b) ft = ± 5 ; (c) ft > 6 or ft < - 5. 
(o) !(* + »« = ft, 3k-4;/ + 10 = 0. 

Ans. (a)ft>4; (b)ft^4; (c)0<ifc<4. 

(d) y = kx + 2, a 2 — 8# = 0. Ans. (a) For all values of fc 

(e) a 2 + y* - 2 to = 0, y = x. 

Ana. (ii) I'or all values except ft = ; (b) ft = 0. 

(f ) 4 a 3 _ j,a = 16, j/ = fce. 

Ann. (a) -2<ft<2; (b) ft =±2; (c) fc>£ or ft < - 2. 

(g) j^ = 2te, a;-2;/ + 2 = 0. 

4iur. (a) ft>1 orfc<0; (b) k = or 1 ; (c) 0<ft<l. 
(h) x a + 4yS-8!6-0, ff = *s + 2-4*. 

/Ins. (a) All valuer except k — ;. (b) ft = 0. 
(i) B3/ = ft, 2a + y + 4 = 0. 4 ns. (a) k<2; (b) 4 = 2; (o) fe>2. 
U) xy + y*-4x + 8y = (i, x-2y + k = 0. 

Ans. (a) ft>48orft<0; (b)ft = 0or48; (o)48>ft>0. 
(k) 4 a a 4- y'* - !> a + <• y = 0, y = fee -f- 1 - ft. 

4mt. (ft) fc>lorfc<- [J; (b) fc = l or - ' » ; (o) ~ ff < ft < 1. 

2, Determine the values of /; for which tin: loci of i.lic following equations 
are tangent and construct the figure. 

(a) x* - 4 y + 10 = 0, 3/ = ft. 4ns. k = 4. 

(b) 0a^ + 162/= = 144, y~x = k. Ans. k = ± 5. 

(c) 4 ej/ + jj s + 16 = 0, a = ft. 4.ns. ft = ± 2. 
{&) z* + ixy + y* = k, y = 2x + l. Ans. k = - ,V 

(e) x 2 + 2 aj/ + J/ 8 4- 8 a - 6 3/ = 0, 4 a - 3 1/ = ft. 4ns. ft = 0. 

(f) 3? + 2 3ty - 4 x + 2 y = 0, 2a-j/ + ft-3^0. 4ns. ft = 3 or 13. 

92. Tangents to a conic. If in the preceding section, the value 
of the discriminant of (1.) is zero, then the line and conic are tan- 
gent. The equation obtained by setting (hat discriminant equal 
to zero is called the condition for tangency. Hence the condition 
for tangency of a line and conic is found by eliminating either 
x or y from their equations and setting the discriminant of the 
resulting quadratic equal to zero. 

Taus in Ex. 1, p. SSi), the condition for tangency is A = - 16 (ft a + 17ft) = 0. 
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Ex. 1. Find the condition for LaiigL-ney of List: line '- + - = 1 and the "parab- 
ola y 1 = 2px. 

■Solution. Eliminating a: by sob. ins ;he first uquaTion for ;t and substituting 
in tlit- second, we get 

by 2 + 2 opy — 2 abp = 0. 

The discriminant of this quadratic is 

A = (2 ay)' - 4 6 ( - 2 abp) = 4 ay (ap + 2 5*) . 

Hence Hie condition for tangency is 

iap{ap + 2W) =0 or op (ap + 2 ft 2 ) = 0. 

Rule to find the equation of a line, tangent to a given conie and 
mtL-ii'i/iiiij a second condition. 

First step. Write the e'/itaiion of the, system of lines satisfying 
the, second condition. 

Second step. Find the eouditiiin f<>? tonf/enc/i of the equation 
found in the first step and the given conie. 

Third step. Solve the er/uniion fovnd in the second step for the 
vn.lne of the para meter of the .•//stem of tines 'aid avis! it. '.tie the real 
■<-<iliiex fi-iiind in the epilation of the xi/steai. The e</ nations ohtuined 
are the required equations. 

Ex. 2. Find the equations of the lines with the slope \ which are tangent 
to the hyperbola £ a - 6j/=-)-12?/ — 18 = and find the points of tangency. 

Solution. First step. The: !ines of the system 

(1) y=]x + k 

have the slope J (Theorem I, p. 58). 






Second step. Solving (1) for x and substituting in the given nquatio 
(2) y 1 + (4 k - 6) y + 9 - 2 Ifl = 0. 

Hence the condition for tangency is 

(4 ft - 6) 1 - 4 (0 - 2 J?) = 0. 
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Third, step. Solving 1 bis equation, k = or 2. 
Sijbst:M.UJi:g in (1), wo get the vi-quired equation*, namely, 
(3) X-2y = 0, z-2y + 4 = 0. 

To find the points of tangc-ncy we subsi.ii.;ir.(> ouch value of A: in (a), which 
then assisiiiiin 1-lns socond form of (7), p. 4, namely, 

If k = 0, (2) becomes (3/ - 3) 2 = ; .■. y = 3 ; 

if & = 2, (2) becomes (# + l) 2 = ; .-. y = — 1. 
Hence 3 and —1 are the ordinate* of the nuints of contact. Then, from (1), 

if it = 2 and ^ = — 1, we have x = — 6. 
Hence, if it = 0, the point of contact is (6, 3) ; 

it k = 2, the point of contact is (- G, - 1). 

The points of contact may also bo found by solviuf;- eaoli of equations (3) 
with tilt: jjivfn equation. 

PROBLEMS 

1. Determine tbo condition for i.aii.m.-ney of tic loci of the iolliuyinsr 
e'.ji^itli-'r.ii. 



fa) ix*+j/*-i!E-& = 0, y=2x+k. 


4jW. fc 2 + 2fc-17 = 


(b) xy + x - 6 = 0, as = ky + 5. 


4 718. fc 2 + 14 J; + 2& 


(c) x"- - y 1 = a 2 , y = kx. 


Am. ft =±1. 


(d) x* + y'' = r*, 4y-Sx = ik. 


4b3. 16ft a = 26rt 


(e) i«ls ! = r 2 , if = mx + b. 


4ns. (2mi) a -4(l^-j 


(f.1* — + — = 1, - + ^ = 1. 


^ ns . 5+1= L 


W ' o* &a ' « + p 


4, is a5 _ 6S - i 


04»S + S = i,* = »- + A 


Arts, a^ + ft 2 — /J* 


B.S-5-i.r — + * 


4ns. «W - 6 2 - /J 2 


(j)* 10 + ^ = ^, acosw + j/sin^- 


-j» = 0. 




4ns. p2 _ r -i = 0i 


p^a w = <^5 + ? = t 


4jis. <r/3 = 2a 2 . 


(I)* j? + 3^ = ^, 4» + B» = l. 


Arts. AW + BV = : 


* In these problems It Is assumed tha 


(the constants lnvolve.1 a™ 
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2. Find, the equations of i-ho i.iin:;oiu.s t.o ilic following oonics which satisfy 
tlu: i:n!i(litio3i imJU;;ii.i:ii, umi tliuiv points of coinaul. Vciii'y too In- or approx- 
imately by constructing the figure. 

(a) y 2 = <Lx, slope = J. Ans. x — 2y + i = 0. 

(b) a* + y* = 16, slope = -£. Ana. ox ■+ Sy ± 20 = 0, 

(c) x 2 + 16 y 1 = 144, slope = ~- J. .4ns. a + 4 ?/ ± 4 VlO = 0. 

(d) a 2 — 4;/ 2 — 3<>, perpendicular to (ix — 4i/ + = 0. 

.dns. 2x + 3y ±zV^ = 0. 

(e) s ! 4-2j/' 2 — x+?/=0, slope= — 1. Ans. x + j/ = l, 2x + 2y + 1 = 0. 

(f) x' ! = iy, passing through (0, -1). Ana. y=±x — l. 

(g) x 2 = Sy, |ias.yo:; ilii'ousili (0, 2). -djis. None, 
(h) 4 s2 _ ;,a = id, s i p e = 2. 4ns. y = 8 a. 
(i) aj/ + i/ ii -4z + 8j/ = 0, parallel to 2x-iy = 7. 

Ans. x = 2y, x - 2 j/ + 48 = 0. 
(j) 4i ! + y' 1 - Qx + 0j/ = 0, passing through (1, 1). 

Aia. x-y=D, 19s+lly-30=0. 
(k) K 2 + 2 xy + j/ a + 8 iE - 6 y = 0, slope = J. 

4ns. 4 1 -8y = 0. 
(1} a 2 + 2 xy - 4 * + 2 y = 0, slope = 2. 

4ns. ^ = 23;, 2»-i/ + 10 = 0. 
(m) y 2 = 2px, slope = m. 
(n) W& + a% 2 = a 2 6 2 , slope = m. 
(o) 2aj/ = a 2 , slope = m. 

3. Find the highest and lowest, points of the conic 
(a) x* + Qxy + 9y 2 -6x = 0. 4ns, Highest (J, }). 



7/i«(. Find the poiiils ol i/onox't "f : bi <; horizontal tangents. 

93. Tangent in terms of its slope. The method of the preced- 
ing- section for finding a tangent with a given slope may be 

applied to general citations and yield formulas for the equation 
of a tangent in terms of its slope. 

Theorem I. The eijiintion of a to,wj<:ii.t to the parabola y 2 = 2px 
in terms of its slope m. -is 

(i) ,, = ,„+? 
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Proof. Eliminating x from y — mx + k and if = 2px, we obtain 

my 2 — 2py + 2pk — 0. 
Hence the condition for tangeney is 

A = (- 2pf -4m (2_pfc) = 0, 
whence 7c = j, — 

Substituting in y = mx + 7c, we obtain (I). q. b .d. 

In like manner we prove 

Theorem II. The equati'm- of a tangent in, terms of its slope m 
to the 

circle x 3 + if = ?- 2 is y = mac ± r VT+m" ; 

eZ/ipse iV + «V = « a * 2 is V = »»* ± V««-m' + & 2 ; 

liijpe.i-lmla, t/x 3 + a?y* — a?b' i is y = »kb J; V«% ! — ft 2 . 

PROBLEMS 

1. Find the equations oJ! I ho i/omnion tan^eias to tin: following pairs of 
conies. Construct the figure in each ease. 

(a) j^ = 5ss, 9a;' + 9^' = 16. Ans. 9x ± 12 y + 20 = 0. 

(b) 9x a + 16j/== 144, 7 1 2 - 32 v a = 224. 4m. ±&-y±5 = 0. 
(e) r: 2 + ji 2 = 49, x 2 + y 2 - 20 y + 99 = 0. 

Ans. ±iz~3y + &5 = 9, ±8»>- 4y + 36 = 0. 
i/iii(. Find the equation!, uf a taneo'it Id endi <:wic. in terms of Its slope and then 
Lli-t ermine the slope si> that the nvo V.im cuineLde (Theorem III, p. 88). 

3. Two tangents, one tangent, or no tanj^nt t'.;ii] be drawn from a point 
?'i (J*,.. ;/i) to the locus of 

(a) y 2 = 2px according as y-p — 2 px, is positive, zero, or negative. 

(b) 6% 2 + a 2 ^ 2 = a 2 6 B according as Jftri* + a 2 |/i 2 — iPP is positive, zero, 
or negative. 

(o) &%B a — a 2 !/ 2 = (fib 1 iH'Cni'iliiiL; ;xs jj-j;^ - <i'-';/r — (fit?- is negative, zero, 
or positive. 

3. Two perpendicular langynts to 

(a) a parabola intersect on the directrix. 

(b) an ellipse intersect o:i the. circle ?? +ift = a 2 4- b 2 . 

(c) an hyperbola intersect on the circle z 2 + j/ 2 = a? — 6 s , 
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94. The equation in p. Tn the fnilinvijig- socLuins no slia'l suppose that the 
line is given in parainei.rio form (Theorem XV, p. 124), 



\v = Vi + pooBP. 



>pe is m =— - = -!—£., ^ I 1 )' P' 9S >' The point (h, y) or 
it point on the line who.*! diiciuv.d illstimue from I\ is the 




If the point (Xi + p 

p. 53) 



Uu: p.iraW.'la 

y s — 2px = 0. 
os a, yi + p eos p) on (1) lies on (2), then (Corollary, 
(j/i + p cos (3)a _ 3 j, (a;, + p cos a) = 0, 



(3) 



#p . p* + (2 y, cos - 2p cos a) p + (jtf - 2j[Wi) = 0. 



This equation is (.'ailed tin* equation in P fur iho parabola. Its roots, 
pi and pa, are the dhvinwl li'ii^-ths P-^P--; and T\T\ from J'i i.e. the poims 
of intersection of the line and parabola. 

For P is the distance f ram P, to the point (#, + p cos a,#, + pcosfl); and when p satisfies 
equation (3) the point i.^-n cos a. ;/, -■-/> mif-fl) lies on the parabola. 



Theorem III. The d 
section of the line 



^ = X! + p eos a-, y = I/, + p cos p 
= 2 ps are tft« roots o/ tfte equation -in p, 
+ (2 j/i cos f7 - 2.p cos w)p + (f/i 2 - 2^) = 
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The equation in p for any conic is the equation whose roots are the 
distances from a point P_ to the points oi intersci'l.ion ol the conic ami the 
line thiV'iiyh ./', ivliose dived ii.m alleles are a and 3. Tlie method used in 
proving Theorem III. is general ami justifies the 

Rule for for nutty the, equation in p for any conic. 

Substitute ~£\ + p cos it for x and j/i H- p ens ji for y -in the equation of the 
conic ami arrange iUc rami'. ..^curding to -potoers of p. 

For convenience of re fc re nee we state- fiie inllowinjr theorems which are 
proved by this Rule, 

Theorem IV. The equation in p for the central conic b% 2 ± a*y* - (t 2 6 a = is 

(IV) 

(^eo^. I -^cuf-/j;^ i -i^^|CuK if -:-2f/-;/.c(is^^ + (^ l ^ == t^^-a 2 6 2 f = 0. 

Theorem V. Tin.: CjUoJaoii. in pj'oy the h<:«s of 

Ax* + Bxy + Cy* + D& + Ey + F=0 

(V) (A cos 2 a + B cos a casp + C cos* $ p* 

+ [(2 Ax, + Byt + D)cos<t + (Bxt + 2Cy s + E)cosfip 
+ (Ax? + Bx,y, + Cy? + Dx ± + Ey ± -ff) = 0.* 
The relative position of the line (J) and. a conic depends upon the discrimi- 
nant of the equation in p. Tor ae- cord in;; as the roots of the equation in p 
are real and unequal, real and equal, or itiiiuiiiia.ry (Theorem II, p. 3), the 
line and conic will intersect, lie tangent, or not meet at all. 



PROBLEMS 
1. Find the equation in p for each of the following conies. 

(a) xy = 8. (e) 2x* + xy + fix -4y 

(b) ti ! + if- = 9. (1) x? + 2xy + yt-4x 

(c) %& -y"- = 16. (g) xy + ix - By- 3 = 

(d) 3? - y* + ix - By = 0. (h) ss + 4a:y + y* - Ss 

3. What can be said of the coefliciciil.s and roots of the oq-jatioi 
(a) ii Pi{x lt y,) lies on the conic? 

(b| if lie:, line is larieent to Hie conic at fi ? 

(c) if the line meets the conic at infinity P 

(d) if P 1 is the middle point of tlie chord formed by the lino? 

* Jtotlce that the coefficient at P ~- ia fonml by substituting «os n for s and 

in the terms nf tin; st-.-r.iiil tit-jiter in Ih.v imvii ,.-,| ieuii.ni. Tim !:or.alnul term i 
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3. Determine the relative; position of the.; following lines and c 
st the figures. 

\S=-2 + lp. Ans 



<a) y3-4x + 4 = 



(b) ixv + 8y*-4x + 4y-W = (> 



(e) 4^ + 0^-40ie-7: 



(d) 3^ + iey-4^-a; + tf = 



iw = -2 + |p. 



.-[ ks. Secant iviih wif ]ii>int. ol inlci'seci iii:i at infinity, 

95. Tangents. We shall show how to find the equation of a tangent to a 
coniy by means of the equation, in p by considering Hits tangent to ilie parab- 
ola y % ~- 2px. = ai the point P, (x u yj). Let 

bo any secant through Pi intersecting the parabola at P a , One root of the 
equation in p is p. — 7 J 1 P a and the other is p 2 — 0. Hence (HI), !>■ 285, 
becomes (Case I, p. 4) 

cos 2 j3 ■ /j 3 -f {2 y-i cos £ - 2p cos a) p = 0. 

;<)r the constant icrju is zero liy the Corollary, p. 53.] 
When P 2 approaches Pi the line becomes tangent (p. 207), and as pi 
becomes aero we must have (Case III, p. 5) 
12) 2*/ 1 eos^-2pcos« = 0. 

This is the condition that (1) is tangent to tin 
parabola. Solving (I) for cos ir and cosjS and 
luting in (2), we obtain 

2 Viy -2px-2y,' + 2pxi = 0, 
Hat since y,- = 2 pzi this reduces to 

ViV - J) (x + ii) = 0, I 

which is (lie form given in Tneni'inn III, p. 214. 
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B6. Asymptotic directions and asymptotes. II the coefficient of p 2 in 
Lair equation in p is /.ero, then imi: root, is infinite (Theorem IV, p. In): and 
hence t.ln' line anil oonio have one point of inlevsci-lioo at mt infinite distance 
from Pi. The direction of such a line is called an asymptotic direction. 

Theorem VI. The arri/ihptotir. directions of the hyperlxila are parallel to the 
aii/m iitot.es. of the parabola arc parallel to /he uzif, e;hile the. eU.lii.ii: has no 
asymptotic directions. 

Proof. Set the coefficient of p £ in the equation in p for the hyperbola 
[(IV), p. 236] equal to zero. This gives 
&2cos 2 ,i-a 2 cosV = 0. 



Therefore the slopes of the asymptotic, direc- 
tions are the same as those of the asymptotes 
K6),P.1»]. cos g 

Similarly for the parabola m = - t - - = 0, so 

that i.ho asym;>t' >':io direction is parallel to theazis. 

manner, m = ^^- = ± - V^Ti, so the slopes of 

■e imaginary; that is, there 

asymptotic directions. q.e.i>. 

Corollary. Every line havhfj the axj/uiptotic direction. 

of a conic intersects the conic In. but one point in. the. 

finite part of the plane. 

If both roots of the equation in p become Infinite, 
the lino is said to he. "l-augciil, to the conic at nihility " 
asymptote, Uslne; this definition of 
ve have, in justification of the prelimi- 
n. p. 183, the following theorem. 

The. ci/Htttioii of the fisi/r,.p!iifi s i if i/i t' hi/perb:,!a 
Wx? - «V = a?V is W& - o?y* = 0. 
Proof. Both roots of the equation i:i p for tin' hyperbola [(IV), p. 236] 
will be infinite if (Theorem IV, p. 15) 

b 2 cos 2 !* -a 2 cos 2 = and 26% lC os<* - 2a 2 ;/icos0 = 0. 
I'ro'u the first equation, cos/J = ± -eoso-, 

Substituting in the second, we put ?i,<;i : - «</i ■■- as the condition that Pi 
should lie on an asyniptoto. lint this is the condition that T\ should lie on 
one of tin; linos hz ~ ay = or b-z- — a-ij- = 0. Hence this equal ion is the 
equation of ihe asymptotes. q.e.d. 



For the ellipse, i 

the asymptoLio directions a 



and is called ai 

the asymptotes. 

nary definition i 

Theorem VII. 
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The method of the proof justiiies the 

Sale for finding Ihi- injitiduiu of the asyiiij-.t'.itr.x of any hyperbola. 
First step. !)i:rice ike (■■■jiw.tioh hi p {Rule, ji. 230). 
S< : <:i,„j{ guii.: i~'i:'. lite !;;t:Jii.>:!'.:id* if p- iind p vqiMl- to xi.ro. 
Third step. Etimintdu cos a and cosfl from, these equations and drop the 
subscripts on £j. and y t . 

PROBLEMS 

1. Tiiid the equations of Lho Uingeuts to tin? folio-win;; conies drawn from 
Hit' points indicated. (Tin: method of seel ion '..'it can be applied whether J', 
lies on the conic or not.) ■ 

(a) xy = IB, (4, 4). Am. x + y = S. 

(b) X s + 2xy = 4, (2, 0). Ans. x + y = 2. 

(c) a* = iy, (0, - 1). ins. x* - {y + l) a = 0, or z = ± {y + 1). 

(d) x 1 -Sy^ + 2x+lO = 0, (-1,2). ins. (a: + 3y - &)(x - 3y + 7) = 0. 
8. Determine the sili'i:>os oi' the asymptotic directions of the following 

conies. 

(a) x* - xy - IS y : ' - 8 z = 0. Ans. $, - J. 

(b) a»-y* + 4ie-e = 0. ins. 0, 1. 

(c) E 1 + 4a;;/ + 4i/ 2 — 2i = 0. ins. - £. 

(d) 4z 2 + &;/ + # 2 — 3 = 0. ins. None. 

(e) 9e 2 ~6xy + y 2 — 2j/ + 5 = 0. Ana. 3. 

(f) a 2 + 5^ + 43/2 = 10. Jns. -J, -1. 

(g) ay + Rr + My + F = 0. ins. 0, no. 

3. Determine whether the loci of the equations in problem 2 belong to the 
elliptic, hyperbolic, or parabolic type. 

i. Find the equations of the asymptotes of the following hyperbolas. 
. j, + 2 = 0, as-y + 2^0. 
= 0, 2x-y = 0. 



(a) xy - y* + 2as = 0. 


ins. 


(b) 2 x* - xy - 4 = 0, 


ins. 


(c) 1^-8^ + 8^ = 10. 


ins. 


(d) zy-4x-8y = 0. 


ins, 


(e) 2X 1 - 7xy + Sy* = 14. 


Am. 


(f) a 2 -4j/2 + 2z + Sj/ = 0. 


ins. 



= 0, x-Sy = 0. 
f3 = 0, j; + 2y-l = 0. 
6. Find the equations of the asymptotes of the hyperbolas (a), (b), (f), 
and (g) in problem 2. 

ins. (a) 75 x - 25 y + 2S6 = 0, 50 x + 25 y - 184 = ; 
(b) y + 4 = 0, i-?/ + 4 = 0; 

(f) X + iy = 0,x + y = 0; 

(g) k + E = 0, 1/ + D = 0. 
6. Prove that the parabola has no asymptotes. 
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7. Show that the ;i.s;'tiiptoiic. directions of the locus of 4s 2 + Bxy + Ctfi 
4- ite 4- Ey + F = are determined by the locus of A& + Bxy + Cy- = 0. 

8. By means of problem 7 .show that the locus of the general equation 
of the second decree belongs to the hyperbolic, parabolic, or Coptic type 
according us A = I', 1 - 4 AC is positive, zero, or negative. 

9. Show how to determine the direction of tin? a x-.s of any parabola by 
means of problems 7 and 8. 

97. Centers. The problem of this section is lo determine the center of 
p symmetry, if there is a center, of the locus of 

(1) Ax 1 4 Bxy + Cy i + Dx + Ey + F = 0. 

| That is, we seek a point Pi(Si, Vi) which is the middle 

point of every chord of (1) drawn through it. 

If Pi is the middle point of the- chord J'?P a formed by 
the line 

!B = » 1 + pcoSCf, y = y, + pCOS/J, 
then the roots of the equation in p must be equal numer- 
ically with opposite- signs. D.e'u.e the (inefficient, of p in (V). p. 23ii, most be 
zero (Case II, p. 4). 

(2) .■. (2Axt + By, 4 D) cos a + (Ski + 2Cy s + E)cos p = 0. 

If Pi is the middle point, of every chord passing through it, (2) is satisfied 
by all values of cost* and cos (3. For cos£ = and cos« = we get 

(3) HAx 1 + By,- r D = 0, B Xl + 2 Cy y 4 B = 0, 

and if equations (■!) are satisfied, 12) is always s;:tisiiod. 

We can solve (3) for a single pair of values of x, and ?/i (Theorem IV, 

p. !![)) unless 

and the locus of (1) wi-1 liave a single center. But if A = there will be 
no center uoless at the same time ■_ — ; . when every point on the line 
'2Ax + By + D = will be a center. 

Hence we have 

Theorem VIII. The locus of 

Ax 1 + Bxy + Cy2 + Dx+Ey + F=0 
«'<;'■■ Aiive 41 niuf/lt'. eenter ';.'' stjin'tudry if A = /; J — I ,-1 1' '« no/ sera. If A = Q 
there W'i't be no eenter Hide.:-:; ' , — ,■ -lu.'ifn. m'i u/ Me points mi « 'ike will 

be centers. 

Corollary. The Wider mill he the. point of irderseetjon of the lines 

2 Ax + By 4- D = O, Bcc + 2Cy + E = 0. 
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If She locus is of tlio diintk .jr liY]ierl>i>'.ifj tj-pufsi. 105), thcvc will be a, single center. 
I'.nt it llul locus lH:ioiip;s 1.i. tiii> iiiimliiiliii lyi-ij, is>]-<! in m> rwli': usilvss tin: loi'iis ili^vu- 
ci'iitcs. If the Ion™ if a [iiur iif iwu'iillel lines, then tiwry [joint mi the line miilwuy 

To find the center in a numerical example we proceed as in the above 
proof as far as equal ions (31 ami then solve those equations. 

PROBLEMS 

1. Find the centers of the following conies. 

(a) a? + sj/ - 4 = 0. .Ins. (0, 0), 

(b) v? — % xy + y' 1 — 4 x = 0. ^ius. None. 

(0) sj -2;/= + 4k-4j, = 0. Jtw. (- 12, -4), 

(d) x*-~8xy + Wij* + 2x-8y -3 = 0. 

Arts. Any point of tho lino x — iy + 1 = 0, 

(e) za + iitjy + z/ 1 -8s = 0. .An*. (-|,|). 

(f) 4^ + 12aw + 9s»-3i« + 6 = 0. An*. None. 

(g) 4^ + 12^y + 9^-4«-(ij/-8 = 0. 

Ans. Any point of (lie lino 2 x -\-Sy — I = 0. 
8. Tf all the coefficients of ;ho general equation of the second degree 
except B are constant, and if i? varies so that }p ~iAC approaches -icia, 
how does the center of the locus behave P 

98. Diameters. The locus of the middle points of a system of parallel 
chords of a curve is called a diameter of 11:e curve. 
Consider the ellipse 

6%a + aV = a?<> 2 
and the system of parallel lines whose 
direction angles are a and 0. The para- 
metric equations of that line through. 
Pifr, in) are (Theorem XV, p. 124) 
£ = xl 4- jj cos a, y-yi + p cos /3. 
If Pi is the middle point of the chord, 
then the roots M = P 1 P S and p a = PtP s 
of the equation in p [(IV), p. 236] must 

be equal numerically with opposite siyiLS. Hence (< ';tse II, p. 4) 
2 6^ cos a + 2u%iCOS/3 = 0. 
Dividing by 2 cos a and setting m = ™* - (p. 235), we get 
S%, + a?myi = 
as the condition thai, (.r,,, y,) if the middle point of a chord whose slope is ».■ 
This is the condition that P, should lie on the line 
MX : iftc + cfimy = 0. 
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Hence we have 

Theorem IX. The diameter of Ike ellipse 

m? + a?i/' = u'* 3 
bisecting all chords with the slope in is 
(IX) h^x + a*my = 0. 

This reasoning may be ariri',:ed ;u any canb.\ and justifies the 

Rule for deriving the m/imtinn. of a diameter of a, conk, bisecting all chords 
with the slope m. 

First- step, ikr'i.m- the lyin.otion in p [Hide, p. 236). 

Second step. Set the eoefirient of p equal to zero. ^ 

Third step. Replace x, and yi by % and y respectively, and —— by m. 
The result is the required equation. 

By this means we prove 

Theorem X. The 0. i-unei.fr biseciiny nil chords with the slope m of the 
hyperbola bW - a 3 }/* = o*6 2 is b 2 X — atony = O ; 

parabola y' 1 = 2px is ffiy =p. 







Corollary. All the dhtiaetrrs "f 'he 'punOinia a 

every line parallel, to the axis is a diameter. 

Theorem XI. The diameter of the locus of 

Ax* + Bxy + Cy* -|- I)x + Ey + F = 

bisecting ail rloo'-ls of slope m is 

(XI) 2 Ax + By + r> + m (Tix + 2 Cy + E) = O. 

Corollary. The tliumdc-r )■■'-«■■ -■ ■■" /.■ .■■--- ^ * ■ .■ ' j Ike cevdfr if t.lie lorns has a center, 
and ever:/ line throiojh the renter ■/,• 

libit. Apply the Corollary, p. 240, a 
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PROBLEMS 

1. Find the equation o.[ the diaeiiilcr id each oi Ik'.- iolli.tv.-ing conies which 
biseeLs i.he chords '-villi the given slope »i. 

(a) a?-4^ = 16, m = 2. Ana. x.- By = 0. 

(b) yS = 4a, m = - -J-. ylns. ff + 4 =.0. 

(c) ay = 6, m = 3. 4ns. p + 3 s = 1). 

(e) a*- 4y* + 4x --10 = 0, iw = - 1. 4ns. a; + 4i/ + 2 = 0. 

(f) Ei/ + 2j/2-4a!-2y + C = 0, m = |. 4ns. 2x + 11 1, - 10 = 0. 

3. Find the equation of that diameter of 

(a) 4as 2 + 0^ = 36 passing through (S, 2). 

(b) y* = 4l passing through (2, 1). 

(c) xy = 8 passing through (- 2, S). 4ns. 3a + %V = 0. 

(d) x 3 — 4y + — (i passinc; ; hrouah (3, — 4). Ans. x = 3. 

(e) 35^ — ^ + 22 — 4 = 0paflainglhiongli(5, 2). 4ns. 4x-0y — 2 = 0, 

3. Find the slope of (XI) ilB ! -41C=0. How may the result be inter- 
preted by means of problems 8 and 9, p. £40? 

4. What relation exists between in', the slope of (XI), and m ? 

4 ns. 2 Oram' + J5 (m 4- m') + 2 A = 0. 

5. What dues irie res ill id pr-nlili-m I become for 

W 

(a) the ellipse W& + o?y* = a 2 * 2 ? 4ns. »»m' = -— . 

(b) the hyperbola 6V - «V = a^fc 5 ? 4ns. mm' = — ■ 

(c) the parabola y- — 2px ? 4rcs. m' -- 0. 

6! By means of proKmi "> discuss the relative directions of a set of 
parade', chords and the diameter bisecting them. 

7. Find the equation of the chord of the locus of 

(a) x 2 + y 1 = 26 which is bisected at the point (2, 1). 

Ans. 2x + y — 6 = 0. 

(b) 4s 2 - if = 9 which is bisected at the point (4, 2). 

Ana. 8s- y -30 = 0. 

(c) xy = 4 which is bisected at trie point (5, 3). 

Ans. Sx + by - 30 = 0. 

(d) x? — xy — 8 = which is bisected at the point (4, 0), 
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99. Conjugate diameters of central conies. In every system of parallel 

chords of a central conic there is one which p;iss(!.s through the center and 
which is iherefore n. diamet.er (Corollary to Theorem XT). This diameter 
and the one bmfti lIii.lv Liu: chords parallel ;o it are calif! conjugate diameters. 



7V; fi r-'.'-'j.-sc 
Let ■;;;. lift the slope, of a diameter 
of the ellipse. 

ifte* + oV = a'"'' 2 . 
From Theorem IX tlie slope of 
the eoirugaLc dhuuetev is (Corollary con innate diameter is (Corollary I, 
I, p. 86) 



The hyperbola 

Let jr. be the slope of a diameter 
of !he hyperbola 

W - oV* = «W. 

Theorem X (he slope of the 



Hence 

Theorem XII. If m and m' are the 
sfopes o/ two eonju.i/ote diameters of 
t/;s e/Kpse W + a 2 t/ s = a 2 b 2 , Sften 



(XII) 



ill, 11' 



Theorem Xin. If m anil m' are the 
slopes of two cinjitgate dio,o,e!ers of 
the hyjiKi-balj. PAe- - u-y 2 = a ; d 2 , then 



(xiri) 




Corollary. Conjugate diameters of 
the elUpxe Ue in differed < put dreads. 



Corollary. Conjugate diameter* of 
the hyperbola lie in the same quad- 
rant, but on opposite sid.es of the 



For m anil bj' liavo the same sign si 
tlifiii |ii-i)ilin:L is po.iitive, and if OIH 
ILV.LIl'.'l-i'.'illly kS^ lli.i:: " , 111!- nlliiTliill-l 

iiiiriir'ioiilly ^ri.iilii- iliiin '. ■•-iii.'li ii- 
slope of one asymptote [(6), p. 190) 
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The i-!l- ),*<■■ 

The length of a diameter of the 
ellipse, or of iis conjugate diameter. 
is that part of the line included 
between the points of intersection 
of the line and the ellipse. 

CohxIrurUjiii. To construct the 
diameter conjugate to a given diam- 
eter A B, draw a chord 1CF parallel 
to AB. and then draw the diameter 
CD bisecting JSF, 

Theorem XIV. Given a point 
Fi(*i, Vi) 0" ift e ellipse b^sfl + a?y 2 

= aV, the liquation of the lUarnet.er 
conjugate !-■> the diameter through P, 



The hyperbola 

The length of that one of two con- 
jugate diameters of the hyperbola 
which does not meet the hyperbola 
is defined to be that part of the line 
included between the branches of 
i.lie conjugate hyperbola (p. 1 By). 

' ' ■.'.'■¥■'■ ■■■■ :■'■'.. 'ii. To construct t!i« 
diameter conjugate to a given diam- 
eter AB, draw a chord EF parallel 
to AB, and then draw the diameter 
CD bisecting EF. 

Theorem XV. Given a point 

Pi(«it 1/i) on "«' hyperbola b'x"- a 2 y' 2 
= a:'b-. the eqii'.di'm of lite diameter 
conjugate ti the diameter through P, 



(XIV) 6%ciiP + a?y,y = O. (XV) Wxmk — t&yxy = O. 



Proof. The ilianifster through P, 
passes through the origin (Corollary, 
p. 2i2), and lience its slope is (Theo- 
rem V, p. 35) m = ^!. Then, from 
(XII), the slope of the conjugate 
diameter is m' = ^— ■ The equa- 
tion of the line through the origin 
with the- slope m' is (Theorem V, 



Proof. The diami-:er through T\ 
passes through the origin (Corollary. 
p. 242), and hence its slope is (Theo- 
rem V, p. 85) m = — - Then, from 
(XIII), the slope of the conjugate 

diameter is m' = -,--■ The equa- 

afyi 
tion of the line through the origin 
with the slope m' is (Theorem V. 



which may he written in the form 

(XIV). Q.B.D. 

Corollary. The. points of intersec- 
tion of (XIV) viUi the ellipse are 



which may be written in the form 

(XV), Q.E.D. 

Corollary. The paint* of intersec- 
tion of (XV) with the conjugate hyper- 

(a, ^)™i(=a«, -!s). 
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PROBLEMS 



1. What is the relation beiwecn 1-1 n.: s.opes of conjugate diameters of 
the equilateral hyperbola 2 xy = a? f A ns. m + m' = 0, 

3. The tangents at the ends of a diameter of (a) an ellipse, (b) an hyper- 
bola, are parallel to the conjugate diameter. 

o the 



i. The sum of the squares of two conjugal: s(::ni.(l;amel,ers of an ellipse 
equals a 2 + i>' 2 . 

Hint. Let P,(te,, j/jjbe any [XJitit on Hie ellipse. Find llic sijiuu'es or the distances 
from the confer to /', and to olio of the points ill tlw Corollary to Theorem XI V, add, find 
apply the Corollary, p. 53. 

5. The difference of the square of t«'u coir ngale semi-diameters of an 
hype rl) itia equals a? — 6 5 . 

Kin*. See the hint to problem i. 

6. The angle between two conjugate diameters is sin- 1 —-;, where 
a' and b' are the lengths. oi the conjugate si: mi -ilia meters. 

7. Cenjugale: dhs.nieiers of ;m equilateral hypci oola arc equal in length. 

8. Conjugate diameters of an equilateral hyperbola are equally inclined 
to the asymptotes. 

B. The lines joining the ends oi conjugate diameters of an hyperbola are 
parallel to one iisynipbuc and bisected by the other. 

10. The product of the focal radii (problems 8 and 9, p. 191) drawn to 
any point on (a) an ellipse, (b) an hyperbola, equals the square of the semi- 
diameter conjugate to [he diameter dvaivn through that point. 

11. The asymptotes of an hyperbola are conjugate diameters of an ellipse 
which has the same axes as the hyperbola. 

IS. Show that the conjagalo diameters of the ellipse in problem 11 are 
equa'.. 

MISCELLANEOUS PROBLEMS 

1. Find the condition for fangcuey of 

(a) ifi = 2px and Ax + By -1- G = 0. 

(b) ttofl + aV = a 3 * 13 and Ax + By + C = 0. 
(e) b*x? - a?y* ~ aW and Ax + By + C = 0. 

2. "Find the points on each of the conies where ihe tangents are equally 
i lie lined to the axes, M'lica is i':ie sululii'ii impossible '.' 
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3. Find the point;; on the ellipse where the tangents are parallel to the 
linn joining this p> isii; '.e exucmiiloi; of the axes. 

4. The perpendicular from the fueus ol a ] 'avail ola to a tangent intersects 
the diameter drawn through Iho point of contact on 1.1k: directrix. 

5. This perpendicular from a focus, of a central conic to a diameter inter- 
sects Lho conjugate diameter on the d iroctrix. 

S. Tangents at the extremities of a chord of a parabola intersect on the 
diameter bisecting that chord. 

7. ITind the equation of (a) the ellipse, (b) the hyperbola, referred to 
conjugate diameters as axes of coordinates. (See problem 10, p. 172.) 

8. Given the equation in p for an equation of the second degree; what 
may ho said oi the relative positions of the line, the come, ami the point T'i 

(a) U Hits «■. 

(b) if the e 
(e) if the coojTieiont of p- 

(d) if the coefficient of p and tho ci 

(e) if tho coefficients of p 1 and p are zero 'I 

(f) if the coefficients of p' and p and the © 

(g) if the discriminant is positive, negative, or zero? 

B. Tangents to an hyperbola at the exlremiiics of conjugate diameters 
iulciseet on tlic asymptotes. 

10. The area of the parallel:-..;! -am formed by tangents at the extremities 
f e 'Uauale diamelers o[ (a) an cilipie, (h) an hyperbola, is 4 u.b, l.ha.l. is, it 

is equal to the area of t"ie rectangle whose sides equal the axes. 

11. The diagonals of tho parallelogram circumscribing the ellipse in 
problem 10 are conjugate diameters, 

13. Chorda drawn from a point on (a) an ellipse, (b) an hyperbola, to 
the extremities of a iliameter are parallel to a pair of conjugate diameters. 

13. Tho directrix of a parabola is t.angeni to tho eirele described on any 
focal chord as a diameter. 

14. The tangent at the vertex of a parabola is tangent to the circle 
described on any local radius as a diameter. 
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CHAPTER XI 

LOCI. PARAMETRIC EQUATIONS 

100. The first fundamental problem (p. 53) of Analytic Geom- 
etry is to find the equation of a. given locus. In this chapter we 
shall first give some additional problems which may be solved by 
the Rule on p. 53, using either rectangular or polar coordinates 
as may be more convenient. We shall then consider two classes 
ot loci problems which arc not readily solved by that Rule and 
which include nearly all of the important, loci occurring in Ele- 
mentary Analytic Geometry. 



1. The base of a l.nanglc is fixed in length ami position. Find the locus 
of (.he opposite vertex if 

(a) the sum of the other skies is constant. Ann. An ellipse. 

(b) the difference of the other sides in constant. Ans. An hyperbola, 
(r) one b;ise angle is double the other. Ana. An hjuierbola. 
(d) the sum of tin: base antics is constant. Aiis. A circle. 

(c) the difference of the base angles is constant, Ans. A conic, 

(f) the product of the tangents ui the base angles is constant. 

(g) the prod.net of the other sides is eqaal to the i«jui!.re of half the base. 
(Ex. 2, p. 152). 
Ans. A circle. 

2. Find the locus of a point the sum of the squares of whose distances 
from (a) the sides of ;i square, jb) the vertices of a siiuare, is constant. 

Ann. A circle in each ease. 

3. Find the locus of a point such thai the ratio of the square of its dis- 
tance from a fixed point to its distance from a fixed line is constant. 

Ans. A circle. 
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. Find the locus of a poinl. such that (lie ratio of its distance from a 
1 point Pi (#i, 2a) to its distance from a given line Ax 4- By + C = is 



(a) its radius vi 

(b) its radius vi 

(l:) the logarithm ul il 



Alls. (A* + JP ~ k?A*)tf - 2k*AIixy + (A* + IP - WW)yi 

- 2 {A*x, + B^ + k?AC)x - 2 (Ahjj + Btyj + k?BC) y 
+ (Ki a + yi*) {A* + W) - W = 0. 

5. Find (lie locus of a point such th;i( the ratio of Ihe. square of its dis- 
tance from a fixed line i.i.i its distance from ;i fixed point eqr.als a constant ',:. 

Ans. x* — k 2 (x — J)) 2 — Wy"* = if the Y-axis is the fixed line and the 
X -avis pusses through the fixed point, p being the distance from the line 
to the poinl, 

6. Find the locus of a point such that 
: .s proponi'ina! to its vectorial angle. 

Ans. The spiral of Archimedes, p = fxS. 
is inversely proportional l.o its vectorial angle. 

Ans. The liypcih;:li^ :.:' redDiix-al spiral, p$ = a. 
i radius vector is pvoportioTial to its vectorial angle, 
Ans. The logarithmic spiral, log? ~ ad. 
(d) the square of its radius vector is inversely proportional to its vectorial 
angle. Ans. TIib lituus, p'd = a 2 . 

101. Loci defined by a construction and a given curve. Many 

import-suit loci are defined as the locus of a point obtained by a 
given construction from ;i. "ivon curve. The method of treatment 
of such loci is illustrated by 

Ex. 1. Find the locus of the middle points of the chords of the circle 
•c'-i + y"- = 25 which pass through P a (S, 4). 

Solution. Let /'i(^i, yj) he any point 
on the circle. Then a point P (x, y) on 
the locus is obtained by bisecting PiPs- 
By the Corollary, p. 3ft, 

B = i(si + 3), y = i(y± + i )- 
(1] .■. x 1 = 2x-S, y, = 2y-4. 

Since Pi lies on the circle (Corollary, 
p. 53}, 

xi* + y-? = 25. 

Substituting from (1). 

(2* -8) 2 + {2i, -4) 2 = 25, 
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As this equation expresses analytically ticu fix. y) satisfies the givea 
condition, i' is she cqi.iai.iou of the locus. 

The locus is easily seen to be a circle described on OP. 2 as a diameter, 
since its center is the point ($, 2) and its radius is *■ (Theorem I, p. 131). 

The method may evidently be expressed ;is fallows : 

Rule for finding the nfjw.it inn of n, /ocas defined hi/ a, construction 
and a given curve. 

First step. .Fir/d expressions for ike eoorfliiiat.es of any point, 
i'i (*d ?/i) "'»■ '--he i/w'c-'i c^ivii ■(». terms of a point I'(x, if) on the 
ri'i/uire.d curve. 

Second stejj. Svb.itini.le the results of fhef.rsi. step for the coordi- 
nates in the, equation of the (/'feu carre oiiil si in/, lift/. Tin; retail 
is the, required equation. 

This Rule may also be applied if polar coordinates are used 
instead of rectangular coordinates, 

Ex. 2. The witch. Find tbe c.jiiatCin ot the ioccs of a point I' constructed 
as follows: Lot OA be ;i. eli;nrits!.cii- of [lie circle 3:" ! -f ;y 5 — 2/i.;/ — ami let any 
chord OPi of the circle meet the tangent at ji in a point if. Lines drawn 



through Pi and B parallel respectively t 



;i puinf /■' 



r 


A B 


__^: 


Jf 


t 





G . 


' z 



OX and OY a 

ty.\ the required loons. 

Solution. First step. Let (x, y) 
be the coordinates of /' and (x h y L 'j 
of Pi. Then from the figure 

(i) Vi = y- 

From l.liesiii):l;ir tviang!e.-> OC/', 
and Pi Pi? we have 
x, _ Vi_ 



'or OC = i„ /\Z' = 0«-OC-i-j„ CPi = i/„ 7>« = <lfB-My = 3i 

Solving (1) and (2) for ,t, and .■'/,. ive obtain 



■l = r— - ffl = if. 



Second step. Substituting from (3) i 
? + y 2 — 2ay = 0, we get 



the t-i|i!utioji of the given circle 
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The locus of this equation is known as ilie witch of Agoesi. 
IHsaissimi. (p. 74). 1. The witch does not pass through the origin (Theo- 
rem VI, p. 73). 

2. The witch is svniuieU'ical with re^ieer t:> the i'-axis (Theorem V. 
p. 73). 

3. Its intercept on the F-axis is 2 a, but the curve does not meet the 
A'-nxis (liule, p. 78). 

4. No values of x need l;e excluded, kit, nil values of ?/ must be excluded 
exeept (I < y £ 2 a. 

For, solving (4} lor x anil 1/ (Kale, p. 73). 



Ex. 3, The conchoid. Find the locus of a pdial P ennsi meted as follows : 
'.rhrou!!]i a fixed point A on the V-axis a. line is drawn uutiiug the A' -axis ai 
Pi.. On this line a point V is taken so that P, P J. 6, where I> is 




Solution. First step. Use polar coordinates, taking A. for the pole and 
AY for the polar axis. Then if AO = a the equation of XX' is 

(C) P = «sec0. 

For the equation of a lino perpendicular to the polar axis lies the form (p. 15(1) 

If the coordinates of P are (p, S) and of P^ are {p u 8{), then in any one of 
the figures we have by definition 

AP = APi ±6. 
,-. p, = p, Pl = p -p 6. 
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Second step. Substituting in (<i), wo obtain 
(7) P = asec0±&. 

The locus of this equation is called Liie conchoid of Hicomedes. It has three 
distinct forms according as a. is greater, equal to, or less than 6, 

Discission, (p. 151). 1. The hsterceots dji the polar axis -4F are <t + I 

The pole also will lie on tlie conchoid if a«««±* = 0ot » = seo-'f±-V 

2. The conchoid is symmetrical with respect to the polar axis AY. 



3. The conchoid recedes Hi infinity in the two opposite directions perpen- 
dicular to the polar axis d y. 

Foi'if e = -or ^. 5ec# = » and hence „ = to. 

4. If we transform to rectangular coordinates, usini; (2), p. 155, we got 

A is now the orifvin and .1 1' vJn; posir.'ve axis of A'. To translate the axes 
to O and rotate them through - ^ we set (Theorem III, p. 164) x = y' + o, 
y = — a'. We thus obtain 

(8) &ys = (y + ayt&-y*). 

which is tlie equation of the conchoid referred to OX and. OT. 

From (8) it is easin scon thai, l.hc co-nelncd approaches nearer and nearer 
l.o Lin: A'-axi*. as i; rei edes from the origin. 



PROBLEMS 

1. Find the locus of a point whose ordinate is half the ordinate of a point 
on tho circle x s + yi = 64. Ans. The ellipse X s + iy 2 = 64. 

2. Find the locus of a point which cals oil a part of an ordinate of the 
circle X s + if- = d 1 whose ratio to the whole ordinate is b : a. 

Ans. The ellipse ft^s 3 + aPy* = aW. 

3. Find the loons of a point which divides ;m nrdimile of (a) x 2 -\-y s = r a . 
(b) y 3 = 2 jxt, (c) 2 xy = ((■' imo segments whose ratio is X. 

-4n«. (a) XS B s -f (1 + X)2j,a = XV ; (b) {l + \)*y2 = 2Wpz; 
(c) 2(l + X);ej/ = XaS. 
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i, Find the locus of the middle points of the chords ( .>f (a) an ellipse, (ll) a 
parabola, ((.■) ;ii) hyperbola which pass iliroiigli ;i. iixed point /'.>.(.?-, ?/■;) oil 
the curve. 

Ams. A conic of t!io same tyjio for which tlit> value? of « and 6 or of p are 
half the values of those constants for the given conic. 

5. Lines arc drawn from the poinl ((>, 4) to llic hyperbola a 2 — 4^ = 16, 
Find the locus of the points which divide these lines in the ratio 1 : 2, 

Ans. 33^ -12^ + 64!/ -80 = 0. 

B. Lines drawn from the f ocus of the conic (II), \>. 178, are extended their 
own lengths. 'Find the locus (if their extremities. 

Ans. A conic with the same focus and eccentricity whose directrix is 
z = -2p. 

T. Lines are drawn from a fixed point P 2 (Oj, y a ) to (a) the line Ax + By 
+ O = 0, (b) the parabola^ = 2 pt, (o) the central conic Ax)> + By* + F=0. 
Find the locus of the points dividing these lines in the ratio \, 
Am. (a) a straight line paral'.cl to the given line ; 

(li) a parabola whose axis is parallel to that "f tlie given pjrabila; 
(c) a central conic whoso axon are parallel t.o those of the given conic. 

8. Find the locus of the middle points of chords of an ellipse which join 
the exireniitics of ;i. pair of conjugate diameters. 

Ans. 2 Vk& + 2 tf-^ = tiW. 

0. A chord OP, of the circle x 2 -I- y 2 + ax = which passes through the 
origin is extended a distance J', I' = a. Find the locus of P. 

= «>(«■+ rt 

= o(l-oo.»), 

10. A chord OP i of ihe circle x- — >/- — 2 ax ■ - meets the line x = 2 a at 
a point A. Find the locus of a point 7' on tlie line 01', such that 0P=P,A. 



. The cardioid j ^ + V + ° 



Ans. The cissoid of Diodes 



(y*(2a-x) = 



11. Find the locus of the point P in problem if PiP — b. 
Ans. The limacon of Pascal, p = b — a cos D. The limaeon has three dis- 
tinct forms according as 6 5 a. 

102. Parametric equations of a curve. Equations (XV), p. 124, 
x = x : + P cos a, y = y 1 + P cos ,8. 

ure called the parametric equations of tlie straight line because 
tlicy give i.he values of the coordinates of any point (a:, ?/) on the 
line in terms of a single variable parameter p. Jn general, if two 
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equations give t.lie values of the coordinates of any point (x, f) 

on a curve in terms of :;. single variable puranu'ti-r. those equations 
are called parametric equations of the curve. 

c equations of tlie circle whose center is the origin 

Solution. Let P{x, y) be any point, on the circle and denote Z XOP by 6, 
Then from the figure 
(1) a^reosfl, y = r sine. 

These are the required equations. Tliey possess two 
. properties analogous to those of tin- equation of tin- 
locus (p. 63). 

1. Corresponding to any point P on the locus there 
is a value of 6 such that the values of X and y given 
by (1) arc the coordinates el P. 
■2. Corresponding In every value of i! for which the values of x and y given 
by (!) are rea-i numbers tliere is a point .''(.':, y) on the locus. 

The parameter in the parametric conations of a curve may be 

chosen in a great many ways, awl hence tlie parametric equations 
of tlie same curve will often appear in very different forms. 

Thus ill Ex. 1, if we had eliosen for ;be parameter iialf tlie abscissa of P, 
denoting it by (, then I = -f • and from the figure y = — \V — x-, whence the 
parametric equation would have been x — '2t, y = ± Vc s — 4 i 2 . 

Rule In pint a curve, v.-h.ose //ariiairtrii' e'/iiafiovs lire given. 

First step. Assume ruin.es of tin: [/ammeter and compute the 
cor respond i a g values of x unit y front, the given equations. 

Second step. Plot the point* a-hose coordlaafe.-i are found in the 
first step. 

Third step. Tf the points ore ita.meroas enough to suggest the 
gen. end xhitpe of tin', lorn*, draw u smooth, carve th.roa.gh the. points. 

Ex. 2. Plot the curve whose parametric equations are 



Solution. Take a = |. Then equations (2) become 

(3) * = i*. y = a*. 
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first step. Assuuio valine of I, and oomputo ;r ar.d v/jVoin (3). Fcii 
if ( = a, x = i 2 2 = ■>, y = J 2 ? = 2. This gives the table : 
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etc. 



'" 




























.V ll \ 


X 


" N 




*r 




> 
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\- 



Second step, l.'lot the points found. 

Third step. Draw a smooth curve through tbe.se points as in the figure. 

Rule to find the equation of a curve in rectangular coordinates 
wlwse parametria equations are givi n. 

Eliminate the po.nnnefi'.r from the parametria equations. 
We shall justify the Rule for the examples in this section. 

In Ex. 1, if we square uin.-U of the equations (1) ami add, we obtain (3, p. 19) 
& + ■,/>= t* 
which is the equation of Hie sivon Incus (Corollary, p. 68). 

In Ex. 2, if we cube tin; tirst of equations (_>) ami sn.uaro the second, we got 
x* = afifi, j/ 3 = aH a . 

(4) .-. l/'=O.X*. 

This is the equation of the seniinibioal p!,inlioln (p. -JO!!). To prove that (4) is 
the equation of the curve obtained in Ex. 2 we must prove two things (p. 63); 
i. The coordinates of any point. l'i (x lt ?/i) rrw the curve satisfy (4). 
If P\fyi, yi) is on (2), then (1, Ex. 1) there is a value (, such that 

(5) xi=atf, tf, = <W. 
((>) .-. x,2 = ti*h\ yi*=aH,". 
(1) .". OT " = ««!». 

Hence xj a.ud p/i satisfy (4). 

2. Ifx-i a-iul. -;/L xatisl'i; (4). !<"'« Pi (.''i, v/-.) is oft We euree. 
For if (T) is true, then from the lii-sl of equations (S) « 
sti tilting ii = a*i 2 in 



utile 



e (2, Ex. 1). TLis method of proni; may | )e applied ii 
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The parametric equations of a curve lire important because it 
is sojnetijn.es easy to express the uoonl mates of a point on the 
locus in terms of a parameter when it is otherwise difficult, to 
obtain the equation of the locus. 

Ex. 3. The cycloid. Find the parametric e;:uatLo:is of the locus of a point 
P on a circle which rolls along 




Solution. Take for origin :i point. at wilicli the moving point P touched 
the axis of :'.. Let. « he Liu; radius of the circle and denote the \ aria bit angle 
ABP by 6. Thon (p. 18) 

PC = asm0, CB = a cos$. 

By definition, OA = arc AP = a.8. 

For an art! of a oii'nhs I'ljuiils il» rail: lis Liiiii.f tho s;ilit<'i;ili>i] aiittlc, from the definition 
of a radian (p. 19). 

1 lence from the figure-, if U, tj) are the coordinates of P. 

1 = 01) = 0A -PC = aB -a sin 0, y = DP = AJS - CB = a - acose. 



j-a = a(fl-sinfl), 



These we the parametric equations of the cycloid. 

Discussion. 1. The cycloid passes through the origin, for if 8. 

2. The cycloid is symmetrical wiih respect to tlie l r -axis (Theorem 
p. 72, and 4, p. 10). 

3. Its intercepts on the X-axis are 2wca, where n is any positive 
negative integer, or zero. 

For, from the second of equations (S), if ;/-0, i:0S(! = 1. .-, = 2utt; and hence i 
lliu iiist <a' <>.|u:*tii.:L;^ ..S;. L i = u . 2nw. 

4. Tlie cycloid lies entirely between the lines y — (i and y = 2a, 



5. The cycloid extends inrteiinkciy Hi the right and left and 
parts equal to OMN. For if we replace ff in (8) by 2 nit + 8, y is 
while x is increased by 2 hit - (compare Ex. 2. p. 81). 
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Ex. 4. The hypocycloirt of four cusps. Find the parametric equations of 
lit! locus of si point P Oil a circle which roUn on the inside o;' a, circle of. four 
s the radius. 




Solution. Take the center of the fixed circle for the origin and let the 
.V -six is pass Un-'iiL'-i a point. A. where the tracing puim P t.oiLcheri the lartrfl 
circle. Denote Z A OB by A Then Z BCP = 4 8. 

For by liypot.]u!sisnrci J y;^aro^l/(; and froi:! Uisj ddiiiiCon of a radian (p. IS)) 
arc7>B=" Z.BCP, axe Ah = a*. .: ~ZJICP = a9, or ZBCP = 4e. 



.I'.V.T 

whence 

Then (p. 18) 



Z OCE + Z .BG'T 1 + ZPCB = n 

.-. -- 9 + Z.ECP + 40 = n 

zecp = ~-3b. 

2 
D(7=0Poo.(|-S*) = S.ta: 

DP = <7P B in(|-3e) = £ 008 . 
EC = OC sin = — sin 9, 



{by (J, p. 20) 
(by 6, p. 20] 
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\y = EC- DC = — sin 9 - -- sin 3 A 

4 4 

But from 8, 10, and 14, p. 20, and 3, p. 19. 

cos 3 9 = 4 coa 3 9 - 3 cos 8, sin 3 9 = 3 sin - 4 sin 3 fl. 
Substituting in (9), we get 

v.- 1 : id! are the paranicl lie s ■ ■ 1 1 1 :"i c. i i ■ i i =~ of tiie hypocycloii of four cusps. 

Discussion. 1. The bypocyeloiil of four aisps dots noi pass through the 
origin because there is no value of 8 for which sin = eosfl = 0. ■ 

d. It is symmetrical wit.li respect. t.o both axes and the, origin. 

For if = fli gives a point (m, j/i) on the curve. 

then 0^ a - Si gives a point (— x\, :/■,) on the curve, 

9— it + 9\ gives a point (— v.\, — f/i) on the curve, 

and Q = 11t - «; S'ivos ;i poim. (.■.■■!. y-_) on the curve. 

3. Its intercepts on both axes are ± a. 

For it B = 0, — . ir, — , then either x — and y = ± a, or w = and a = ± a. 

i. Values of x and y numerically greater than a give no points on the 
eurve since sin 9 and cos 9 cannot be numerically greater than 1. 
5. The hypocycloid is therefore a closed curve. 

PROBLEMS 

1. Plot and discus:-; Ibc f ■llnwjig narametric t-i.iuiH.ious. Verify the dis- 
cussion by finding- the equation in rectangular coordinates, 

_2t-l _ -t + Z _ ■ _2 

' ( + a t + 8 ' (e) ^ ' ( ' 

(b) a = 4 cos </>, i/ = 2 sin $, 

(d) B = *-8,'» = ift 

2. Find the equation in rectangular co'.ritinales of (a) the hypocycloid of 
four cusps (Ex. 4). (b) the cycloid (Ex. 3). 

Am. (a)x i +y i =a i ; (b) a: savers- 1 - ~ ^i.ay-y\ ivhereversS = l-coB0, 

3. Show that x = — , y = ■ - , the fractions haying the same 

ct + d ct + d 

denominator, arc the parametric equations of a straight line. Interpret 
of t if (a) b = iJ = 1, (b) c = 0. 



(»)* = 



(0* = 


3 + 2 


cos 0, 


y = 2 sir 


(g) ■= 


1 + 4, 


V = 


I A 


(h) X = 


acosa 


" t y 


= &sill3 0. 
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i. If the denominators of the Irariiom, in problem ;j are different, then 
■ lu: equations i^ivi-u arc tlie parametvii' eiptiuions of an cqnilatrral hyperbola 
or two perpendicular Hues. 

6, Mnd the para j ni. 1 trie eipuitioi:;; ;if t):o eripso. usinii as parameter the 
e centric iiii^le </>, tli a! is, (lit a nek- 7>otn t.lie major axis to the radius of a, i mini 
on the auxiliary circle, p. WG. which has '.lie sains abscissa as a point on Hie 
ellipse. Discuss the equations. Ans. x = acostf., y = bsmip. 

Ilin/. . \ 1 . ■ i ] > iiniblt-iiL 10, p. 200. 

6, Find the locus of a point Q on the radius JiP (Fig., p. 256) if BQ = b, 
Aits, i ~ h , ■/>' Tllc loclLS i* called a prolate or curtate cycloid 

aecurdiiLi; as h is p'tnti-v or less than a. 

7. Given a string wrapped around a circle, find the Incus of the end of the 
string as it is unwound. 

Hiul. T;tl;e tliociiiilcr of 1 ).(■<■ ir ( -]. ! for oriiim ;e:u li'l tin- A'-axis |iuss Lliroujrli Hie point A 



8. A circle of radius r rol'.s on tlic iusidi: of a circle whos 
Find the locus of a point on the moving circle. 



The hypocyclok 

| y = (r' - 

where tl is chosen as in Ex. i. 

9, A circle of radius r rolls, on the outside of a circle whose radius is i 
Find the loons of a point on tlie moving circle. 

= (■■'+ r)ce 
The epicycloid -I 

where 8 is chosen as in Ex. 4. 

103. Loci defined by the points of intersection of systems of 
curves. If two system's of curves involve the same- parameter, cite 
curves of the systems belonging to tlie same value of the param- 
eter are called corresponding curves. Many loci are defined, or 
may be easily regarded, as the locus of the points of intersection 
of such curves. Tlie method of ireiument is illustrated by 
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ANALYTIC CKOMETUY 



Ex. 1. A fixed line /IB 
variable line CD parallel 



; drawn parallel to one side of a rectangle, and a 
Lliu oilier tide. Find the locus of. the intei'see- 
tionof AC&nABB. 

Solution. Li:l. i.be lengths of the 
sides he a and 6, and tako two sides 
for the axes. Then the vertices are 
(0, 0), (a, 0), (0, 6), and {a, b). 

Let OA = (3 and OD = k. Then 
the coordinates of A , B, C, and Dare 
respectively (11, s), (a, ft), (k, b), and 
(it, 0). Hence the equations of AC 
and BD are respectively (Theorem 
VII, p. 97) 

(2) fa + (k-a)y-pk = Q. 

These equations represent, two systems of lines and involve the same 
parameter k. To each value of k corresponds ;i pair of lines intersocline; in a 
point P(x, y) on the locus. Solving (1) and (2), we obtain a! 
of P (Rule, p. 76) 

ftfflt 




„ *1_ 

~ bk + a 

As these equations express x and y in terms of a parameter k, they are the 
paramo' ric ee carious . if ;ho locus. The equal ion of the locus may be obtained 
iiy eiim i mil i l i l; k (Hole, p. 255). 'J'o do this multiply the first or' equation.-, (..'.) 
by I, the second by ft, and subtract. This gives 
(4) to - ay = 0. 

The locus is therefore a diaeona) of the rectangle, for this line passes 
through (0, 0) and (a, ft) (Corollary, p. 53). 

This equation might also be obtained by adding (1) and (2). But if the 
elimination were diitioult or impossible, we would content ourselves wil.li the 
parametric equations (3). 

The method of solving Ex. 1 may be summed tip in the 

Rule to find the equation of the locus of lit e /mints of intersection 
of corresponding curves of two systems. 

First step. Find Ike {■.tptntioit, of 1 lie. tiro* x//x/ewx of curves defin- 
ing the locus in terms of the, same- -/larmneter. 

*In Borne eases the definition involves Sir.t mil- system of curves. Ill suell CBBCB H 
second system which imsscs liii-oujili i!;e ]ioi::ls un l::c Ictus ciuy frequently he found. 
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Second step. Solve the eqiwlions of the. si/s'erns for x and y in 
terms of the paro/itic/er. This gives the j/aro.-melri.e equations of 
the locus. 

Third step. Find the equation of the locus from the parametric 
equations {Rule, p. %55). 

If only the paramel i-3t- .-i| mil ions mf vei | n i re< I , ilm third steo may be omitted. 

If only the equation in recta nsular coordinates is required, it may be obtained 
by vli ii i 11:1 1 i nii" Hi'' |iiknui!!-Toi' [nun ilm equations found in I In; firs:, su-p. for the 
result will bo the sa.uu; as tliat obohird by elhnhu^ui.c; tin- nam meter from tin; 
equations Loiiuit i;i [lie seeou'l h1:i-]i. 



Ex. 2. Find tin: loens of Hie points of iiitovr*«if;tioii of i 
tangents to the ellipse 6%a + a 2j,s _ a 2&2 = o. 

Solution. ITirat step. The equation of a 
(Theorem II, p. 231) 

(4) y = tx + VoTFTv 2 . 

Hie sh)p(; Of [lli; UlllUillLpi'TpCTlllirll- 

lar to (4) is (Theorem VI, p. 30) - ■ ; 
and henno its equation is (Theorem 



) perpendicular 



p. 234) 
(6) 



- + K 



Second step. As tlio parametric 
equations are not required, this step 
may he omitted. 

Third step. To eliminate ,'. from (4) and (5) 




Squaring Llio.se equations, i 



tf 4- 2 txy + tV = ofi + b'-f. 
Adding, (1 + i 2 ) ** + (1 + P) ff* = (1 + V) a 2 + (1 + (*) b* 



Dividing by 1 + ( 2 , 7 



equation, 
02 + 62. 



The looas is Therefore a circle v.diose ceiitor is the eer.t.erol The ellipse and 
[u.ise nidi its is \u- |- (V*. Tt is called, ilu; dirater tire:**. 
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ANALYTIC (iEOJlKTiil' 



PROBLEMS 



1. Find the locus of the intersections of perpendicular tangents to (a] the 
parabola, (b) the hyperbola (VI), p. 185, 

Ans. (a) The directrix ; (b) x % + ?/ 5 = « 3 - b"-. 

3. Find the locus of [lie ijoint. ol' mU'i.sort.:on of ;i. tangent, to (a) an ellipse, 
(in ■■ ;■:•■ :! 1 ■!:!■■ . li'i an 1 1 y i "^.- rl. i o 1 ; i. whit ihu tint drawn through a i o i ■ . : s >:r en ■ 

dioular to the tangent. 

4ns. (a) x* + y 2 = o= ; (b) a: = ; (c) a* + !/ 5 = a 2 . 
3. Given two fixed points A and 7J, one on each of the axes, and two vari- 
able points A' and B\ one on each axis, such that OA' + OB' = OA + OB, 

find the locus of the intersection of Al-Y and A'B. Ana. x + y = a + b. 
Hint. Let 0A = a, 0B= 6, and OA'= a + k; than OB'**b-i. 

i. Find the locus of the point of intersection of a- tangent to an equi- 
lateral hyperbola and the line drawn through the censer perpendicular to 
that tangent. 

Aiis. The leiimisca(.e (Ex. 2, p. 152) (y. 1 + >JY = a-{z 3 ■ y-). 

5. Find the locus of the point of intersection of a tangent to the circlo 
& + ?fi + 2ax + a 2 -- b 2 — and the line drawn thresh the origin perpen- 
dicular to it. 

Arts. The limacon (problem 11, p. 253) (x 2 -J- y* + as) 4 = 6 a (a^ + V s ). 
S. Find the locus of the point of intersection of the. diagonals of a trape- 
zoid formed by drawing a line parallel to one fide of a given triangle. 

Ans. A median of the triangle. 

7. Find the locus of the intersection of the diagonals of a rectangle 
inscribed in a triangle. 

Ans. The line joining the middle points of the base and all.ilnile. 

8. Find tire locus of the point of intersection of lines drawn through the 
foci of an ellipse parail'd in eonjiygate diameters. Ans. An ellipse. 

9. Find the locus of the foot of the pcrpendieidar drawn from the origin 
to a tangent to the parabola y J -!- 1 az -I- 'I a' 2 — 0. I 

A us. The strophoid y i = 'jfl tj-JH , 

MISCELLANEOUS PROBLEMS 

1. Find the locus of the center of a circle which 

(a) has a given radius and passes through a given point. 

ib) passes through (wo given points. 

(e) passes through a given point and is tangent, to a given line. 

(d) is tangent, to a. given circle and a given straight line. 

(e) is tangent to a gl\ en circle anil passes ! I, rough a given point 
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8. One side of a triangle is fixed and a ;fi^:J side has a. constant length. 
Find the locus of tin- middle paint of the third side. 

3. The extremities of a straight line of variable length rest on two perpen- 
dicular lines. Find (lie locus of its niid'.l e point if the area of the triangle 
formed in constant. 

4. "Find the locus of the middle poini. of llia.t part of aline through a fisted 
point Pi{xu yi) which is included between two perpendicular lines. 

6, A line of fixed length moves with its extremities on the axes. Show 
that (a) the locus of any poinl on the iine is an ellipse ; (!;) the locus of the 
foot of the, perpendicular drawn from the origin to the line is the four-leaved 
rose p = a sin 2 9. 

6. Let the X-axis cut the circle & 4- y- = o 2 at A. An arc AB is laid 
off on the circle ivjua.l to the abscissa of a point on the parabola y* -— 2px, 
and the radius Oil is produced a distance HI' equal to the ordinate of that 
point. Show that the iocus of /'is the parabolic spiral (p — a) 3 = 2ap9, 



7. The cissoid (problem 10, p. 2oSV) is the locus of I he point of it 
of a tangent (o ihe parabola ■;/- + K <ct - and the pCE-pendiealai' to it drawn 
through the origin. 

8. Given a fixed point A on the negative part of the X-axis and a line 
■.hrough A meeting the I'-axis, at B. On either- side of /> a length BP = OB 
is laid off on AB. Show that the locus of 7' is the strop hoid (problem 0, 
p. 262). 

9. One side of a right angle .4 lie passes Ihionah a fixed point ll, while a 
point Con the other side moves along a. fixed iine EF whose distance from II 
equals the side I1C. I'rovcthat (a) the- middle point of HO describes a cissoid 
(problem 10, p. 25u): jb) the vertex H describes a stroohoid (problem !!, p. 2ii2). 
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CHAPTER XII 
THE GENERAL EQUATION OF THE SECOND DEGREE 

104. If the general (filiation oj the second degree (p. 132) 

As? ■■■ Bay + Cy 1 + Da + Ey + F = 

has it locus, it must he either it- coni;: t.ir a degenerate conic (Theorem X 1IV, 
p. 19(i). The merliod i.if deii.Tn.ini tig the exact nature of l.he locus was to 
shn;:iif.y ii-. equation J>y a trans iomialion uf eoqrdiuui.cs, a process which is 
frequently lahorious. '.I.'hi- principal object of this chapter is io derive rules 
by which the exact uantre of the locos may be easily ascertained. In this 
connection the expressions 

A = BS-4J.C, 

H = l+C, 
and = 4^(7F + BDE-AE* - GB> - FB* 

will tie of fundamental importance, 

105. Condition for a degenerate conic. 

Lemma I. If an equation of the second decree i.t trantif armed by a transfor- 
mation, of coor-ioce'e-i. Ho'-.n. the iifl-hnnd m: n-'icr 'if li.-c tfa.nxformcd e</it.o.ti'.ni 
■•■■ot l.u: factored when, tnvl 'inly when the left-hand member ofthcorigiaal e-jiai- 
t.ioii can be factored.* 

Proof. For the equations of a transformation of coordinates [(III), p. 164] 
wu of the. lirst. degree o hen solved for either the tif'.c or i.isd co old inn.tos, ami 
hence when we .-.uostituie in an equation whom! left-hand member is factored 
the result is an equal ion whoso left-hand mcinhor is factored. Q.e.d, 

Lemma II. Thel»:\'X of an. equation of ihc second deijree in a degenerate conic 
viken and Only vihc.n the left-hand member of iU equation, may be factored. 

Proof. By a transformation of coordmal.es a.n equation of the second 
degree may lju reduced to one of the forms 

(1) Ax* + ty + F = 0, Of- -I- Die = 0, Qy* + F = 0, 

where A, G, and D are different from zero (Theorem XIII, p. 196). 

*Wc shall say that tliu >fi haml uiiosiliiir of the. equation ran lie factored if it can be 
written as the proi.liict of tim ruclors of li.c <irs! diijrr,: in. ,c andy (p. 17). Hence 

x*- »»=<* + »)(«-*) 
can be factored, while ic^-y- (x + Vy) {x - Vy) 
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GENERAL EQUATION OE SECOND DEGREE 265 

The locus of the first of equations (1 j is degenerate when and only when 
F=0, the locus of the second is neve: degenerate, and tilt incus of the third 
is always degenerate.' Hence the locus ill an equation of the second decree 
is degeitci a- c when and only whi.:i its eiji.ias.ioii may lie rcdneed to one of 
the fectns 

(2) A3? + Cy* = 0, Cy* + F = 0. 
These equations may bo written in the forms 

{VAx+V^Cy){V2a~V^C S ) = Q, 
{Vdy + V3^) { Voj, - VtTp) = o. 
Hence equations (2) are forms of equations (1) which can be factored, 
and they are evidently the only such forms. 

Hence the locus of an equation in iis simplest form is degenerate when 
and only when it can be factored, and '.hen by Lemma J. the same is true of 
the locus of any equation of the second degree. q.e.d. 

We now seek the conditions which the coefficients of 

(3) As? + Bxy + Cy* + Ba + Ey + F= 

must satisfy in order that the left -hand member can be factored. 
Arranging (3) according to powers of a, we have 

(4) Ax? + [By + Sjx + Cy"- + Ey + F = 0. 

Solving for x (wliieh implies that A is not zero), we may write the left- 
hand member of (+) in the form of (6), p. ii, namely 

(5) a( 



(Bi/ + l))-^(7)---iAC)!/' + {2iiD- 


-iAE)y : D 1 <i A F\ 


2A j 


-{By + D)-^{B*-iAC)y , t + (2BD- 


-iAE)y-i J)---AAF\ 



These factors will be of the first degree in y as we'd as x when and only 
when the qundrai.ie- in y muter tin 1 radical can be wriiteii in the Siieond form 
of (7), p. 4, which can he done when and only when 
(0) (2 BI> - 4 AE)* - 4 (US - I AC) (V- - 4 AF) = 0. 

Cle-a-riiiS! parentheses anil dividing' by — IIS A, we obtain 
(7) AACF + BDE -AS 2 - CD 2 - FTP = 0. 

The left-hand member of (7) is called ilie discriminant of (li) and is denoted 
by 0. Hence the hiftdiand member of (?>) can be faetored (footnote, p. 2(H) 
when and only when its discriminant, is zero. Then from Lemma II we have 

- Tlis equation Q/' + .F- Oliae no Iocub it Cand Fbxn the same sign (p. 196), but we 

• liallsJiKLkiif t]iLaiiSiulf'-i:iiu! , ati'iThSCkii.l-:stiiij?iiisUitI'ni:iir::cf(f-.L!i.t-L(j]i^j;S- Cy'+l''-0, 
v.-lccli has mi locus it 1~ :f li, mill .■!, C. ami ./■' have tin- Sfiini) f'L;ii ip. 1!!.\i. for tho foinii-i- 
iril'jatj'jii has this -a:uti f' inn 11? thai of a it.-^i.-eui.Tti' ]c.l:l1ii:!:i :n. 1%:. while tin; hdUT lias 
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266 ANALYTIC GEOMETRY 

Theorem I. The Innu) of an- i;ip"jl,i.i/ii of the nwuml degrr.e 
Ax% + Bxy + Cy i + Dx + Ey + F = 
is iiajetun.de. when ami only whim Us tliscriminant 

6 = 4 AC F + HDK - AW - CJ>* - FE* 

PROBLEMS 

1. If A = 0, then = BDE — C1P -■ FB*. Show that the locus of 

Bxy + Cy 1 4- Dx + Ey + F = D 

will be (liwfinii'iiie when aad only when = 0. 

Hint- Arrange tlic ^i vi-r, n',]ii;;ti<>]i ^.v^ir.lifLi; to powers ai .,-. 

2. If A - C = 0, then = BE - FB, after dividing by B which we sup- 
pose is not zero. Show that the locus of 

Bxy + Dx + Ey + F = 
will be degenerate when and only when — 0. 

Hiitl. If the given equation can be factored, tlie factors must have the form 
U'.r + ff)(^ + W') = 0, 



3. Are the loci of the follewini; yquaticuis depone rate or Lion -degenerate ? 

(a) a; 2 — 2xy + y- —2^ — 1 = 0. Ans. Non-degenerate. 

(b) x 1 + '2xy + y* + x + y - 2 = 0. Ans. ■ Degenerate. 

(c) X 1 + y' 1 — ix + 2y + 5 = 0. .-Ins, Degenerate, 

(d> a 2 + xy + j/ 2 + 2x + 3j/ — 3 = 0. Aw>,. Non-degenerate. 

(e) xy + * — y + 7 = 0. vliis. Non-degenerate. 

(f) x 2 + 2 xy — y + 3 = 0. 4ns. Non-degenerate. 

(g) xy + 2x — y — 2 = 0. 4na. Degenerate. 

4. Find the real values of £ for which the loci of the following equations 
.re degenerate. 

(a) to? + {l - k)y* - (2 4 fc) = 0. Ans. 0, 1, - 2. 

(b) k 3 + (14- *) ?/ s - 4 fa - 16 = 0. -4ns. - I. 

(c) 3y + fc (& — y 1 ) — 0. Ans. All values, 

5. Find all possible cases in which equation (■'!), p. :!<!">, has no locus. 



= 0, IP -4AF<0. 
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GENEKAL EQUATION OF SECOND ]JE(!KEE 



106. Degenerate conks of a system. Let the equations of two conies, 

dfjji'i:iii'J!"L(,i; or I'-ou-ili.' generate, b>- 

C, : A x x* + B,xy + Ctff* + D,x + E,y + Fi = 
and C 3 : Atf? + B&y + C\y* + D& + Em + F s = 0. 

Then the. equation 

(1) Atf? + B,xy + C,!/ 2 + Dix + fh'J + Fj 

-I- 4 (yl 3 z2 + B 2 J^ + GW J + A* + F^ + Fa) = 0, 

(2) (A l + hA s )^ + (B 1 + kBi)xy + {Ci + kC^ 

+ (D, 4- &D»)as + (Ei + ftEs)y + (*i + fcFa) = 0, 

where k is an arbitrary oonsiant, will rer/re.-eul. ;i sjstem o! conic sections. 

If Cj. and C'i intersect, all the conies of the sjslnm will pass thvougli their 
points of intersection. 

This is proved as in the caso of straight lines (Theorem XIII, p. 110) anil circles 



(Theo 



nIV, i 



Ex. 1. Find the values of & for wind] the clonics belonging t 
ten. r a + y* - 4 4- it (:c 3 - i/ 2 - J) - are 
degenerate. 

Solution. The given equation may be writ- 
ten in the form 
(3) (l + t)a» + (] -jfc)y»-(4 + ft) = 0. 

Its discriminant is 

S = -4(l + *)(] -ft) (4 + *). 

If the loeus of (3) is degenerate, then (Theo- 
rem I, p. 266) 

e = - 4 (i + *>) (i - *) (± + ») = o. 

If * = — 1, (3) becomes 2n*-3 = 0, or ji -= ± Vf . 
If *= ), (3) becomes 2bS-S = 0, or ss = ±V|. 
If £=-4, (3) becomes 3^3-8^=0, or jl^iVfoj. 

In each case the locus is a pair of lines. 

The figure shows the circle :r 2 4~ \f- - 4 - 0, the hyperbola W 2 - y a - 1 — 0, 
and the three pairs of lines. 

Theorem II. In wry at/nh'.m of conic s i<jleisee<i'.!ttti<:ii lnt-t the form (1J (ft«™ 
is "J tei.st one deyentrtde. rmih- Hull, in general, /hoc eunrdil, be mure than three. 
These arc obtai ncd b<t subal-iUditVj for ):, in the a/mt-i'in :>/ the system, the routs 
of its discriminant &. 
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ANALYTIC G ROMF.TUY 



Proof. The discriminant of (1), when set equal 
tion of the third degree in k. 



.■:■ ii'lvi-i'i.t- til' i,iiV and such 



The roots of this v:\bk 1 t:cj:in i.iiiji will Ijc the values; of /■ giving the degen- 
erate conies of the system (Theorem I. p. 2ti(i). There are, therefore, liui 
more than three values of k for which the locus is degenerate. 

In a special case, however, all of the coeliieienfs in Ibis cubic might be zero, in whleb 
caae the locus of (2) is degenerate fur all values of (: .;sn- problem 4,{c), p. 266). 

Two or all three of the roots might be equal, and hence there might be 



Two of the roots nii;;tn Ix: imaginary and licuce eoi.Ul not be used. But 
one of lliem i!i!i-l. be real,-* and hence tiiere. is always :\i. h.-asi. one real '.-aluc 
of k for which the locus of (1) is degenerate.! q.e.d. 

Systems of conies debited by equations i.f tin- form i il are c hi Pitied according to the 
nature of tin! common solutions of (', and I '.,. In Algrbra it is shown thai two equations 
of the second degree have, in general, four pairs of common solutions for :c and y. Hence 

1, Four distinct pairs of solutions. 

2. Two pairs lira identical and the oilier t'tvo pairs arc distinct. 
;i. Three pairs are identical mnl tin: fourth pair is different. 

■1. Two pairs aiv idcutlca.1 and the other two pairs are also Identical. 
5. All four pairs an; identical. 
If the four pairs of solutions are all real, then these live eases havo the following 
geometrical interpretation. 

1. C, and (? s have four distinct p. ants of iutersectioa. All the conies of the system 
pass through those four points. Thorn art! Hire" degenerate- conic* in the system [Ex. 1 
and problem 1, (a)]. 

2. 17, and cl^are taup.au at duo point and intersect iii bin other point*. All the conies 
of the system ;uv tan -en t. at the lirst point Mini pass through the oilier two points. There 
are- two degenerate conies in tin: system [problem 1, lb|. 

3. C t and C, are tangent at one point anil intersect in a second point. All the tonics 
ol the system are tangoni at the lirst noil,! and pass (oroitgh the second point. Thero is 
but one degenerate conic in (he system [problem I, (c)]. 

4. C, and Carebi-tangeni, that is. tangent ni two diu'eiotil points. All of the conies 
ol the system are tangent at these two puiuts. There are two degenerate conies in the 
system [problem 1, (d)]. 

5. C, and C, are tangent at one point and do not intersect elsewhere. All of the 
eair.es ot the system are tangent at this point, 'there is hut one degenerate conic in 
the system jirobhiiii 1, (oil. 

"In Algebra it is shewn that the imaginary roots of an equation wit.ii real coefficients 



(His tacitly assumed, as is 
substitute' I for '.'.give cauatiot 
our further reasoning. 
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GENERAL EQUATION OF SF.CONl> DEGREE 269 

PROBLEMS 

1. Find the values of k for tho degenerate conies of the following systems. 
Plot C't, Co. iinil the ik'uvju.Ta.i.c. conies. 

(a) x 1 + y' 1 - 16 + k (x* + 8 ^ 2 - 36) = 0. jIjis. k = - 1, - i, - J. 

(b) 4af + i^-W* + fc{ie» + j«-8») = 0. 4ns. fc=-2, -2, -1. 

(c) as* + 2 xy + 2 y» + 8 a: + 8 1/ + fe (a£ + 2 y3 + 8 y) = 0. 

(d) x a + y* - 36 + k (^ + 4 y 5 - 36) = 0. Ans. k = - 1, -J, - 1. 

(e) a 2 + ^-4a;4-":(4^ + ^ -4a;) = U. 4ms. fc = -l, - 1, - 1. 
3. Find the point?, of intersection of (,", and C 2 in problem 1, 

Ans. (a) (|Va~, gVS), (f VS, _j Va), (-§ V§, jV2), (-|VB, -|V2). 

(b) (0, 0), (0, 0), (J, f Va), (I, -fVg). 

(c) (0, -4), (0, -4), (0, -4), (0, 0). 

(d) (6, (I), (6, (I), (- 6, 0), f- 6, 0). 

(e) (0, 0), (0, 0), (0, 0), (0, 0). 

3. Discuss the following systems of conies. 

(a) as* + i/* - 18 + fc(x* - 4?j 2 + 16) = 0. 

(b) &-2y + i + k(ti> + ay) = 0. 
(o) xy + 6y + 8 + k{xy + $) = 0. 

(d) & + 2tP-8 + k(a? + y*~4) = 0. 
(o) ^ + 6^ + 9 + 6(^ + 6^) = 0. 
(£) ^-4s + ft(^ + 4»)=0. 
(g) s 2 - V* + 25 + fc(z 2 + y*) = 0. 
(h) a0 - y 2 + & (S 2 + ?/2) = o. 
( i) ^_4E-16 + fc{a2-i^ + 8jt + 16) = 0. 
(j) 3j2-y2 + ft{x"-4j^-8) = 0. 
107, Invariants under a rotation of the axes. 

Lemma III. If the axus arc rolad-d nlmi'tthe origin, then, for any point whose 
: rw(!<:i:tit:-rty (x. y) and (x\ y') vie have 

& + V a = s' 2 + y"'- 
:es through an angle 6 we set {Theorem II, p. 192) 
; = x' aosS — y' sine, 
- = :B'9ine + ^cos0. 

■ = (a' cost* - y'si»e) 1 + (z'sin0 + y'cosey 
= x' 1 (cos 2 e + sin 2 $) + y^ (sin 9 $ + cos 2 fi) 



The lemma is eviden 



ii [(TV), p. SI] in the : 



mil old coordinates 
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Wo are considering in this chanter t,h(! equation 

(2) ^1^ -I- iJasy H- CV + to + Ey + F = 0. 

If we substitute from (I) without simplifying the result, we obtain an 
injuri.t:i"iu n: the fori): 

(S) A'sf* + B'x'y' + Cy* + DV + E'y' + F = 0, 

which lias the same constant term (Corollary, p. 170). 

Consider the system of conies 

(4) Ax? + Buy + Cy' 4- Xte + Ey + F + k (■& + s») = 0. 

If the axes be rot.;sU:il b\ substituiing from ( I), the equation of the system 
becomes 

(5) A'aP + B'x'y' + CY* + D'x' + E'y' + P+ i (a:' 2 + J/' 2 ) = 0. 

For tin; left-hand member of (2) becomes the left-hand member of [3), and X> + y* 

Denote the discriminants of (2), (8), (4), and (a) by 0, 0', 0,, and 0,' 
vi mjh-i:i \\ ih . 'I'lii: Im'i.s oi i-ti in degenerate when and only w lie n (Then rem i. 
p. 2<S6) 

e 1 = 4(A + k)(G + k)F + BDE-{A + k)EP - (<J + k)IP- F& = <1 

(6) 4F^ + (4 J lF-i-4C.F-^-J)^^ + = O* 
Similarly, the Incus of (fi) is do gone rate when and only when 

(7) iF& + (iA'F + 4C'F- E'i-7r i )Ic + & = 0. 
The roots of (0) and (7) must be the same. 



.Since I lie eooilieients of /;-■ in (11) ami [7.1 ;ire equal. f:n- olher coelai/ien'.s 
must also be equal. Hence 
[8) 0' = 

and 4 A'F + 4 G'F - E~* - W = 4 AF + 4 CF - E* - IP. 

An expression involving the eoeiuijeins A, It. (.', /.), K, and F whose value 
remains unchanged when the axes are changed is rolled an invariant of the 
s-njit-ral equal-ion of i lie second derive muli r a Iran si'ormar ion of en. in I: nates. 

Ft h rlSS'Uljni in fki/l , ('.- , ':i: ■'.'.■'.. W: ■'!■■■■■ ■■■/■■■- r ■.. -:■;*■■ :"."i.- t :',: '.'.■■■ ):<.!!< ■ :'i i'i 1 ( (( ■' [ ,1 IS ni.it 

■■■■.■■.' ! {ili-/ J.'.-i ■'■'ii-iiiin:/ "T di'-iiin-;: h;i a '.■'<jtSv'ii(. An exnre.-sinn involv- 
ing i.Iie eoiivdinati'S wldrli nmiaius unchanged wiieu Hie equation in the new 
coordinates is simplified is called an absolute invariant. Hence, from (8), 

•This quadratic may bp regarded as. a rabid fujuntion with one infinite root, by a 
theorem analogous tn Theorem IV, p. 15. The Iocub of (4) for £ = w1b x> + y* = <i, lvhidi 

i* OIIH: 'il 111.! UL-^T-L-IIL^: litl! I US i:| IliO SyStClH. 
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Theorem m. 'The dvM-rimiiiant of an. tyitathn of Ike scfond degree is 
invariant under a rotation of the axes. 

Corollary. The expression £ = 4AF + 4 CF — B 2 — B* is invariant under 

0. rotation Of tin: n.r/:S. 

Lemma IV. An invariant of 

(9) Ax 2 + Bxy + Ci? + F = 

or.tl.or a rotation <;.'" the i.,,;, s whirl, \»ro!re.x <n\ly A, II. and C is also an 
invariant of (2). 

Proof. Substituting in (9) from (1), ive obtain 
A'tf* + Wzfy 1 + Cy^ + F=Q, 
where A', B', ami C" have tlie same values as in (3). 

Fnr when we substitute from (I) in A& + Ban + (V we obtain only terms in x", afy', 
and y", and substituting In to - A> in (3) v.v oljtain only terms in a' And j/'. 

Hence an expression involving only A, IS, and C will be an invariant of 
(2) if it is an invariant of (0). q.b.d. 

Theorem IV. The expressions 

A = B* — 4 AC, H = A + C, 

are. i yi.r-a.raiia.fi of an c,ro:t',,.... ,-...■ ■'.'.■;: .<■ m,i dtanv :i\rli.ra rotation of the. mis 
Proof. Consider tlio system 

(10) Ax 2 + Bxy + Cyt + F + k (x* + V 2 ) = <>■ 
Rotating the axes, this equation becomes 

(11) ^'a* + ffsy + C'!/'' -I- F+ k(x"- + y*) = 0. 

Denote tlie discriminants of (101 anil (11) iiv 6, and &,'. Tlicn the locus 
of (10) is degenerate when and only when 

01 = 4(4 +k)(G + k)F-FB*=:0 

(12) 4W + 4{A + G)h -(IP- 4 AC) = 0. 
Similarly, tlie locus of (11) is degenerate when and only when 

(13) 8i' = 4 1? + 4 (4- + (7) fc - (£* - 4 -4'C) = 0. 

Since (10) and (11) have the .same locus, (12) and (13) have the same roots. 
And since the coefficients (rf k'* in (12) and (13) arc eiimil, the remaining 
coefficients are equal. Hence 

B^~4A'C' = jr--4AO 
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A-' 


L, B - 1, C - 


;0, D- 


1, E- 


2, F 


-4 




.-. K-- 














9 = 


t-1-0-4 + 1 


l(-2) 


-1(_ 2)1-0 


12- 


Ton 


itale tlie swi 


is set (Theori 


an II, p. 


162) 








, = .-«.!. 


, . * X' -1/ 

■ff'sln- ■ ■ 


»=••, 


J,f + »-c 


This 


iiiv;:-i, aiU'i: 


removing parenthese: 


* hut «.ii( rfcari 


agof : 


i) 




k^ - icy 


"> 




'4-4 = 


:0. 


Here 


4 = 1, 


B = - 1, -- 


= 0, J> - 


1 

Va' 


E = - 


Va' 






.: A = 


= 1, H = 


1, = 


-10, 





VSaf 3 — vWjj' — a' — 3^ + 4 Vi = 0. 
For this equation A — 2, II - V2, = - 20 V5. 

Hence A, II, and an; tn,i. ah-wiln/i Uivn riant- iv.nU-v n rotation of the axes, 

Theorem V. TAe eijiressions ■ ■— arid '.dt obwb.de hvm'lrjmts of an equa- 
tion of the second degree, ■•tide,- 'i. v-lution of the axes.'' 

Proof. The given expressions are invariants because A, II, and. are 
invariants. To show t'.iat l.liej aiv 'that ./■.■.'<■ invariant a we must prove that 
their viiluf'S are unuhan^eii v.-ln.-n wu multiply 
(15] ^ + 7ix*/ + CV + 2te + Ey + F = o 

by a constant. Multiplying (].!>) by k, we get 

(16) kAx? -J- kBxy + kCy 2 4- kite + kEy + kF = 0. 
Denote the invariants of (16) by As, H*, and S t . Then 

(17) A t = Jt*B* -4kAlcC = W(1P - IAC) = k*A. 

(18) lit = kA + kO = k{A + C) - kH. 

(10) 0(- = fc» (4ACF + BDE - Am -CLP- FB>) = fc=0. 

» Tlie proof also holds for a translation of the axes after Theorems VI and VII are 
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GENERAL EQUATION OF SECOND DEGREE 273 
Dividing the square of (18) by (17), 



Dividing tin; cub<; of (18) by (1!)), 

'©* 

Hence and -— are absolute i 



PROBLEMS 

1. Compute — and — for the equations in problem 2, p. 1(58, and also 
for their answers. 

2. The values of A', B\ and C in (3), p. 270, are respectively the 
coefficients of x' 1 , x'y\ and y' 1 in (4), p. 170. Compute the values of 
B^ — iA'C and A'-\-C in terms of A, B, and C. 

3. Show that ■ , C is an invariant of the line Ax + By + C = 

under a rotation of the axes. 

i. Show that ^-± Bj,, jL5 is a„ invariant of the line ^L<e +By + C = 

±Va*+ k 2 

and the point P,(x u >/,) under a rotation of the axes. 



5. Show that V^j — 2 2 ) a + (j/i — J/ S ) 2 is an invariant of the points 
Pi (%u Pi) and P 2 (tfj, j/j) under a rotation of the axes. 

of the lines A iX + Bm + d ■= 
7. Interpret geometrically Uin meaning oi the invariants in problems ,'■! 

108. Invariants under a translation of the axes. 
Theorem VI. Th: expressions 

A = B*-4AC, H=A + C 

areinnrtri'inli' ufuneij>iMUon'ifthusii:f<milile:ii'i:!: i/ii-to' u ttxtr:da!itni>,fihe'i;r':;s. 

Proof. If an equation of i.liPsei'oiKhlcgvei'biM.i'aiJSioi'ined by translating the 

axes, the coefficients A, B, and Care unchanged (Corollary I, p. 171). Hence 

any (jxprtsskm involving l.hi^e letters, as A or H, L 



,GoosIe 



274 ANALYTIC GEOMETRY 

Lemma V. If the <ai:a art: li-imdnltd- la the paint [h. k), then for any point 
P whose old and m-ii; vt>ih-ihi.'.t!<::< it?-.- rc.irieriititiy (..■', if) itnd (&', y') we have 
kx — hy = kx' — luf. 
Proof. To translate the axes we set (Theorem I, p. 100) 

i = x' 4 ft, y = y- + k. 
Then kx — hy = k (x' + h) - h (y' + k) 

ThBLammatsBTldentgBometrloallyBiHoeBitlier&c-ftyorJiC'-Sy'iitlieftreaofliie 

Iriariijli! ivluisc V(*r(.L<a™ are. y ami tin; old ami now orij-iiis |i. V.T 1 1), p. 42]. 

Theorem VII. Tin- iVxri-iiiiiiianl < J the equation 
(!) A3? + Bxy+ Cy 1 + Dx + Sy + F = 

is an invariant under a tiunslidiun of the (ues 

[2) x = x- + h, y = y- + k. 
Proof. Consider the system 

[3) Atf + Bzy + Cy* + !>£-!- Ey + F + k'(kx- hy)-Q. 
Substituting in (3) from (2), we obtain 

(4) Asfl 4 Bx-y' + Cif 1 4 Pfx' 4 Wy' 4 p + k' (kx- - hy') - 0. 
For (1) becomes an equation of the form (Corollary I, p. 171) 

(5) Ax* + StV + Cy^ 4 I/x' + E'y- +F' = 0. 
and kx — hy becomes kx' - hy' (Lemma V). 

Denote the discriminMntu of (1) anil (•".) by ami 0'; of (3) and (4) hy 0i 
anil 0/. If the locus of (:}) is degenerate (Theorem I, p. S6C), 
0, = 4 AGF + B(D + k'k) (E - k'h) -A{E- k'h)* -G(D+ k'k)" - F& = 0, 

(0) (Bhk -Ah* - Ck?) k'i + (BEk - BDh + 2AFA-2 CDk) k' 4 8 = 0. 

Similarly, the lotus of (<l) is degenerate if 
(7) (Bhlc -A1P - Ck?)k"i 4 {BF/k - BB'h + 2AE'h - 2 CI/k)k' 4 & = 0. 

Since ((5) and (7) must have the s-.me roots, ai:d .since the coefficients of l-' a 
are equal, then the remah.iiiiL: eoiiirHi.iits are equal. Hence 

e' = e. q.b.h, 

Since any transformation . ;± oooritinateH may be effyc-t.c<i hy a rotation and 
:i i.rans'ation (if the axes, t.lic results of Theorems III, IV, VI, and VII may 
he embodied in a nmidc theorem. 
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Theorem VIII. If the epilation 

AX 1 + Bxy + Gy* + Dx + Ey + F = 
to; trimsj'm'riicl /'■;/ •■' ■".■":■- ■ - .■< / "■-■■" .- .-■-■>■ / -" ■-.-.- ■;.<' '.'(turtifiiata iiifi; 

A'z' 2 + JFarY + Cy* + D'x' + isy + F' = 0, 
(ten A' = ir? - iA'ff = 7? - 4.4C = A, 

R'-A' + C = A -l-C-H. 
and 0' = iA'CW + JfD'Ji' - 4'E^ - CD^ - F'B's 

= 4ACF + BDE-AE*~GII*-FB* = @. 
That L-t. A, !i. uiiti TV''- . : i; :■■■/. j'r/n/.v "J' <o; <■.■;■"■'.'■■'■■'■ ■■■■' ■■'/.'■■■-■■' ■.■:.■.' li.n/rc-e ".nrfcr 

in:'/ trawtformtttion dj ■ iHrdimrii i 

PROBLEMS 
1. Compute — and — for the equations in problem 1, p. 188, and the 

3. Trove that the expressions in problems 4 to t">, p. 273, are invariant 

under a translation ol liie »s juul iLtrvprot them ^uumelriciiNy. 

3. Prove by direct substitution Unit £ (Coronary, p. !271) is invariant under 
a translation of tiie axes provided that A — = 0, 

109. Nature of the locus of an equation of the second degree. By a trans- 
formation of coiii-ilinfM.es the equation 

(1) £& + Bey + Cy* + Dx + J£y + F= 
may be reduced* to one of the forms (Theorem XIII, p. 196] 

(1) A'x"- + C'y"' + F' = 0, where A' ?s and C y ; 

(II) CV* + DV = 0, where C/0 and IT ^ ; 

(III) CV 2 + F" = 0, where C / 0. 

The theory of invariants enable* us to determine to which one of these 
three- forms a yheii, equation may be reduced and to 1ind the (X'l'jL nature ot 
the locus without aet.uaby eifectine; tbt tniiist'orniatiou of coordinates. 

To do this compute the numerical values of A, H, and for the given 
equation (1). We have, further, 

(2) for (I). 4'=-41'CVa U' = A' + C, & = iA'C'F r ; 

(5) for (71), A- = 0, If = C /O, 0' = - OP jt ; 
[i) for (III), A' = 0, H' = C jt 0, 0' = 0. 

Hut in each case, by Theorem VIII. 

(6) A' -A, H' = ll, 0'-0. 
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Hence, if A^O, (1.) may '><- ralwM to the form, (I) ; 

if A = and 0^0, (1) may be redaeeil to the farm (II) : 
and if A = and = 0, (1) may be raiaeed to the ft/em (III). 

We shall discuss tin*; throe casts suparately. 
Case I. A -^ 0. Sul)sli:ut.in!>- from (2) in (5), we get 

(6) -4A'C' = A, 

(7) 4'+G' = H, 

(8) 4A'C"F' = S. 

Elliptic type, A<0. Hyperbolic type, A>0. 

From. <6), if A<0, A' and C have From (G), if A>0, ^1' and C have 

t.lio same si^ns am; thi: Uit-uy lu'longs opposite s : gns ami tlie .'mens liukmgs Id 
to the elliptic type (p. 195). the hyperbolic type (p.lftl). 

From (8), if 7^0, then F' ^ and From (8), if ^ 0, then J" j£ and 

the locus is an ellipse if II ;iml (lii'lur liie locus is an hyperbola. 
in sign, or there is no focus if II atul 
agree in sign. For A' ami I." have the 
sign of H, from (7), and J" has the sign 
of 0, from (8). 

From (8), if = 0, then>' = and From (8), if = 0, thenP^O and 

the Inms is npoinl. the lotus is a pair of intersecting lines. 

The values of A', C, and F', If desired, may !>.: found By solving (6), (7), and (St. 

Case II. A = and 0^0. The locus ia a parabola (p. 180). 

Substituting from (8) in (5), we get C = H and - CH' 1 = e, from which the values of 
C and 7J' may be found if desired. 

Case III. A = 0and© = 0. Sulisti'.tuing from (4) in (5), we obtain the 
aii'iiilc irijualiiin C — II, ivhich dots in.it cjuibb as to C"U'.pave the signs of 
C and W in (III). But f = 4AF + 4CF-E*-lPis invariant under a 
rotation of fix: sxKi, ami lehen, A — 11, J is (duo n.n 'iivariitht '.aider a 
translation of the axes. 

For, substituting the values of J}', ./;', and F' given by (5), p. 170, and setting A' = A, 
1S>=B, C" =0 (Corollary 1, p. 171) in 

f = 4 J'i" + 4 C'F' - E'* - D", 
wo get f =(4CJ>-2£E)ft + (4^E-2S7J)t + i- 

But If A = e = 0, then 1BD-iAE = l\, from (6},p.26r.. Multiply iiiH this by IS and set- 
ting M = l4C<ftmaA^r>),\>vAmve4ACD-2ABF = 0,or4CI>- , iJ!F=0. Hence £'- 1. 

For (III) we have f = 4 C'f, and hence 

4 (75" = f. 

Hence (p. 100) if J < 0, the loo-ii* in two parallel lints ; 

if £ = 0, the locus is a single line : 

if i > 0, there is no locus, 
'lilts vr-.v.dls of this suction nn 1 i::i:I)iiiil(:ti in 
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Theorem IX. The. nature of the hims of Vie equation 

As? -|- Bxy + Cy- + Dz + Ey + F = Q 
'.spends upon the values of the invariants 

A = B*-4At\ H =A + G, 
= 4ACF + BDE - AW- - GL» - FW, 
M % = iAF+iCF-SP-B>, 

,1 indie atixl hi Ike J'UIovhsuj table. 



0*0 

Conk. 


A<0 

A = 


Ellipse, if H and differ i 
No locus, if H and agree 


sign. 
in sign. 


Parabola, 


A>0 


Hyperbola. 


= 

Degenerate 


A<0 


Point. 




A = 


Two parallel lines, if £ < 0. 
One line, if £ = 0. 
No locus, if £ > 0. 


A>0 


Two intersecting lines. 



PROBLEMS 
1. Find the exact nature of tlie loons of 
(a) x^-^2xy + 2y 2 ~6x-2y+Q = 0. 



(b) & - 2 xy + 2 if - 4 y - 

(c) a^-f dxy + 9^ + 23-6^ = 0. 

(d) a* - 2xy - y* + Bx-6 = 0. 

(e) 4w 2 + 9!/ 3 + 4s + l. = 0. 
(i) iz2 + 4xy + y' 1 + 4x + -2y-48 = 0. 
(g) Ix* - 20xy + 25?/ 2 + I2x - 30y + 9 = 
(h) g x a-i2xy + 4y*- 18s + 12^ + 84 = 0. 

(i) 3a*-10;Bj/ + 7j/ s + 16:i;-7j<-42 = 0, 

2. Find a? and 6 3 , or p. for tlie following conies : 

(a) a: 2 - 2 xy + Z/ 5 - 8 <e = 0. -dn«. p = V2. 

(b) 3^-10sj/ + S^-8 = 0. ^ms. o" = l, S" = 4. 
(o) 5a£ + 2s;/ + 5y i - 12a - 12j/ = 0- Ans. a* = 3, &■ = 2, 
ffinH. Compute the absolute invariants — and — for tlie given situation and for that 

ine of tlio typical forms Oil), 1>. 179, (V) and (VI), p. 185, to ivhiob it may b<s reduced. 



A11&. Ellipse. 

Ans. No locus. 

Ana. Parabola. 

vl us. Hyperbola, 

/his. I'll lilt. 

Ans. Two psiralltrl linos. 

4ns. One line. 

Ana. No locus, 

■is, liitersuciiiiH lines. 
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3. Stow that A" and C in (I), p. 275, are the roots of the quadratic 

ix 2 — 4Hx — A = and show that, they are always veal. When will they 
also be equal ? 

110. Equal conies. The object of this section is to determine when two 
cmiics whose equations are given are equal. The soaitiou of iliis problem 
ai'fords a sur- Ilht application of ;.lie theory of invariants. 

Theorem X, TS-e rt-rtcs of r' n'sn-ila/enori/c '-cnisid ronh: vihose equation, is 

Ax' 1 + Bay + 6V + Dx + ISy -h F =. 

tor: 'id.crir.iiieil !■!/ thr. value* of tim tjlwdv.-U: Jwiriants - - and ■ 

Proof. The equation ol' a central eonii- may be reduced to the form [(11), 



The absolute invariauls of this equation are 

FT' = V» + gJ = {it + ^ H* = \,rp) = (g + g) 3 
A' -^ -4<r0' 0' -4 -ia?p' 

Hence (Theorem VIII, p. 275) 

( a + p)' = lP (g + ft' ^g 
- 4 «j3 A ' - 4 a»0< 

where and -'— are known. These equations can ix' .solved tor it and fl. 

A 

:ind the values oi Use axes determined from thenr by 1 and 2, p. 187, and the 
definition of the axes (p. 185), q.e.d. 

Equations (I) may lie solved as lollows : 

Dividing the second by the first. 



(1) 



Dividing the first oi 


eqmt 


ionsilihyfj), 


4H# 


Dividing (3) by (2), 




,,s 


-^j-'. 


Then, by Theorem ) 


:, p. s, 


a niul ,'i CB'o (if i 


•ootsnftheqiuul 


* + 


lH® a ,_4S»_ 0i 


A'^ + i^K»X' 




alwayl 


. real, tor the dii 


icriminant 1b 


(*AHB)' 




'"*":E 
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Theorem XI. 'The vniiie of p for a, parabola. n:hane ojurdion. /,* 

Ax* + Bay + Cy 2 + Dx + Ey + F=Q 

is dderiiiiried by the valve of the absolute h 

Proof. For the parabola j/ 3 = 2px 

.Ye Lave H ' 3 = - 1 ' 

0' ~ -4 



1 c® 

"2\ H«" 



Theorem XII. Twit non-deytne.ratt: eonta 

■. Ax 1 + lixy 4- Cy' + Da 4- En + F = 
ond 0" : A's? 4- B'ses' + C'y- 4- I>'a: + £']/ + F' = 

are c/iia-i loAcn ami onljy uiAoi 

H^_H^ H' 3 _ H 3 
A' ~~ A ' 0' ~ 6 
Proo/. If the oonica are centr 
their aves are equal. But the a 
manner from — and ■' and from _■■ and rcspeciiveiy (Theorem X). 

ller.ee tliu anes a:v c-.;u;i! lvhon and only when 

H^ _ H* H^ _ H3 

A 7 ~ T aU 0~ ~ " 

If C and C are parabolas, they arc equal when ai:d only "when they have 

the same vaiuu of p, thai is (Theorem XT), when am), only when 

H-3 _ H 3 

~&~~&' QED ' 

111. Conies determined by five conditions. The equation of any conic 
has the form 

(X) A -j? + Baj/ + CjHRs4S ! ! | 4P=0 i 

and the conic is completely determined if live cf ;he cocl'iiclenis are known 
in terms of the sixth. Any geometrical condilion which the curve musl 
satisfy gives vise to an equation between one or more of the coefficients. 
Hence five conditions will determine the equation of a conic. The locus may 
iie ileneneiatp, or there may be no locus, which would mean that the five 
conditions art 
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Rule to determine the equation. of a amir, which satisfies ficc conditions. 

First step. Asstuue ,'/.■■.■.' tUe rv , -'' ; ' , '»" of the conic is 

Ax 2 + Bxy + Cy 2 + Dx + Ey + F = 0. 

Second step. Find jive equation* between, the coefficients, each of which 
expresses thai ike conic saitshes 'Oic of the given conditions. 

Third step. Solve these cqnuiion* for five of the cofdiicierd.s in terms of the 
sixth. 

Fourth step. Substitute the renu.Us -,f the third step in the equation in the 
first i:tep and, divide out [he rciivtiroiifi coei.iici.ent. The result is the required 



PROBLEMS 

e equal and determine the 

(a) 3? - 4 y* - 2 x - 16 y - 14 = 0, 8 k 2 + 10 xy + 3 y 2 - 2 = 0. 

(b) $x?+2ixy+Wy2-m%+Q0y=0, &-2zy+y*-4 V2;r.-4 v^j/=0. 

(c) x 2 + y 2 -*2x-?,y-'& = 0, x2 + y* + 6x-10y + 9.^Q. 

(d) 2x 2 + y 1 -l2x + 10y + 4:l = 0, 17 x a - 12xy + 22y* - 28 = 0. 

3. Find the equations of the riiniti determined by the following condi- 
tions; and r.'U'-K-viriiui.' t ! n. nature of the conic in each case, 
(a] Passing through {0, 0), (2, 0), (0, 2), (4, 2), (2, 4). 

Ana. x* - xy + ip - 2x - 2 y = 0. 
{b) Passing through (0, 0), (10, 0}, (5, It) and symmetrical to the X-axis, 
Jus. Q& + 26y*-80a: = 0. 

(c) Passing through (- 4, 0), (0, 1), (0, - 4), (5, 6) if A = 0. 

Ana. ^ -43 -1(5 = 0. 

(d) Passing through (0, 5), (;>, 0) and symmetrical with respect to both 
axes. Ans. z 1 + y 2 — 25 = 0. 

(e) Passing through (0, 0), (2, 1), (-2,4), (-4, -2), (2, -4). 

An.% 2ic a -3a!j/-2j«=:0. 

(f) Passing through (0, 2}, (— 2, 0), (2, — 8) and symmetrical with respect 
to the origin. Arts, x 2 + 4 xy + if 2 — 4 = 0. 



3. Show that, in general, two par; ibo las may bo constructed, which p 
through font iiiv^ii points. 



4. Ij'iini the paralnlns pa'sinp tliro;i£;!i the fnllo'.vinr; ikjiiiIs and (.'■( 
lie figures. 

(a) (0.2), (0, -2), {4, 0), (-1,0). Ans. x 2 ±2xy + y* - 3x ~ 4 = 0. 

(b) (2, 0), (0, - 8), (- 2, 0), (0, 2). 

Ans, ix*±&xy + j/2-l-6y-16 = 0. 

(c) (0,1), (0,-5), (2,0), (-1,0). 

Ana. x 2 ±4xy + 4y^-x-2y-2 = 0. 
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CHAI'TGK XIII 



EUCLIDEAN TRANSFORMATIONS WITH AN APPLICATION 
TO SIMILAR CONICS 



112. An operation which replays ii given figure by a. second figure in 
accordance with a given law in culled ;i transformation. If ii transit) rnnrtion 
replaces tlio points i if one IUkiv b; 1,1:0 points of a second, it. is t'allcd a point 
transformation. If a poiiil. transformation replaces ?'(:«, ;'/) by ?'(«', y'), 
then the equations expressing ,'.■' and y 1 in terms of x and y, or conversely, 
am called the equations of the transformation. In this chapter wu shall con- 
sider the iran.siorura lions widen replace a given tigure by one equal or similar 
to it. They are called Euclidean transformations, because the properties of 
equal and .similar .figures are .sludied in the Elementary Geometry of Euclid. 



113. Equal figures. Two figi 




ise corresponding lines and angles 
>qual may be brought into coineh- 
equal. Equal 



n liir 






congruent if the corresponding parts are 
arranged in the same order, and sym- 
metrical if they are arranged in tie 
opposite order. Thus the triangles ABC 
and A'B'C are congruent, and either 
is symmetrical to A"B"G", because the 
directions established on the perimeters by the o ( , (responding vertices are the 
same (clockwise) in Hie, first ea.se bat are different in the second case. 
In Plane Geometry no do n"i r-iuUv syi nine triers 1 lipurcs as such. 

ja seen from the figure.'., thirl lig-.ircs which ;i:t s; iiilnoti'ii.'al with v' / 

respect ton point nrt'juirj'u:'", whiloli^Liri^ vihieii an: ^yiimri'rr.oril f I 

with respect to a line are iyja- n^^^^ C 

C metrical in die sense itcfiueil \ \ 




iwseetiril liiptincttonbc- ji 



around in tin: plant, but before 
two symmctrifHil figure- Sinn he 
u vort't In: talvY: >•::■! !■( lln: ji'.nlt':- 



X 
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114. Translations. A translation in the i!ans:"ormatio;i which moves all 
points of a figuru t.hroiigh the stimc distance in the same dilution. Hence 
it" a translation replaces any point P by 1", the projections o£ PP' on the 

Theorem I. The equal-torn of a l/ron.riiaCoit Hiromjii. tin. dircxtcd h ntfii. inltos<: 
■projeo'.-iOH* on Hie. iw.e.x mi: re.yn-.iii.rely h and k are 

fas' = as + ft, 
\y' =y +ft- 

Prvi/f. By Theorem ITT, p. HI, the projections of PP' on the axes are 

riispuniivcly 



Then, by hypothesis, 

x'- x = ft, y'—y = k. 

Solving for x' and ;</, we obtain (T). oj.k.jj. 

If we solve (1) for x anil ?/ and substitute their 
values in the equation oi a curve, the result will 
evidently he the equation of the curve after it 
has been translated. 



>ryLii ('), 01. then /"is flic !>■ 




,,-^T) 



01 



It. i.y i!vi(if!iit Hint, tli.-! rrlntivi- p.»it.:.m of Hie new J 
c same as Unit of. tlie oj.i figure ami ihe new axes U' v 

llenee it is i m material whether « regard equation; 
>n of a figniv. in one direction or ;ix till! nqiuLt'ous ol 



115. Rotations. The transformation which turns all points through the 
same angle about, a given point is called ;i, rotation. O is called the center 
of the rotation. If a rotation replaces P by P', then OZ" = OP. 
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t the origin through ait angle 



(II) 



c cos 8 — y sin 6 
e sin 8 + y cos 8 



Proof. Let the polar coi'iidiiial.e,-; i'>i' /' bi' Ip, *.). Then, by definition, 
those of J" are (/>, <p + 8). I-lenoe (Theorem 
I, p. 155) 

x' = p cos (0 + 6) 



(by 10, p. 20) 



10 



[nee [(I), p. 155] 

Simi^irly. 



o 



These may bo ccgiiriied (Theorem It, p, [iM; as tins (Kjiintiuu.-. I')i- rotating Hie ases 
■oiigh an angle -■*. TIeiKM! it if ijninnun'lal uhcihcr ivc TYaisi'd equations (II) as the 

is should Uc illnstrati;,] by iig-.;n's ;i!-.u:(>j;<Jiis t'l Fiss. 1 and 2, [>. 2S'2. 



PROBLEMS 

1, Plot the following curves. iTitiislaio them through the directed length 
whoso projections are given, mid find the eiy.uuioiis el linn curves in their new 
: -i i .-- i I j ■- r i -= . 

(a) 1/3 = 43!, h = -3, k = 2. Ans. y* - im - iy - 8=0. 

(b) xy = G, h = 2,Ic = -2. Ans. xy + 2x - 2y - 2 = 0. 
(o) x a + 9^ = 25, h = 0, y = |. 4ns. a= + 0^ - 30# = 0. 

3. Plot the following r-'irvE,i, rotate iliem ahnu' the origin through the 
given angle, and find ihe equation!' of Hie curves in their new positions. 



(b) aj2 + j/S-8s + 12 = 0, 

(c) x 2 + 4yz -18s = 0, = 
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3. Translate the locus of x 2 -h 4 y = through a distance whose projec- 
tions are k = 0, k = — 4 ami 1:1 ton rotate it a.bou;. I he oi-i.airi through an angle 
of-- Ana. ^-4le + 10 = 0. 



5. Prove from equations (Tl) Unit. the origin is unchanged by a rotation, 
that is, that the origin la a fixed point. 

6. Find the equation-; of the slraigbc lines which arc unchanged by the 
translation (I). 

Hint. Translate Ax + Utj + C — f> iuiil thou determine ,1, 11, and 6* so that this line 
coincides with lue linn into which it is translated by Theorem Jir, p. 88. 

Ana. kx — hy = 0. 

7. Find the equations of all circles which aro unchanged by the rotation (II). 

Ans. X s + y 2 + F = 0. 

8. Show that no straight, lines are invariant under llio rotation (II). 
Hi«(. See the hint, problem 6, and apply Theorem IV, p. 00. 

9. Trove analytically iha : uo points are unchanged by a translation unless 
all points are unchanged. 

116. Displacements. A trar.sl'onnatiou which replaces any figure by one 
congruent to it (p. 2H I ) is called a displacement, tli.mcc ;i. iituro is displaced 
when it is moved in the plane from one position to another. This may evi- 
dently he accomplished in many different ways. Two displacements which 
moi e a Hi- nre from one position to the same second position are said to ho 
vmiivalent. 

Lemma I. A displwcmcnl- in ei/uivakn!- to n iranx''.ith:ni, or to a rotation 
followed by a translation. 

Proof. Let the given displacement, rcplaz-o a:iy figure F by a figure F'. 

Then if corresponding hues in F a no /-" aro parallel and have iho same direc- 
tion, F may be translated into /'", and her.ee the displacement is equivalent 
to a translation. 

If this is not the ca.se, then Fmay he rotated into a position F" such that 
corresponding lines in /'"" and F' are parallel and have the same direction 
and then F" may be !ransla:e.;l iu:o /■". Ilei'.ee The given displacement is 
equivalent io a- roinl.iou fn'.'.owed hy a translation. [j.e.d. 
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Theorem ID. The ajif.ttiniia :.•!' any displu'.x-iiienl have the farm 
fas' = x cos 6 - y sin B + ft, 
[ yi = a; sin + y cos # + ft, 

'where 0, 7i, and k are arbitrary votufttrrtth. 

Proof. Let the given displace'iier. 1 replace any figure F by a, congruent 
figure F'. Tiien by Lemma ] it is equivalent ti> a :rni:sUitioi: whose eqi;n- 
tions have the form (III) when B = (Theorem I, p. 282), or to a rotation 
which replaces 7'" by a figure J''" followed by a t.ry.nsUti.ion wind) replaces V" 
by F'. 

Hy Theorem IT, 

and by Theorem I, x' = x" + k, y' = y" + J:. 

Substituting the values of ;t" ami i/" in these equations, we obtain (III). 

Q.li.U. 

If a point is unchanged by a transformation, it is called a fixed or an 
invariant point, Thus the cent or of ;i rotation in an invariant point. 

Theorem IV. Ifadisplmeiiieitt, is ii(/i rquh-oicat lr,a iranxlation, there is one 
fixed point. 

Proof. The point (», y) will be a fixed point when and ouly when a;' = a; 
and y' = ^. Substituting in (ill) and transposing, ivo got 

,lf t-sinfl.9! + (l-G09fl)y=fc. 

These equations can be .solved. :n general, for oi o pair of values of x. and y 
(Then rem IV, p. !>()), and hence II ere will be, in general, but oi.e. fixed point. 

Rut if 1 - cos P = — S1 — - -, 

or, reducing, cos 9 = 1, 

there will be no solution, tliat is. there is no ii.ved point. If cos 8 = 1, then 
sin 8 — (by 3, p. 10) and equations (1IT) become 
x- = x + h, y' = y + Jc. l 
which are the equations of a translation. 

Hence there is one iixod point unless [he displacement, is a. translation. 
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Theorem V. A'' 1 ' '.■■/ il h :.■!■!■ ■ ::.- r-i-i i:'/i>'-/i i.S' it'll- ft/It i-Htil' 111, In a IfitiiUl/lti'lll in 

equivalent to a rotation. 

Proof. It the displace tin; ul, is not. equivalent lo a translation, thou iL lias a 
lived point (Theorem IV). Let the ii_\ed point. Ik: chosen as origin. Then if 
x — and y = 0, we get %' — and ;/ = 0. Substituting in (I'll), we obtain 

ft = 0, t = 
;-..h tin: conditions that, j.l-.e origin is the lixed point. For those values of 7; 
mill ,'c eiiuations (III) tednce t" (II), p. :iH;l, anil hence the displacement in 
equivalent to a, rotation. y.E.i>. 

Corollary I. Any turn cohsjrucnt ftatire* may be: brought into coincidence by 
a rotation or a. l.retii.si'jtioit. 

Corollary II. The perjitudkidar bintd-ors of tke lines joining corresponding 
points of two congruent jirpj.reii, puis tlitouijk the «■■!«! rr ootid or are parallel. 

I'or if the figures miiy lie liroKglitiiiiec.ohii'.ieleneeliy ;i r.n;i[iiiii,tl]i>y pass through the 
center of tlievotiiiiou; ami if the li.miiC!. jniiy hi! hoiLi.uhl i ll: ..j,'i, [i.e. ukm-i! bv :i wiuislnti'i];. 



PROBLEMS 

1, Show analytically to at the angle In tween i wo line.- is unchanged by ;i 



3. Show analytically that the distauno between two points is unchanged 
by a. displacement. 

Hint Show that the value of I given by (IT), p. 31, la an absolute invariant of (in). 
3. Prove Corollary II geometrically ;uid derive Theorem V from it. 

i. Show that a rotation about the origin through an angle of K replaces 

any figure by the iig.ite symmetrical lo it- with icspcet to the origin. 

5. Find the equations of a rotation aboul the point (1, 4) through an 

angle of -■ Ans. vf = \ VStr, -\y + 3 - I V;!, y' = \x + i Vi) y + 1—2 Vij, 

B. Find tlie equations of a rotation about the point (3, — 2) through an 
angle of — ■ Am. x' — y + S>, y' = — x + 1, 

7. Rnd the equations of a rotation about the point (rc Ll ?/i) through an 
angle 0. Aim. x' = (as - Vi) cos - f</ — yi) sin e + x t . 
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117, The reflection in a line. A transformation which replaces any figure 

by oim symmetrical to it (p. 281) is CEitled ii symmetry transformation. The 
simplest ^yminci.ry l.raiinformaiioii is the reflection in a line, which replaces 
a point by the point symmetrical to it villi respect to tliat line. Hence a 
reflection in a Sine replaces a iigurc by the figure vliieb in symmetrical to ii. 
with respect to that line. 



ns of a reflection i 



a 



C5 



118. Symmetry transformations. 

Lemma II. A symmetry transformation, is 
equivalent to a reflection in any line, followed 
by a displacement. 

Proof. Let the given transformation replace 
a figure 7<"bv a symmetrica, figure F'. Let J'" 1 be 

transformed into a ligure )<"' by a reflection in any line. Then since '!■'' and 
F" are both symmetrica! to F, they are congruent to each other. 

I, till! I>MTtS <j£ /'. JUlll t.tuv 
ijjuil ill Itiv u (Jijuh Lie ui'iicr 

Hence F" can be la-ought into coincidence with F' by a displacement, 

that is, F may be transformed inio F by a reilccLion in any line followed 
by a displacement, q.e.d. 

Theorem VII. Theet/n.atainX of any symmetry trnnffirmation have the form 

isS + yainfl+A, 

n 8 - y cos 6 + 7c, 

where 0, h, and k arc arbitrary constants. 

Proof. Let the given Irausforinaiion n:pln,"c any Si^ure /''by asymmetrical 
figure F'. Then by Lemma 1.1 ';;. is equivalent to a reflection in the .i'-axis 
which rr.;ilaces F by a iigare V" . iiillu'.Yed by :'. displace in cut vhiidi rcphices 
F" by F'. 

By (VI), x" = x, y" = -y. 

and by (III), p. 285, 

Substituting i.lie values of x" and y" in these equations, we get (VII). 



(VII) 
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Theorem VIII. The- line w/itar. •:qaatii)n is 

is transformed by (VII) into the line whose equation is 

M0M (I - u ) + yBin(e - •)_ [p + Acosftf - H ) + t6in(fl - ■)] - 0. 
This is proved by solving jVIIi foe r ami ;/, FiiiKt.kul.in" in tin- jii™ equation, simpli- 
fying lly slr.ii II, ii. V.'t, ami ilnippiiig ]irii::i'^. 

A line is said to be invariant under a transformation if it is transformed 

ijiti! itself by l.liai lransloinia"..ion. 

Theorem IX. There is always oiu lint is invariant under the sym- 

incti'i/ Irawfonmtiun (VII), tuvl if 

Kcoa§8 + kaiaie = 0, 

then all of the (in.es pei'pcndicvJ<tr l-i tlt.-tl line art; invariant. 

Proof. If the lines in Theorem VIII coincide, then (Theorem III, p. 88) 

m e03 " = _ si * "_ = _?___- 

1 ' cos(9 - «) sin{0 - «) p + ftooa(fl - w) + kem(B - a) 

I'riim thij firs", two ratios 

or (0, p. 20) sin(fl-y«) = 0. 

Hence - % w = or jr. 

Case I. ai = Jfl — £«. Substituting this value of a in the last two ratios 
of (I) and simplifying by 1, p. 19, and 6, p. 20, we get 

cos|0 ~p-hs,wb9 + kcoRie' 

Solving for p, p = i (^ sin i fl - * cos J 0). 

Hence there is always one pair of values of u and p for which (1] is true, 
that is, there is always one lino which is transformed into Itself by (VII). 

Case H. u = \ V. Susbtituting this value of w in the last two ratios in 
(1), we get sm i. g _ p 

The first of these ratios equals 1, but (he second is never equal to 1 unless 
(2) ficos^ + fc£sinff = 0, 

in whir.li ease 7> uiiiy hiivfc any value. Hence, there is, i:i iieneral, but one 
invariant line, liut if jii) is satisfied, all nf tlits lines uf a system of parallel 
lines are invariant 

Since the values of w in Case I and Case II differ by \ i the invariant system 
of parallel lines is perpendicular to the single 
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Theorem X. Ifthe- iiaHrriiint. linen/,-' .»■■,■'■■■■■■'■■■ '■'■''.■/ ■''■<ii:.-'f»r-!'ttiifin in theX-a. 

ttten the equations of the transformation an 

fas' =<x + A, 



(X) 



1„ 



Proof. If the A'-sxis is invariant, tlien. if y 0, we must have y' = /or 
».i( OHiHt 1 ! r;/' it. Su'oslitnan;; J/ ■■■ and y' — in the second of equations 
(VII), we get xsin8 + k = 0, 

This is true for all values of x when and only when sin — and ft = 0. 
If sin 6 = 0, then coa 6 = ± I. 

Substituting fc = 0, sin <? = 0, and cos fl = 1 in (VII), we get (X). 

Substituting A = 0, sin<! = 0, andcos0 = -l in (VII), we get 
z' = - x + ft, {/' = ;/. 

This transformal.ion loaves all of the lines parallel to the X-axis invariant, 
for if y = a, then y' = a. Hence the A' -axis is not the single invariant, hue, 
so that this case is to he excluded ; dial is, equations (V.IT) reduec to (X) if !.kc: 
A -axis is 1 1 .ii inva.i ia.nt lim; in Case T of. Theorem IX. q.k.d. 



Corollary I. A si/mwiirii Iru.vsfurinatlon -is e.qubit'h.r:!. h, 
■)■ (') «■ y'<;rt'.i-' /.;■.,: 'it (i :' :';.■, )'■.■:■' ■■■;(.■< <i .■'■</ ■: [raif-bO/i-iil i>ti.ruUt: 






{a?" = ar, , #' = J'" -I- ^' - 

■,-liieii arc r^s lie (III vol)' u relit:. :1 an i in the .l"-il.\i.i uml ,1 ti"n.sl:it:im pLi-allet to il. 

Corollary II. The nikldic poin's of the U-iiCii johun/r Mil-responding point* of 
oio $:jii*iiitilrkaljhjnix>> lit on a slr-tigM line. 



liuh transforms <>i 
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1. 1'ind the equations o( the curve.-, symmetrical L<1 llic following curves 
wiih respect to tins -I'-uxis ami construct the figure. 

(a) &-4x = 0. (c) a? + 4y* -ix = Q. 

(\i) & + xy-2y? = Q. (d) x*-Sy = 0. 

2. Show analytically Lli;st thy t.li stance between two points is unchanged 
by (a) a reflection in a line, (b) any symmetry transformation. 

3. Show analytically that the numerical value of tlie angle which one 
line makes wiili another is iinchniineiL by (a) ;i reflection in ;i, line, (b) any 
symmetry transforms Uon. but lhal it-, siin is chunked in 1~joI.1l cases. 



iriant lines wiiich are proved t( 



&. I'inrt the equations of ::.. reflection in the F-axis. 

6. Prove that a reflection in a line followed by a reflection in a line per- 
pendicular to tin: first, is equivalent to a rotation through it. 

7. Asymmetry transformation (Vllj has. in fcencral, no lixod points, but 
if ft (1 + cos 0} + fc sin = 0, then all of the points of the line s(l-cose) 
— y sin 6 = k are fixed points. 

8. If ft (1 + cos (?) + fc sin fl = 0, then (VII) is a reflection in aline. 
8. Find the equations of a reflection in tlie line- iix |- 4y — 10 = 0. 

Hint. Tlie distances from the line to P(x,ff) and P'{x', </) (Rule, p, 1011) must lie 
equal lumierieiilly ivtih i.r.posiu; sicus, ami the slope of /'/" (Tlimivni V, |i. ;ir.) mual be 
equal to the negative reeiprueLll of. Ike slope of t'::e jjiviiu line (Theorem TV, p. 31!) . These 
conditions give two cq-.iarioiis wliieh may 1* solved for x> and y> in terms of x and »y. 

10. Find the equations of a reflection in the line See — Yiy — 27 = 0. 

/us. x' = tti* + m» + ««. »' = H*»-iHi'-W- 

11. Find the cqualion.s of a reflection in tlie line Ax -f By + C — 0. 

J - _ ^ ~^ B _ 2^g _ S.4C 

M - -'^i + jja* ^2 + B^ ^.3 + Ifi ! 
, _ _ 2AB __ B*~Ai _ 2BC 
V ~ A* + B* X A* + W V A* + B*' 
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119. Congruent and symmetrical conies. The conditions that two coni 
should be equal are given in Theorem XII, p. 270. We shall now prove 

Theorem XI. Tiio equal rajie.'s ttre buili o/iii/rMn! mid .1 ;/.■■■■ ,.<■ ■ iri-.-iii. 

Proof. Since a conic is symmetrical with respect to its principal ax 
(p. 174), it is unchanged by a reflection in that axis. 

Let and C be two congruent conies, 
and let D be the displacement which 
transforms U into ()'. Then may be 
transformed into C" by a reflection in 
its principal axis followed by the dis- 
placement B, that is (Lemma II, p. 287), 
by a symmetry transformation. Hence 
C and C are also symmetrical. 

Conversely, let C and C be two sym- 
metrical conies, and lei. S be Ihe symmetry transformation which transforms 
C into C". .Thin: fit is equivalent lo a reflection in the principal axis of C 
f:ill. i-uvi I I ■;-.- ;r. displacement I). Since C is unchanged by a rellection in its 
principal axis it may be transformed into C by the displa cement I), and 
hence C and C are congruent. 

Hence two equal conies arc both congrncni and symmetrical. q.e.i>. 

In the figure C! may lie transformed into <." by ;i rotation about or by 
a. symmetry transformation consisting of (Corollary I, p. 2£!!) a collection in 
the line S which replaces C by C", followed by a translation parallel to S. 

180. nomothetic transformations. Given a fixed point 0, the transfor- 
mation which replaces a point I> by a point ./" on the line OP Such that 
OP- = X • OP, 




where X is constant, is ea.lled it nomothetic transformation. O is called the 
center and X the ratio of the transformation. Corresponding figures are 
ea.lled homothetic figures. They may easily bo proved similar, with the ratio of 
similitude (that is, the ratio of correspond injj lines') equal to \. nomothetic 
figures are also similarly placed. 
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Theorem XII. The equations of a luwi.ul hd.ic tritiisftirmaUon utftose center 
is (A, k) and wttose ratio is X are 

(.r,' = Ax + h(l-A), 
(XII) \v'=*V + k(l-X). 



Proof. 


Let P and P' be t 


■i) lion'ospomling poinis. Then, by definition 


F" 


•Hw'j 


GF^X-OP. 








Projecting on the X-axis (Theorem III 
p. 31), 

x'-h = \(x-h). 
Hence ar" = \x + ft(l-X). 








r' 






Similarly, y 1 = \y + fc(l— X). q.b.d 



Coronary. T/je r/puiti/nm of a. fu:molh':l : f in':;*!'', miction whose center is (Ae 
urifffn rand wiftose ratio is \ are 

fas' = Aae, 

121. Similitude transformations. A transformation which replaces any 

figure hy die similar to it is called a siniilituil;; transformation, li is said to 
be direct or inverse ni'i/ordiiig as corrvs'ondiLLv figures are directly or inversely 
similar, that is. acuuri'iing as; tin: ciuLcsix'iidin^ i iarts of She similar liitures 
arc in the same or opposite order. 

If F and f" are two similar figures whose ratio of similitude is A, then 
is. honiolliel.il.: transformation with any eenier whose ratio is \ will transform 
F into a figure F" which is equal to F'. F" may bo transformed into F 1 
cither by a displacement or'bv a symmoiry transformation according a.s F' 
and F" are congruent or symmetrical, tlial, is, according as F and F' are 
directly or inversely similar. Hence 

Theorem XIII. A siiiii'lti'de intnxforoitttioii la cquicaleitt to a nomothetic 
transformation with arty center whose ratio is the ratio of similitude ofcorre- 
Hpon'Hii'i ..'.'p 'i;'C-v, foliotvcd '.'.'/ a tU,~iil(t.':<:i::t.r.!. :<r a ai/min-Hrii tnmtjforntiiM.ii;> 
".■wwrdiny ox On: ■tiiiii-Ij.t.rity is direct or inverse. 



. The equations of a transformation of direct similitude have the form 
x- = \(x cos e-y sin 6 -}■ ft), y , = \(xaw.$ + y cos 9 4- fc). 

. A trans fori nation of direct similitude has om: fixed point. 
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3. If the fixed point, is the caigin. the eqinnion.^ of ;i transformation or 
direct similitude have the form 

x' = X (as cos e - y siu B), y , = \(x sin 8 + y cos 6). 

4. A transformation ol' direct similitude is equivalent to a- rotation fol- 
lowed by a nomothetic- transformation with the same center, 

5. Tho equations of a. tvansfoinuitio:! of inverse similitude have tlic form 

as' = \ (» cos 9 + V sin 6 + h), y' = \{xsme-y cos B + ft). 

6. The line * cos w + y sin <* — j> = is i. ran sf or mod by a transformation 
of inverse similitude into the line 

x CU5 (fl _ u) + j, sin ( fl _ „) _ X [j + ft cos (0 _ „) + t sin ( j _ „)] = . 

7. The perpendicular lines 

(l-X)a;eosje + (l-M?/sini-fl-\(ftcos^fl + ifcainie) = 
and (l + \)a;sinjfl-(1 + X)ycoai» - \(hmn i$ - froos-Jfl) =0 

are invariant under a transformation of inverse similitude). 

8. A transformation of inverse similitude has a fixed point. 

9. If the invariant lines are the axes, the equations of a transformation 

of inverse similitude- have the form x' = \x, if = — \y. 

10, A transformation id inverse similitude is t-qulviilonl to a veiieotion in 

a '.ino followed bj a homotbetio trensfornni'ioit whose center is on ihat line. 

11. The equations of two congruent, 



IB. Show that the angle which one line nmkcswli.h another is unchange 
by a nomothetic transformation. 



-> ]nui!i|ilied by \ by a 
s 12 and 13 that a homothetic transforma- 



15. Show that the angle which one line makes with another is unchanged 
by a trans formation of direct similitude, bid. that its sign is changed by a 
transformation of inverse similitude. 

133. Similar conies. We have seen (Theorem XI, p. 201) that it is un- 
necessary to distinguish congruent and symmetrical conies, and hence U is 
distingv ■'■<■■'■■ d&reetly Inversely similar conies. 
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Theorem XIV, If tin: non-degenerate conic 

Ax 3 + Bxy + Cy i + Dx + Ey + F=0 

is siibjecteit !■:, « hmnothelic ira.nsforiiiation whose center is the origin and 
whose ratio is X, then the a/uati»n of the ii.iriii.iithel.ii; conic, is 
Ax 2 + Bxy + Cy ! + Ute + \Ey + \*F = 0. 

i! .(■■iri-.r.iivy, p. 'IWi S'i>r .-. 

Theorem XV. If two contcs C and (." ace homiAhetic, the origin being tM 
center and \ the ratio, then 

(XV| ?==?• 7"h"e' 

where ■ and i.-cc. !'!■■■■: -;i,x->i ■■■:./; : /;'■■■: ci-.icin •.,!' C". and and ■ are those. 

A' 0' A e 

of C* 

J 'roof. Let the- e<i".uuirm of (,' b>; 

Ax 3 + Bxy + Cy 3 + I)x -\- My + F-^0, 
and then by Theorem XIV that of C" may lie written in the form 
Ax* + Bxy + CV + MXe + \Ey + X ! F = 0. 
Tim fLl)S;ilu;.i: invariants of (;' are 
W* _ (A + O* _ H 3 
A' ~IJ2_44C~ A ' 

H^__ {.A 4- C)» -15! 

0' " ~4A<:X ! F + BM)\E-A (MCv- - ( v (\"/7)' a -■■ X-7'7; 2 ~ \* ' 

Q.E.D. 

Theorem XVI. I;" /ico U'J ri-Jp/f -jic;- ■«/'.■ '■'ij^'ci '; uiJ ("' are similar, then their 
iihsithde invariants and their ratio of similitude X satisfy equations (XV). 
r^.nrera (i/, y (/;<; absolute im-aciitnts of tieo conies C and t" satisfy the. first of 
equal ions (XV) a.n:l if the ocdu.c of X determined by ike second is real, then C 
unil C" are ■•indio.r. with tin; ratio X. 

Proof. By Theorem XIII, p. 292, C may be transformed into C by a 
hiiiruilhdtb'j transformation, whoje. center ;s the origin and whoso ratio is X : 
which transforms C into a conic C", followed by a displacement or symmel.ry 
transformation which transform.-! C" into C. Then, by Theorem XV, 

( * A" = "i' 0~ = x2"e' 

and by Theorem XII, p. 279, 

(2) ^ = ^> H "--'-7. 
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From equations (1) ami (ii) we obtain equations (XV). 

Conversely, if equations (XV) ;«t satisfied, the value of X determined by 
the sooond being real, then C and C" are similar. For let C be transformed 
imc a conic 6'" by a J n iij:ot-l!fti^ nahsfonnnticn wiioso n-iiii:r is 1 1 1 1 ■ origin 
and whose ratio is \.~ Tfien equations ( 1) arc true by Theorem XV. From 
(1) and (XV) we get equations (2), and hence (Theorem XII, p. 270) 0" and 
C are equal. Then C" may be transformed into C by either a displacement 
or a symmetry transformation. Hence C may he transformed into C by a 
liiniiottictic transim/niai i-:?n (olkm-d by a displacement or a symmetry (o in- 
formation, lliat is (Theorem X11I, ji. -2it2), by a similitude transformation. 
Hence C and G" are similar. <j.e.i>. 

Corollary I. Tmxj coiijcs «rc shuilnr if !'■■■ ■■'■-•■:f'[-i: -'s ■-)/ (Af? (eniis o/ (Ae 
seiviid (feg-rce '(re pro[iortir,ntd, that is, if 



';■■'; «e tiff* '.lei.cr--):i>iO'l- '»/ 'At *< '■■■iii'( of cqw.dio 
H»_ W + HP)- 



IW r*(.B'* - ■M'C) i' 
Hence the first of equations (XV) Is satisfied. 

Corollary II. yl «// i!w> Tiarab'Aas am siiiiilnr. 

For if C and (Tare parabolas, then (Theorem IX, p. 277) a^Oand a' = 0. Heneethe 
first of equations (XV) in satisfied. Simas \-<i, II and e have opposite signs (p. U7!» and 
:'ii'i : l;Li-'y ][' aii' I '■■!' 1 1. !'.■■ "[■['■ , - r l' 1 ' ■'*!' '■- I T ■ - "i ■ i.- . - i_ L i ^ - viilnr: i:l ,\ .,hl.a:ie ,| 1'roai [he S'leimil 
of equations (XV) is real. 

Ex. 1. Show that the conies x?+2y-—Sij and ^3^-!-2x{i+-iy 2 -tJx-2i/-o=li 
are similar and lind the ratio of similitude. 

Solution. Computing liic absolute invariants of the given equations and substi- 
tuting in (XV), we obtain 

^1=^!, < fi ) 3 = 1 (3 > 8 

Solving the second equation, we get X= ±1- Henee the first of equations (XV) 
is satisfied, and llie second ^ satisfied if X = ± $. The conic.- are Ihei'el'oi'ftsimihir, 
with the ratio of similitude equal to ■•- -;. The doable .-i^ts means that tiiey are 
either direr:!; or iiiveixdy similar. 

i value of * determined by the second 



: absolute invariai 
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PROBLEMS 



1. Show that the JoHo'.viiiL? pahs of. funic™ are similar. Eind tlie ratio 
of similku.de in each case and construct the figure. 

(a) « s -4» fl = l, Ba? + 4a^ + 4 = 0. -Ins. A =±2. 

(b) a 2 + 4j/ = 0, j/ 2 -8* = 0. -4?is. X=±2. 
(0) 9s* + y» = B, s* + 9jr'-54j = 0. Ana. \ = ±S. 

(d) 18^-1- 9 Ji 3 = 144, 25a: 2 + 14s!/ + 25^ = 72. -Ans. \ = ± J. 

(e) & — y* = a 2 , 2a;p = a' 3 . 4n.s. X = ± "'- ■ 

(f) y' i = 2px, (x-h)2 = 2p'(y-k). An». X = ±^- 

2. Show that the ellipses in Ex. 1, p. 200, are similar. 

3. Show that the hyperbolas in Ex. 2, p. 201 , for which It, is positive or 
for which fc is negative, are similar. 

4. Show that the locus of Av? + /jry + C?/ s — I: is, in general, a system 
of similar conies. 'Discuss all p< ssihle special cases in which this g: 



S. Any homothclie l.ran.-tormaiion is equivalent to a homothetic trans- 
formation whose center is the eiiesu followed by a translation. 

B. By means of problem 4 prove that two conies are homothetic if the 
coefficients of the terms of the second degree are proportional. 

7. Pind the center arid ratio of the hoiuoihoiio transformation which 
transforms y 2 - 2px into y 2 = 2p'x. ^ M m m x_^ 

■ t • >• p 

8. A homothetic transformation whose center is <> (ft, (>) and whose ratio 
is \ followed by a homothetie Irauvi'oniiation whose center is <"/(u, 0) and 
whose ratio i.s ,V is equivalent i.o a hotuotketio transformation whoso center 
is ( 1 ), that is, a point on OO', and whose ratio is W. 

9. A circle may be trnushinued into any ether circle by two homothetic 
t.ransl'n-niai.ions whose centers, eal'.ed iiie centers el" sinii'iimle '■:' the circles. 
lio on the line of centers. 

Hint. Take the center of one circle for Hie origin ,-inii let tue A-axis pass through the 
center of the other circle.. Siitistitute from (XIII, [.. 232, in the equation of the first 
circle and detent hie h. I:, iiini .V fO tluit the res nit eoeu'iiie? with tlie second circle. 

10. Given three circles, the line joining a center of similitude of one pair 
with a center of similitude of a .second pair will pass through a center of 
similitude of the third pair. 

Bint. Apply problem 8. 

11. The six centers of similitude of three circles taken by pairs lie three 
by three on four straight lines, 

Hint. Apply problem 10. 
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CHAPTER XIV 



INVERSION 




>/' such that 
OP' ■ OP = 1. 

liy letting P iis^ujiit; dhhovnl. positions on J 7 , 
/*' will move on s. figure F'. The operation or 
transformation which replaces P by P' is called 
an inversion, while F and J" are called inverse 
figures. is called the center of the i i 

The flgi 
bythr, 






the ii 



ni.lilyc.-. 



llilfVlV'Ilt fn:lll 



Of ft 



c immediately evident from 



properties of Inve 
similar figures. 

Two important propertii-; 
the definition. 

1. If P approaches Uie urh/m, P, nvtdvs to in/in;';/, iiii.fi. v.oiwcrwUj . 

For if OP approaches zero, then OP 1 must become infinite since OP'- &P = 1, anil 
inversely. 

2. The points of the- rirrtc of unit rrcliux n/:n,ie a.ntti' is are fixed points. 
For if OP - 1, then from OP 1 .01> = \ we get OP' = 1. Hence P' coincides with P, 

that is, P Is a fixed point. This fact is useful in plotting inverse figures, for the points 
in which a figure cuts ihis circle will Ik; points of the inverse figure. 

124. Equations of an inversion. By the equations of an in version we mean 
two equation!; involving the coordinates of two corresponding points P and 
P'. These equations itmsi. cypres.; the two conditions : 

1. That P and P' lie on a line through the center, 

2. That OP' ■ OP = 1. 
The first of these conditions is satisfied when the 

triangles OJ-'M and O.f'M' are similar, whence 



,1) 



OP 

" or' 




The second condition may be w 



M'X 

hy dividing hy OP*, 
— L_. (by (IV), p. 31) 
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From (1) and (2), 



Theorem I, The cq'wtiunK of 



Ex. 1. Find tht inverse of I he line 2x + iy - 1 = 0. 

Solution. Suits till!;.).! iln; values of „■: ;lti.1 it given iiy ([) in tlif; given equation. 
We thus obtain 

a. J 2 + y^ x" 2 + Jf" 2 
ilijdiicitij;' and dropping primes, we yet 

aj»-f j*-2a;-4ff = 0. 

This is Hie equation of a eirtlo whose center is the 

point (1,2) and whose radius is Vs (Theorem I, p. 131), 

In the figure a uuinlier of inverse points are inditated 

by Hie 'lulled lines. 

in' ;lin straight lint . I.i- ■>- By + C' = 0. 

tlie given equation the values of :■■■ iind y given by (I). 

_^ + _a<_ + <,„„. 

i' J + y * a: 2 + y - 
Simplifying arid dropping primes. 

Cx« + C'y* + Ax + By = 0. 

The lotus of this equation is n circle (Theorem 11, p. I.TJ) n hich pusses Ihvonjji 
the origin (Theorem VI, p. 7:1). If (,' -- (i. the lotus is Hie given line. Hentt 

The inverse, of a slr:0ahl H,.r ii-hi'-ii ■■■'.,■■> .■■.,,' ,,. .-.«.,■ ■/..-. ..■.■.,■, ;/,<< vriyin is « circle, 
olid a line w.hii'h prism;™ thronyii- '<'.'■ orighi i>- :-u>-(iritint ■i,,:tv.r an inversion. 

Ex. 3. Find the inverse of the circle & -Y y 2 + Bx + Ey + F = 0. 
Solution. Substituting from (I), we get 

. . £_ + v' 2 + »*' + E V + F= . 
(s' a + rf*)* <£' 2 + ^ ^ + V* *'* + V" 2 

M nh'.n yiiif Iiy J-'- -- /.■'- niul dropping prime-, 
(3) JW + JV 9 + Da: + .£> 4-1=0. 

The locus is a circle (Theorem II, p. 132) unless F = 0, ill which case (3) is an 

equal ion ol the tirst degree and iis lot tin is a si raisin line (Theorem II, p. isfi). Ilenee 
The inverse of a circle is, in. i/enerul, « cirele, but the i,i::erse of a circle whicJi 
pauses through the origin is a straight tine, 
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PROBLEMS 






1. If the origin is the ecu 


er of inve 


rsion, find the invers 


of each of tl 


following curv 


s. Construct 


".ii!. 1 M^lll'i 


in each ease. 






(a) 9x = l. 






(g) a? + jf s + 4x- 


-63/ 


-4 = 0. 


(b) 4y = l. 






(h) 3 E ^4j/ = 0. 






(o) 9J + y - 


1 = 0. 




(i) a? - y2 = 0. 






{A) & + y* 


-4s = 0. 




(j) 4i_a» = i. 






(e) a* + j/» 


= 4. 




(k ) ^ + y3 + 2 j, 


= 0. 




(J) & + ,,2 


-2b-4jj + 1 


= 0, 


(1) B « = 4«. 







2. Find the inverse el: the points (0, 2), (;1, 0), (3, 4), (2, 1), (i, 0), (±, J), 
(a, 0), and (0, b). Plot the given and inverse points. 

3. Prove by (]"} that the points on ' lie mi it circle are r'xed points. 

4. Find the equation uf ah circles which iive uudianiied by an inversion 
whose center is the origin. Ans. x 1 + y 1 + Dx + By + 1 = 0, 

B. Show that the inverse el the center of a circle l- nut, :n general, the 
I'cnli-v of the inverse circle. 

6. Show that the center of the eivcle obtained in Kf. ii lies on the perpen- 
dicular drawn from the origin to the given line. 

1. Show that the inverse of a circle whose center is the center of inver- 

125. Inversion of conic sections. In this section we shall discuss several 
curves which are obtained by inverting a conic section. These curves have 
been otherwise dciined in Chapter XI. 

Theorem II. The. inw.rxc of the pttytt'iola in tin: cisso/r! <Y the vertex of the 

immlmht. in the t:r„t::r of if, mtrsiuti. 

Proof. If the vertex of the parabola is the oriaiu. its equation is 
if- - 2 px. 



Tin;]!, Iron] (' 1 ). p. 298, 

V" 1 _ 2px' 
(x' a + y' 3 f~a^ + y^ 

Keducins and dropping primes. 

-=f(i-.y 

Thin is the ei|i;ation of the eissoid of Diodes 
(problem 10, p. 2'h,). Ii we renia.ee — by 2 a, 
we obtain the form of the equation usually 



Hi 



*). 
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A. genera! discussion (p. 7-1) ipves its the following properties of the 
clasoid. 

1. The cissoid passes through the origin (Theorem VI, p. 73). 

2. It is symmetrical v,-itii respect i.;i ihe X-avis (Theorem V, p.- 73), 

3. Its intercepts on lioih axes are zero il'Jiilc. p, 73). 

1. The cissoid lies entirely between the l"-a.>.L-i and the line x = 2a. 
For, salving (1) lor jr. 
(2) V " :k '\^~- 



f .r is liesritivii, the numerator is m'saure noil l!lc (■™>rimiai.i>r positive ; i 
hu Miim-raln; is positive anil the ihmommator negative. In either case 11 
.■.■■_'.i.:. i- ^ 1 1. 1 -: L ■/ ]■: i 1 1 .:ij^:il?ll - .v . 


idtf a; 


5, The cissoid recedes inde.rmilely from the A'-axis and appi 
hie x — 2 a. 


□aches 


FOI S3 X approach 03 -■! the I'Mieli"]! in CI; 1k:( cs lm'-e: rivni !il:]nvi:n;lii.'s 


innaity 


This may also be seen by triLiisrormhi;; ;i) to i.oLuc coordinates, which gi 


es 



as the polar ci-nmlkmonhecissoiil; ami hence, if * = - or — , p = w. 

Theorem III, TAe i'niwsc o/" Wit a/uiiokriti hyperbola in the lemniscate if 

the center of inversion is the. renter of the hyperbola. 

Proof. The equation of the equilateral hyperbola is (p. 180) 




The locus is the; li 
Bernoulli (problem 1, (g), p. 248, 
andproblem4, p. 2(12). "Replacing 
'- hy a' 2 , we get the form of the equation usually given, namely, 

(8) (xZ + y*)* = a'Hx"--y'). . q.b.d. 

A discussion of the conation of the lemmseato in poliir cnbrdiiiates is given in Ex. 2, 
p, 152, From (3) it is evident that the lmisiiisr-riT^ is symmetrical with i'i 'spent to both hk(w 
:ui(l tho origin ('I'll en rem V, p. 7.1). 

Tn the figure a< 1 ajul «'>1. If »=«' = 1, ihe lemniscate will be tangent to the 
hyperbola at its vertices, If a > 1 and <t' < 1, the two curves will not intersect. 
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Theorem IV, The ii-ixruc vf Via: (iijwhdcrxi k'jpa-'iuln {;< Ike. strophtrid if the 
center of inversion is a vertex of the hyperbola. 

The equation of the equilateral hyperbola,, when Hie origin is the right- 
z 2 — 2/ 2 + 2 ax = 0. 



Theii 



!, from (T), p. 298, is 
a" 3 ^ a 



(^ + yl)* iff* + y^ 

Reducing and dropping primes, 
a: (I s + y' i ) + — (x 2 - tf) = 0. 

The locus of this equation is the 

stropiioid (problem 9, p. 262). Repla- 
cing — by a' and solving for y-, we 

get the form of the equation usually 
given, namely. 



In the figure a' = 1a = \. Tf a' >1 s 
A./ -: :. >ll-h:,inl 1 1 1 -.■ i l l i - ] -i ■ ■:' I ■■■ ]iv| ■ r '■ 

liyjHTlioln n-:il nr.r- mr.i-- [.In- »■:■;:] 1 1 1..:,:. 




[ (4) gives us tin: following properties of tlic 
atrophoid. 

1. It passes through the origin (Theorem VT, p. 73). 

2. It is symmetrical with respect to the X-axis, 

3. Its intercepts are y = or and x = — a', 0, or 0. Hence it passes 
twice through the origin. 

■i. The stropiioid lies entirely between the lines a; = a' and % = — a'. 

Fill', sfilvm" 'A) lor y. 



o!x 



.! lyill- 
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Theorem V. The inverse 
a focus of the come. 

I'yiof. The- (.'i]naui'ii of 
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rse of a conic it) a Unworn if the center nf 

hose focus is the origin is (Thi 



(1 - tP) se 3 + V % - 2 e a j)j; - e-p 2 = i 
Substituting from (I), p. 298, the equation of the ii 



(I <*)S* 



^ 



(^ + j,-s)« (as-a + y'Y %'*- + ^ 
Clearing of fraction*, ..rurispi.isii.g, and dropping primes, 

e»P s (& + y*)2 + 2 #px (3? + y 2 ) = (1 - e 2 ) x» + i/ ! . 

Adding (-■-.<;- (o both sides and dividing by <;-;■--■ 

(a> + *• + !«)■ = J-^ + ji). 
p e«p* 

The locus of this equation is die liiiiinjon (problem 11, p. 253). II 

■ — a and — — — ft 2 , wo get the form of the equation usually given, n 

The limafon li;i? tin™ distinct fori]]!. nor responding io tlie three forma in 

.Ol'0rdir:£ US .< : -i [i.^-i thilll, .:i[ii.il 1", lit ;;• Ii]' llin'l ■'.. SI' if- - !i, ill" iil Hill;. in 

imes called the o&rdlold (Ex, 1, p. 158). 



(8) 




u of (ii) irivos -.i :-. the following properties ■: ■ T l.bo limaerm. 
1. It passes through the oiigin (Theorem VI, p. 73). 
'2. It is syiii metrical with respect to the .A'-a^is (T'hijorem V, p. 73). 
8. Its intercepts are x = 0, 0, —a — b, and — a -J- b and y = 0, 0, 6, and 
-6. Hence the limanon passes twice through tire origin. 
4. The lima(;on is a closed curve. 
For. transforming to polar coenliiuitin, .;(!; henoimis (Theoivml, p. 150) 
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PKOLI.OIS 



(a) y* = x, tf = Sx, & = 4y. 

(b) x*-y* = 4, 3? - j/2 = 1, -£>■ - y* = i, 2xy = 1. 

(e) x'* - jf + Va a: = 0, s 3 - y 2 + x. = 0, z ! - i/ 2 + 4 2 = 

(d) 8as» + 4^-4* = 4, ij 5 -4i = 16, BaS* - w« + 18» + 



3. Find (.he ii 



;c of The hyperbola Zrx- ■ 



- 0, and discuss its 



. The trisectrix of Maclaurin * (lc 2 + y*) = ■ (y 3 ■ ;jx 4 ). 



. Prove that the ii 



:eol 



in) ilis; cissoid is a. parabola; 

(b) the lemnisrati; is an equilateral hyperbola; 

(c) the stroplioid Is mi eipiibilera.l hyperbola : 

(d) the limaeon is a conic, if the origin is the cej 



5. Show thai the inverse of the locus of an equation of '.he second degree 
is, in general, a curve whose equation is of the fourth degree. In what 
combination of x and y will the terms of the fourth degree enter ? What 
will be the degree if. the given locus passes through the origin? 



126. Angle formed by two circles. If 

radii be (ivnvi: lo ;i. (joini. of intersection of 
two circles, the angle formed is equal Lo one 
of l.lio angles formed by the langenis. at that 
point, since their sides! are tispcoiively per- 
pondiealar. 'I.'lial angle is called the anj;le 
formed by two circles. 

Theorem VI. The angle 9 farmed by tico 
ij eiirhri 

Ci ■. 3? + y 2 + Jh» + E,y + Ft. = 

C 2 : a? + </ 2 + D& + E<aj + Fz = 




is ..■ '•■■■;■, by 
(VI) co 



Dt-Dg + EjEj — 2F, — '2F 2 



VJ , > 1 2 + -E^ — 4 J 7 ! V7V + .E s 2 — 4 F % 
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Proof. By definition 6 equals iho an«h: Conned by the radii drawn to a 
point of iule.rscw.ioii. Ilciii/o irnin the Jiiiure and IT, p. 20, 

(1) to., = »• + »'-" -, 

wlierc ri and r» arc llsf: radii of (.', and ( '.> iv.^k-c lively and '.[ is the length of 
1,1 n' lino of centers. Uy '.Llieort'jn I, p. 131, 




r a = i V2V ■+ E^-i Fa, 
and the centers of C, and C 2 are respec- 
t,vely(- Y ,- -J ami (---,--)■ 
Hence (by (TV), p. 31) 



Substituting in {1} and rudin-mg, we, got (VI). q.e.d. 

Corollary. Ci and C 2 are orthogonal if DiDj + -E^ - 2 Fi - 2 F a = 0. 

137. Angles invariant under inversion. 

Theorem VII. The uwjle b>:i->':i:t:n imo tu.rcl'Mi is a/itid id ike angle formed by 
he. 'iMf.YHe circles. 

Proof. Let the equations of two circles be 

(",', : a;* + if* + D& + E-& + F, = 
,nd G s : -j? + y 2 + D& + E$/ 4- F 2 = 0. 

Then the equation!, of tin; inverse circles are respectively [(3), p. 208] 

,«d W:.' + »" + g» + *» + i = 0. 

Ey Theorem VI i.lic angle formed "by C,' and CV is given by 
Z>|7><! £,£'2 2 2 
F,F^ + JVFs ~ FJ ~ FJ 



V(fHtKV(fD' + (fK 



'a ~ 2 Fi - 2 F 3 
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Corollary, The tingl.e-1 formal by t.i'in intersecting <: 
angles formed by Urn iitverse cu-rect. 

For draw two circles respecHvelj tangent to the given 01 
section. Tlie inviTS,; f-i-ulcs will txi Intuit !<> the inverse cm 
lion. Th" Jiiijjlf!" formed by eiLher pail of curres ami the Mi 
and the angles l'ormod by ihe hvo pairs of circles are equal. 



1. Find the angles formed by ilio follnv.-ine- pairs of enrvus and the angles 
formed by the inverse curves, and show that, they are equal, 

(a) x-y = f>, 35 + 2^ = 0. 

(b) ^ + 3y-2 = 0, x-2y = d. 

(o) & + y* + 4x-By = 0, aP + ir" -ix = 0, 
fd) & 4- y 2 - 4z + 12 = 0, a= + v 2 - 8y = 0. 
(e) a? + !/= - 6a + 4y = 0, 0a - 4i/ -1 = 0. 

2. Show that the drives found ill pvobltao I. p. -IViiK art orthogonal to the 
eirole a 2 + y 2 = 1. 

3. If P and 7" art two inverse point-, show that all of the circles which 
pass tli rough /' a! id a.iv (>]■! lii'iOual to a; 2 -'- y- - I ivEil alto pass through /". 



4. How may problem ij be used ti 



Into what kind of a figure will three eirdes whidi have a point i: 
rt if that point is the center of inversion? 

7. Three drcles pa.ss ihroudi a -point ami intersect ea.ch other in tlire 
oilier points. Shoiv that the sum of the angles formed by the circles a 
these three points is two right angles. 

Hint. Invert the figure, visiiin the point nninmou to the three circles as tlto center o 

B. Three circles pass through the same point. Show how to 
four circles tangent to the three given circles. 

Hint. Supposotliereqr.iredWreh'sco^inietcd. .Invert Hie figure, using t 



■v that tlie sign of an angli.' is changed b.y ;t 
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1S8. Inversion of systems of straight lines. 

Theorem VIII- The. innrsi; "f n a-jsiem of i;o,raUel lines is a system of tartr 

ocn : . circles Hvtiisf; ci:, das Hi- on a line pejpi-i\iUev.li.i.r In liu- Hiies <>/ the. si/sie.m. 

Proof. Choose one of the linos of the system for die l"-asis. Then the 

equation of the system is x = a, where a is an arbitrary constant. The 

inverse system is therefore (by (I), p. 298) — r a = a ) °h reducing and 



r' 

_ 




This is the equation of a system ol 
i and which are tangent to each other 



dropping primes, s 5 + J/ 2 x = 0. 

circles whose centers lie on the JC-axi 
at the origin (Theorem VIII, p. 144). 

Theorem IX. The interne of a xysiem of lines j,etsshnj through a point is a 
Ki/xi.vui of c.ir-. i:..i i- ■:.■.-• :';..v 'i-.ni-i'jh '/a-, oriijin o.nd Iki-owjh the inverse of (hid 

Proof. Let the system of lines be y -■■■- mx ■'■■ h. where b is constant and m 
varies, liy Theorem T, p. 2f(8. the inverse of tint system is, after reducing 
ana dropping primes, 

* + I> + 5._,y-0. 





is is the equation of a system of envies passing ;l;rough the origin 
-rem VI, p. 73) and through (o, -) (Corollary, p. 53), which is the 

;e of (0, b) through wludi the lines pass. ij.e.d. 
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IXYKH-SrON 



a 07 



189. Inversion of a system of concentric circles. 

Theorem X. The inverse of a Hyste.m of emu: eidrk e.i.rdes is a, system with 
'■■■:■■ i : niii : n:i ;«:■(' uis, oii.e id. the oro/in and the o'lier at the imci-se of the. r.t.i.t.i.r 

:f the ("H'/ti: V'V ■■■';■ .-.■' i *. 

Proof. The equation 
(1} a? + tfi-2^/ + p-l^ = 

repres'.-v. r.s a sysr.cm of eimccntrii; circles if p is constant and r varies 
(Theorem IT, p. 58). 




Tlie locos of (2) is a system of circles "with their c 
(Corollary, p. 131). The radius of any one is (Theoren 



Hence r*=0 if r = 0, and the locus of (2) is then the point-circle f 0, -V 
which is the inverse of (0, p), the center of (1). If r = «i, (2) becomes 
X 3 -i- y 3 = 0, whose locus is the- origin. Hence [.ho system ii!) has two limiting 
points (p. Ml), ;il th(j origin and at the inverse ol the center of (1). q.b.p. 



PROBLEMS 

1. Why do we not consider the system of lines 
in proving Theorem TX ? 

2. Why do we not tahe tho origin for the cent 
in [iroving Theorem X. '■: 

3. Construct a number of lines of the system z = a and the 



assing through the origin 

■ of the system of circles 

circles. 



,Google 



ANALYTIC GEOMETRY 

5 of the system y = ina, + ^ and i 

■e of a system of tangent circles if the point of ti 



se of a system of circles passing 1 through two points 

:rse of a system of circles with two limiting points 
IX of It 



9. The point P, (>:;. :/-,) may be rusi rded us n. point-circle whose equa- 
tion is (x — ai) 2 -1- (y — !/i) 2 = 0. Show that the system of circles repre- 
sented by (x — Xi) ! + (j/ - y,) 2 -|- ft (»" + J/ 2 — 1) = ha.; I. no limiting points, 
namely, P t and the inverse of J\. What, is the nature of the system if T'\ 
lies on the circle x' ! + y" = 1 ? 

10, How may problem 9 be used to dclinc an inversion ? 

130. Orthogonal systems of circles. Two systems of circles are said to be 

orthogonal if each circle of one .system is orthogonal (p. .14:!) to every circle 
of the other system. The preceding sections eiialilo ins h> construct sueli 




Consider two systems of parallii lines sacl: t.hut the lines of one system 
are perpendicular to the lines of the other. If we invert these systems of 
lines, we get two systems of tan gen I circles w-hese centers lie respectively on 
I. wo perpendicular lines (Theorem Vilf, p. 30(1), Since angles arc preserved 
i! (Corollary, p. ■10e) ihese systems arc orthogonal. Hence 
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n XI, Two s;/s((;irrs of bus/crd cirdas an:-- '■■iiit-yrt'.t.l if they hove the 
inline, point offant/ency and if their '.-.niters tie on perpeiiji.ie.ni.iir lines. 

It is also evident that all of the linen piassing through the same point P 
and all of tlic circles having the eeriLoc P intersect orthogonally. 'Hie 
inverse of the system of linos is the sytflem of circles passing t 




the origin and the inverse of P (Theorem fX, p. SOB), and the 

the system of concentric circles is the system of circles having the origin 

and the inverse of P as limiting points (Theorem X, p. 307). Hence 

Theorem XII. Two systems of fjjrf™ an: urtheynnal if all the. circles of one 
system pass throttyh iit:n pni.ti.it which n.,c ike limiting points of ike other. 

MISCELLANEOUS PROBLEMS 

1. Show that the degree of an equation is, in general, doubled by an 
inversion. Will this be true if the terms of the highest degree contain 
£ a + j 1 as » factor ? 

3. Construct a linkage cnnsisi :i\j o[ a dofoi'inable rhombus APBI" and 
two bav~ of equal length OA anil Oli which are fret' to rotate about, the. listed 
point O. Show that P and P' describe inverse curves if O is the center of 
inversion and OA" — AP~ is ; lie unit of length. 

8. If P is that point id the rhombus in pvoblutn ; 2 which lies nearest to 0. 
then by adding a bar ()'!'. which i.s free to rotate about the fixed point 0'. 
J* will be constrained to move In a circle. How will J" move? This linkage 
is known as Peaucellier's Inversor. 

i. Show how to construct i'our circles passing tbrnugli a given point and 
tangent to each of two given circles which do not intersect. 

5. Find the properties of the eissoid. lemaiscaie. si ronhoid, cardioid, and 
limacon, which may lie obtained from problems 3, 4, 0, (!, 0, 10, 12, and 13, 
p. 220, by inversion with a proper center. 

6. Show that the mLgle. which one. Sine makes with a second equals the angle 
between the inverse circles, without using the Coroiiary on p. ;>05, 
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CHAPTER XV 
POLES AND POLAES. POLAR RECIPROCATION 

131. Pole and polar with respect to a circle. Let Pi(«i, yi) be any point 
and let the equation of a given circle C he 
fl) X* + tf* = T". 

The line Xi, whose equation is 
(2) XyX + y x y = r 1 , 

is ciiUcil I lie pclct "f ?'i f.'ii. ;/i) '.vi: i; "espoet to C, a:id /'■ U Ciil'ci; 1.1 u: pole of £-,. 
Theorem I. Tie jwliti' ty" ;i jwinf oh k ■■■i/i\'c is '/.'c iarr/eid to the circle at 
thai- point. 



lOpin-CIOlloi 



i am! from the fact that (2) lias the s 



form as the equation ol lIil uin^oiit (T1uhi>:i.]]: 1, 

Theorem II, The.polar of a pond J\ with nmpu-t to a circle U perpendicular 
to the line jicx-.o^/ throny/i I.'i and tin: Ci..n'.er of the eh-clu. 

Proof. The equation of the lino pa-ssii^ ;lu\>ii!;h I\ and the origin, the 
center of the circle (1), is (Theorem VII, p. 97) 
y-iX - x,y = 0. 

This line is perpendicular to (2), the polar of .Pi (Corollary III, p. 87). 

Corollary, The angle formed by the palan of two pni.nl h v.-ilh resjiect to a 
circle in canal io Ih.v. m;nZc formed b'j : he i'-io ■•; J i;r;r/ i/..n,ir : ■■■:!. ■i.-'.i (,-j ife rentt r 
of the circle. 

Theorem III. The polar of any point of a 

gic-tnlinepasxcj tkroo.gk the polcof 'that line. 

Proof. Let X L l>c tho given line and let 

Pi (*ii Ui) be its polo. Then the equation 

of L, is 

(3) aix + y\y = r z . 
letP a (»i, i/s) beany point on Xi; then 

(Corollary, p. S3) 

(4) asisc2 + ffO/a = r a . 
The equation of tho ;:.oliir J... of the point 

P 2 is 
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This line passes through Pi, for if the coordinates of I\ be substituted 
for x and y, we obtain equation (4), which is known to be true. 

Corollary. The polr. of <tn'j line la l/:c point of ih!-:rs«1.hm of the polars of 
any two of its points. 

Theorem IV. The pile of ana line posting tlu-owik. a t/h:en point lies on ike 
polar of that point. 

Proof. Let Pi(x-i. v/[) be 1.1'n'i given point. Its polar is the line 

(5) Xi : z& + y\y = **. 

Let Pi(X2, Vz) be the pole of a line X a which passes through P t . The 
equation of X s is then 

XiX + ya/ = i*. 

Since Li passes through P, we liave (Corollary, p. 53) 

(6) x&i + %m = r 2 . 

Then P 2 lies on ii, for when the eoiirdinau-;; nl /'-. arc substituted in (5) 
for x and y, we obtain (njiialiou (0). which is known to be true. q.e.d. 

Corollary. The polar .-.;/' i/iiy jioiiii is .'.'■■<-■ (;.'!(; pissiK'j ikrav.gh the poles of 
any two lines whisk piss ihyoiojU the ijiven point. 

132. Construction of poles and polars. 

Construction I. To construct the pola 
draw the tangents to the circle which pas 
points of contact of these tangents is the 

Proof. Let Lj and X 2 be the tan- 
gents to C, and let Pi and P 2 be their 
points of tangency. Then the polars 
of Pi and P 2 are the lines X L and i 2 
(Theorem I). Since L\ and L% pass 
through P, the polar of P is the line X 
passing through P, and P 2 (Corollary 
to Theorem IV). <3.F..r>. 

In like manner the following con- 
structions arc proved. 

Construction II. Toconstruct the pole 
of a line L which cuts the circle, draw 
the tangents at the points at which X 
intersects the circle. The point of inter- 
section of these tangents is the pole of X (Corollary 



of a point. P outside of ;i circle, 
through ./'. The line joining (lie, 
)lar of P. 



i- 
■ o V )/ J 

r 
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Construction III. To construct the polar of a point P within a circle, 
construct the poles Pi and P a of 
two liiwisiii funl T.± passing through 
/-' (Construction I.I). Tne line- join- 
ing Pi and p£ is the polar of P 
(Corollary to Theorem IV). 

Construction IV. To construct 
the pole of a line L which docs not 
cut the circle, construct the pola.rs 
i, and i 2 of two points Pi and P 2 
on L (Construction I). The inter- 
section of L\ a-nr.1 1.2 is the pole oi 
L (Corollary to Theorem III). 




PROBLEMS 

1. Find the equation of the polar of each of t.iio following points with 
respect to i!iu given citv.lt: and construct the figure. 

(a) (8, - 4), & + y* = 4. (d) (3, 4), a* + yi = 30. 

(b) (- t, 2), a> 2 + y* = 25. (e) (5, 0), as* + d* = 49. 

(c) (7, - 2), x* + ys = I). (f) (-3, 4), & + tf> = 25. 

3. rind the pole of each of the following lines with respect to the given 
circle and construct the figure. 

(a) Sal + y = 26, z* + Z/ 2 = 26. 

(b) 3x- 2^ = 18, as* + ^ = 36. 
(0) as - 4y + 8 = 0, x 2 + ?/ 2 = 16. 

(d) 1x-y = 64, e? + y* = 04. 

(e) u; -3y + 16 = 0, a:* + y 2 = 16. 

(f) a; - &y = 18, a;* + y 2 = 9. 



(g) Ax + By + C = t), a 



f 2/" = 



lis 


(8, 


-4). 


Am 


(- 


a. «V 


Ana 


R 


-i). 


Ana 


1- 


1,8). 


Am 


(l 


-*>. 


An, 


(^ 


c ' 


ritsd 





~c)' 



Hint. Let P,l,r„ y,) In; ihe pole of (lie given lines 
[lolitr of 7*, with remind Id till' given i-0'cli-. i'roLn Iho fl.imlitions tlait tills line shall 
coincide with the given line (Theorem IM, li- 8*) dfitevmine Bj anll^, 

3. Find the distance from the origin to the polar of P : with respect to 



4, By problem 3 show thai (a) if P\ a.nin oa^ln-s :':v: origin its polar recedes 
o inl'inily ; (b) if /': recede. 1 , lo infinity |u i.'olar approaches the oricln. 
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S. By problem 2, (g), show that if a lint; recedes to infinity its pole 

approaches tlio origin, and it tin. 1 line approaohos hlio origin its polo recedes 
to infinity. 

0. Find the pole of (lie line joining l\(:e-i, ij,) and 'P- : (a; s , y s ) and prove 
thai. il. in I.Ik; poinl, of into [section oi the on lain of i'\ and P%. 

Ans / (y2-vi)^ ! (^i-aa)^ y 

7. rind the polar of the point of intersection of A& + Bo/ + Ci — and 
A 2 x + ll,y ■■■(;■!.- ■■ and prove that, it passes through the polos of these lines. 
-4ns. {BiC a -B*Ci)x + iCiA 3 -eaAi)y = lA 1 B a -A t B 1 )**, 

B. If the line y — yi = m(ic — a;i) revolves about Pi, the locus of its pole 
is tho polar of Pi- 

9. The radius of a. circle in a mean proportional between the distances 

from its center U< any point and to the polar of l.liaf point. 

133. Polar reciprocation with respect to a circle. The transformation 

which replaces a aiven lino by its pole wilh respect to a circle is called a 
polar reciprocation wii.li rcspuet. to that circle. Analytically the transfonna- 
tio.u is defined by 

Theorem V. The pole of the line 

Ax + By + C = 
vAth respect to the circle X z + y z = r- 



- -tt> 

e of the given line. Then the polar of 



&& + y\V — & = 0. 
Then, by Theorem III, p. 88, 



The locus C of the poles of the tangents 
to a curve C is culled tho polar reciprocal 
of C. 
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Theorem VI, If C" is the polar reel prowl of a 
reciprocal of C. 



e C. then C is the polur 



Proof. Let I and n 



tangent!: to C it I and M. Let M' he the 
liole of to and L' of (. Then L' and Jf are 
two points on C by definition. 

Lot p' be the line passing through 1/ 
and M'. Then the pole of j/ is P, the 
point of iincrsc-ctioii of ! and ;;■ (Corollary 
to Theorem III, p. 311). 

Let L' move along C until it comes into 
eoincidonco with M'. Then the limiting 
position of p' is the tangent to C at M'. 
Bat asi'uppioaclie.s .V, ( uinsi. approach m, 
and (he: liinkjiiif position of ./' is evidently 
the point itf. Hence M is the pole of the 
lolar reciprocal of C. q.e.d. 

The method of finding 1 lie equation of (!' Irani Unit, of G is illustrated by 
Ex. 1. Find the- polar reciprocal of tliB parabola y- — i % with respect to ihe 
circle x 3 + y 2 = 1. 

Solution. Let /'j (>!, ;/;) be any point- on the parabola. Then 





I^ = -4s'. 

This is the equation of the locus of I", llial is, of the polar reciprocal of the 
-ivon nnrabola. The polar reeiprora] is thereture a parabuln of Um same sizu, 
turned to the left instead of to the right. 

The method consists in iimliiig I lie pole /" of the I anient "o the given curve at 
/':, expressing J'', and ;/-| in terms of .■;' and u' , and substituting in the given 
equation. 
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I. Find the polar reciprocal oi each ■:)! Lhc following circles with respect 
to the circle x 2 + y 2 — 4. 

[a) & + 3P-4z = 0. Ans. y 2 + Zx = 4. 

(b) 3? + y 2 - 2 x — 3 = 0. -Ins. a a; 5 + 4 a/ 2 + 8 x — 16 = 0. 
(o) k 2 +y»-6i + 5 = 0. Ans. 5 cc 2 - i y* - 24 x + 16 = 0. 

3. Find the polar reciprocal of each of (In: following curves with respect 
io ;.lic: given circle. 

(a) 3^ + 4^ = 16, x* + y* = 1. Ans. lflas a + 4s« = l. 

(b) # 2 = 2 a - 6, x 2 + y 2 = 0. 4ns. 6 a 2 - ?/ 9 - 18 x = 0. 

(c) ix 2 + y 2 = Sx, x 2 + y i = i. Ans. y 2 +2x-4 = Q. 

3. Verify the answers to ] . i-t -1 .. ] ci n f; 1 and 2 ;>y liiiiane; the polar recipro- 
cals of l.iic curves given in the answers and applying '.1'licoveni VI. 

4. Show that the equilateral hyperbola L'x.y = f> is transformed into iiself 
by a polar reciprocation v.illi rcspoct to the circle i 2 4- y 2 = 9. 

5. Show that the locus of x 2 — y 2 = a- is transformed into itself by a polar 

reciprocation wit.li respect, to the circle s 1 4- y 2 = a 2 . 

134. Pole and polar with respect to the locus of any equation of the 
second degree. Lot. P[(.c : . y-,) be any point anil lot any equation ol tbo 
second degree be 
(1) A& + Bxy + Gy* + I)x + Ey + F = 0. 

The line ti, whose equation has the same fur in as the tangent, namely 
(Theorcm II, p. 212), 

is called l.iio polar of the point l\ with respect lo the locus of (1). ?! is 
called the pole of L,, 

In what follows we speak ahva.ys of \io'.vs iind polnrs with respect to 
the locus oi (i) unless l.hc contrary is stated. The following :heorems are 
generalizations of the theorems indicated, and are proved in "the same way 
by using (1) and (2) of this section instead of (1) and (2) of section 131, 
p. 310. 

Theorem VII. (Generalisation of Theorem T.) The polar of a point on the 
locus of(V) is the tangent at that point. 

Theorem VIII, (Generalization of Theorems III and IV.) The polar of any 
point on a t/iv-ui lint: pusst-i tlt.mtftii the. p'Ae :f that line.. t~ot,i:er<c!y, Ike pole 
of any line pasting thro\i.;jh a. /jmn pa-ni i ■■ .i ■■;; 'Ac poit.tr of thai point. 
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Corollary I. TU jxile. of n u.y lli,e is the valid of inte.rarxtlim of the polars of 
any two of its points. 

Corollary II. The polar of any point. Li the Unt pawing through the poles of 
any two lines which now tkroaah the. given, point. 

The constructions on pp. 311 and 31-' enable us to construct poles and 
polars with respect to (1), for l.liu thooivins liy which tin; constructions arc 
proved have been generalize] for die locus of (1), 

A good idea oi thss tUruatioii, of 11 n- polar of ;; point witli respect to a conic is 
afforded by 

Theorem IX. The polar if a point. Z'i v.liu- n--\n-:i in u amlc is parallel to the 
tangent to the conic vf the p<- In' iri,--r, ilr-. ■■■■'■< i:r---«r ihreau/h Pi cuts the conic. 

Proof. The proof Is sti]ia rausl into t-.vn casts n'.vordii:!> as the conic is a central 
conic or a parabola, 

Case I. Central conk', If i in; (Tiiter is l >l. ■ or'^in, its e<[ tuition maybe written 

A& + Cy* + F=0. 

The equation of the polar of Pj is 
(8) Az L x + Gyry + F = 0. 

Let the diameter through V, rut the conic ;it I'... The equation of the tangent 
at P 3 is 
(4) Aa^ + Cffty + F-Q. 

Since P! and P a are on a linn through tin; origin (Corollary, p. '±¥1), 



and hence the lilies (:;i and i.'-k) :u-<: parallel (I 'umllary II, p. 87). 
Casb II. Pnraiiola. lis equation is -if 1 = Ipx. 
The equation of the polar of /'i is 

(5) jny — p(?S + xO- 

Let the diameter through P, cut the parabola at P 2 . The equation of the 
tangent at Pj is 

(6) lf«=J)(!B+!Bs). 

Since (Theorem X, p. 242) y, — y?, the lines (5) and (<>) art; parallel. q.e.d. 

PROBLEMS 

1. Find the equations of the. polar.s oi the foiimvinfi points with respect to 
the piven conies and construct, the figures. 

(a) (3, 4), 9s* + 4j(* = 8e. ( e ) (- 1, 8), =e= + &y - By + 4 = 0. 

(b) (2, -1), 18itf> -1^ = 64. (f.) (4,5), &y4- 4s -6^-8 = 0. 

(c) (3, 6), x* + 4 y = 0. (g) (2, -6), & + 2xy + y* + z-y^0. 

(d) (2, -4), ay -16 = 0. (h) (3,2], 5 a? + Qxy + 5^-12 =0. 
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2. find the poles of the fodowiii;; liitu.s with tvspi.T-i. lo the given conies 
and construct the figures. 

fa) Sx + 4?/ = 30, flse 3 + j 2 = 36. ^ns. (1,4), 

(b) 2s-8y + 4 = 0, y ! = 4«. 4n8. (2, -3J. 

(c) z-1y = 18, W = 8. -4ns. (- 2, 1). 

(d) 14a: 4 v = 8, iafl - y$ = 16, .4ns. {7, - 2). 

(e) 2* - ■;/ + 13 = 0, i 2 + 4y = 10. .Iks. (-4, - 5). 

(f) x + i = 0, &-i-izy + y 2 + 2a + 4 = 0. ,4ns. (0, 0). 

(g) 11B + 2^ + 18 = 0, 17^-12^ + 8^-68^ + 24^-12 = 0. 

Aiis. (0, -2). 

3. Tangents are drawn from thy point (S, I) u> tin. 1 ollip.se x a + 4# 2 = 16. 
Find the equation of thy line joining their points of tangency. 

Ana. x + 2y — 2 = 0. 

4. Tangents are drawn to the hyperi.iola 10;c s — j^ = 64 at the points 
of intersection of the hyperbola ami tin: line 8* + 3y + 32 = 0. Find the 
coordinates of ' lieir point of intersection. Ans. (— 1, 6). 

5. How does the polar of a point with respect to a. central conic bcl:ave 
if the point approaches the con for ? if the point recedes to inlinit.y '! 

8. The polar of i.lie focus of any conic with respect lo that conic is the 
corresponding directrix. 

7. The polar of any point on the directrix (it a conic passes through the 
corresponding focus. 

8. Thepolarsof apoini with respect lo conjugate hyperbolas are parallel, 

9. The polar of a focus of an ellipse with respect to the major auxiliary 
circle is tlie corresponding directrix. 

10. "What is the locus of a point which lies on its polar with respect to a 
given conic ? 

11. That part of the (LL'tiLCter of a parabola included between any point 
on if and its polar is bisected by tiio point of contact. 

135. Polar reciprocation with respect to the locus of any equation of the 
second degree. Let 

(I) Ax' ! + Bxy + Cty 2 + Dx. + Ey + F = 

bo any equation of the second degree. .Let C be any curve and let C be the 
locus of the poles of the fanpmts to (.' with respect to the locus of (1). C is 
called the polar reciprocal of C with respect to (1). 

Theorem X. (Generalization of Theorem VI.) If C is the polar reciprocal 
of C v:ith m-jie'-t lo (1 ), tlmn C is the y,nlar reaprozal of (!'. 

and p. 
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Corollary. The polar ree'rproad of in a cun-e'C ichjue tangents are the 
polars of the po'mU of C. 

The polar reciprocal of a curve C with, respect to (1) may therefore bo 

re^iudiiil in. cither one of two ways: 

1. As l.hc locus ill the poles of ike tivn,!ic;n;.5 to C. 

2. As the, curve whose tangents are the polars of Hie points of G. 

In either case the fact (o be observed is that, to a- point of one figure corre- 
sponds a straight Uivl of l.hc other fiey.i.re ami. vice verm- The tmnsfonnal.io:! 
which replaces C by (,*' is called a- polar reciprocation with respect to (1). 

Analytically the poiur iw>r,vr:«f!««, Kith respect to (1) 
by the equation 
(2 ) Aw + B {m ± * lV) 4. n,„„ j. n { *±*A 4- g t ± V* 



1 -¥Ci ll y + I) y - 

For, in the first place, the locus of (2) gives a 
Pi (ail, va- 
in the second place, the pole of any line 
{3} A'x + B'y + C=0 

is found from (2) as follows. Lot Pi(sei, Vi) be the p 
(2) and (3) are the equations of the polar of the sai 
coincide. Hence (Theorem III, p. 88) 



+ F=0. 

tbu pola 



ef 



3 of (3). Then since 
i point Pi, their loci 



AXi. + - j/i + - 



D B 



■GVi- 



D 



B' 



C 



These equations can. in e;cr_eral, oe soived for .<- L ;r i_ il ,/ ; (Theorem IV, p. 90). 
The method of finding the equation of the polar reciprocal of a given 
urve C is illustrated in [.lie following example. 
Ex. 1. Find the equation of the pol:;r iv:\;i-iral of the ellipse 

C:4^_|_c,j,2_ 1 = o 
with respeet to the ellipse 

{4} B»+4p» +2(6 = 0. 

Sohditm. Let Pi (j-i, i/i) 
he any point on C. Then 

(5) 4^ + 9^-1=0. 
The equation of the tan- 
gent to C at Pi is (Theorem 
III, p. 214) 

(6) ix,x + <}y,y-l = 0. 
Let P'iz', y") be the pole 

of (6) with respect to (4). The 
equation of the polar of P' is 

(7) (a'+l)a + 4»'» + «!'=0. 



;- H- 1 " y. 
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Since ffi) anil (7) have the same locus (Theorem III, p. 88), 

_4ajj _ 9j/i _ ^j. 

a' + I 4j/ as' ' 
Solving for ici and j/i, we obtain 

a , + l > „_*£, 

El is' ' Vl 9ar* 

H . 1 1 : ^ t i 1: 1. 1 L i 1 1 l; in i.'i), iv<! have the required equation 

•(-^M-iS)"- 1 - »■ 

Reducing and dropping primes, we obtain 

whose Ulcus is an hyperbola. 

In -.he lijrui'i; three division; are taken for unity. 

PROBLEMS 

1. Find the polar reciprocal id' the first of the following curves with 
respect to the second. Construe: the figure in each case. 

(a) j/ 2 -4s = 0, x* + 4y = 0. Ans. xy-2 = 0. 

(b) it 3 + y 3 = 1, 'jfl - ij ! = 4. iii-s. x^ + y' 1 = 16. 
fc) it 3 + 4 y* = 4, 4 1 2 + j/ 3 = 4. Ana, 04 z 3 + !/ 2 = IS. 

(d) a: 2 -4j/ ! ^16, 8^ + 4^ = 29;. Aw. 15 a: 3 -64 ^-32 a;-)- 16 = 0. 

(e) xy - 4 = 0, a: 2 - y 3 = 16. .1ms. xy 4- 1G = 0. 

(f) 8 y - x" = 0, i 3 - # 3 = 4. .dim. 2 X s = 27 y. 

2. "Verify the answers to problem l by showing that. flic polar reciprocals 
of the curves in the answers an; l.he given. Curves. 

3. Show that either of |ho following curves is unchanged by a polar recip- 
rocation with respect to the other. 

(a) 6%a + «V = a«6«, & 3 a: 3 - ahf- = a?W. 

(b) B*as a — ay = aW, Vx 2 — a?y* — — a*b*. 
(a) y* - %i>x = 0, if* + 2px = 0. 

4. Tf the vertices of one triangle arc l.he poles of l.he sides of a second 
triangle, then the vertices of the- second are l.he poles of the sides of the firs I. 

Two triangles such I hat ;.ho vertices of either are the poles of the sides of 
the other are called conjugate triangles. If the vertices of a triangle are the 
polos of the opposite sides, the triangle is said to he self- conjugate. 

5. Show that (2, 1), (4, 4), and (3, 2) are the vertices of a self-conjugate 
triangle with respect to [.he hj pcrbola a: 3 — y- = 4. 

6. Show how to const met a self-eonm;;a:c tHau^e with respect to a given 
conic if one vertex is given. How many may be constructed ? 
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T. Show that if we reciprocate the ligure which is given or implied in one 
of the following statements-, \vt oblain the corresponding statement.. 

(a) Two points determine the line Two lines determine the point in 
on which they lie. which they intersect, 

(b) Three pom la oji the same line. Three lines tlinmsii the same point . 

(c) Three points at. the vertices of a Three lines forming a triangle, 
triangle. 

(d) n points nt the vertices ol a poly- ■« lines forming the sides of a- poly- 
gon, gou. 

(e) An infinite number of points An infinite nrtmoer of lines tangent 
lying on a curve. to a curve. 

(I) A line intersecting :i curve in n A point through which pass it lines 

points. tangent to a curve. 

(g) A curve passing twin: through A curve tangent iwk-e to (hit saino 

the same point. lino. 

(h) A conic section. A conic section, 

(i) A conic may he constructed which A conic may he constructed which 

passes through live given points. is tangent to live given linos. 

(j) Two conies intcrsovl in .noncral Two conies have in general four 

in four points. common tangents. 

136. Polar reciprocation of a circle with respect to a circle. The equa- 
tions of any two circles C and d may be put in the forms 

: »' + y* = r& 
and Ci : & + 9 s + Dx + F = 

by taking the center of <7 as origin and the line of centers of C and C, as 
the Ar-ax:K. Wt shall now find The polar recifjroeul of I! will) respeei. to '.',. 
Let Pi(»i, Vi) be any point on C. Then (Corollary, p. 53) 

(1) x? + s.i» = r», 

and the equation of the tangent to C at P, is (Theorem I, p. 212) 

(2) x,x + Vi y - r* = 0. 

Let P'ffc', j/') be the pole of (\>) with respect :o C, ; then the polar of J" is 









afK + y'y + D— - 


- + F = 0, 


(3) 




(. 


■ , J '\ , • ■ D 


c'+F=0. 


ince 


(2) and 


(3) 


have the same locus 
«i m _ fft _ 
a , -D j/' 


(Theorem III, p. 

ftf + F 


Solvii 


ig for x 


ia n D 


I/j, we ohtain 








j'i . 


^(aa' + D) 


2rV 

1/1 ~ nr/ + 2 ; 
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Substituting these vaiuca in (I), reducing, and dropping primes, we nave 
Lbi: equation of C, namely, 

C:(4r=- Bi) ] ;3 + 4rY + 4»(rS- *')a;+ (r 2 !) 2 - 4J?«) = 0. 
The disirriniinaiu. of (," is (p. 205} 
S' = 16 »* (4 r^-D^i) 2 - 4 F 2 )- 64 r^r 2 - p)a = _ I6r*(jja _4.F)S. 



As ■£ VD2-4F is; the radius of : (Thenvem 1, p. 131), it follows that 
& is not zero if the radii of G and G, are not zero. Hence (Theorem I, 
p. 260) 

Theorem XI. The pol.it'- rcc'i/n-ocid of t/it. i:.i:r lr. il : si 1 + y' 1 = ¥>■ with respect 
fa Sin: v.bxla 0\ : £* + y* -f Dx -4- F = is the uim-i.liyciier'iU: conic <■' icliosc 
equation is 
(XI) (4 r* - Tfi) '£>■ + 4 rV + 4 Ti f - F) x + (r a W - 4 F 3 ) = 0. 

The nature of the come (.'' depends upon the sign of 
A / = -4-4^(4r 3 -7)' J ). 

it is <■■. iiient that 

A'<0 if iT*-lP>Q, or r* > ^ ; 



i' > if 4 r» - D 2 < 0, or j- 2 < 

i' = if 4 r 2 - TP = 0, or r 2 ^ 



D 2 





c '.'■" is an hyperbola if ?-■ < 
c C" is a parabota if r 2 = 



it — is the square of the distance from the origin to I — — , 01, the 
■r of Gj (Theorem T, p. 131), and therefore 



the center of C t is inside of C if r 2 > - 
the center of Ci is outside of C if r 2 < - 
the cenWr of C, is ore C if r s = ^ 
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Ui-r.co 

Theorem XII. The -polar rec'iiror.nJ. of n rh'-ie I: vi'tli raped, to a circle C\ 
s ;rn tUiiisr., 1i.ii -pKi-hnbi, or poritl/iiia aawliii;/ :ii> the r.i-idr.r of (; L ; : s inhale of, 
■t.dxide of or on ike circle C. 



PROBLEMS 

1. Mud the polar reciprocal of the circle ,r,= + y = 4 with respect to each 
of the folio whig circles ami construct the figure. 

{a) e 2 + ;/ 2 - 4 r, - 6 = 0. Ans. 4 y* - 36 % - 9 = 0. 

(b) a 2 + y a - 2 a - 3 = 0. Ans. 3 a? + 4 y 2 - 14 x - 5 = 0. 

(o) x* + y 3 -6% = 0. -4)ia. &^-4j( 2 + 24a;-33 = 0. 

2. Show that the center of C, (Theorem XI) is a focus of (XI) and that the 
corresponding directrix is the polar of tin; center oi C with respect to Oj, 

Hint. Transform (XT; Ijy moving lha origin to the center of C\, find the focus ami 
directrix bj comparison with (11), p. I7S, and transferal to the old coordinate:.. 

3. If Pi and P> are- two ;soint* whose polu-rs w':.h respect 1,0 a circle Ci are 
Li and £2, then — = — , wherein and I, are the distances from the center of 
f,"i to Pi and 1\, o\ is the distance from !.• to .1',, and d 3 from L\ to P a . 

/Jin*. The center of C\ may be taken as the origin. Apply (IV), p, 31, and the Rule, 

p. IDS. 

i. Prove Theorem XII and prol'bm 2 by means of problem 3 and the defi- 
nition of a conic (p. 173). 

Hint. Let P, of problem 3 be the center of C. 

5. The angles which two lines L\ and i 9 (Fig., p. 311), which are tan- 
gent to a circle C, make with the polar L of their point of inlei'seelion 
are evidently equal. If wo reciprocate the ti;;nre with respect to a circle 
Ci, what will he the o,orri-.si>oni.Litw tlieorem in the new figure? 

onic whose focus la the center of C, (problem 2). 

e conic, arid to their poii its of contact correspond 
llit taligi.vla If j Dili ironic :il- tluiSii point!-. To I, corresponds the. point of inters., of. on or 
these tangents. Drinv lines from tic focus to tlm points of contact of. liic tangents anil 
to their poinl of intersection, and apply the foro'.lary to Theorem IT, p. 310. 

Ans. If two tangents he drawn to a conic, the line joining the focus to 
their point of inferseci ion bisects the anyle between the focal radii drawn to 
the point of contact. 
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S. Obtain the folio wing i.heoreins in tin- right-hand column from those in 
the left-hand by means of a polar ret: iproeatinn with respect to a circle. 

(a) Any faiugent to a circle is per- The linos from a focus to any point 

IHjiulic.iiliK In ihe ratlins drawn (.<> the on a conic nnd to I In; point when; the 
point of con-taut. tangent at that point meets the directrix 

are perpend icular. 

(It) The angle formed by two Ian- The angle formed by the focal radii 

{Wilts lo a circle is bisect ed by the !ine of n conic drawn to its points oi inler- 
d raw ii from I lie center to their point section wilh any lino is Inserted le, i.hu 
of intersection. line joining the focus to the intersec- 

tion of that line and the directrix. 

(e) The points of intersection of Chords of a conic which subtend 

tangents 10 a circle which imoiscef. ;n oipta' angles at the focus are tangent 
a constant angle, lie on a concentric to a conic with the same locus and 
circle. directrix. 

137. Correlations. Any transformniion which makes the points of one 
figure correspond to the lines of a second figure is called a correlation. Polar 
reciprocations with respect to conies arc the most important correlations. 

A correlation is completely determined when we are able to find 

1. The equation of the lijio corresponding to a given point, 

2. The coordinates of the ptoiet corresponding to a given line. 

We shall now see that a correlation is defined by an equation of the form 

(1) (aiiBi + b 1 y i + ci)x + (a^i + SaVi + «a) V + (a^i + %i +<%) = 0, 
which is of 'he livsi degree in x and y and in a-] and ;,q. 

The locus of (1) is the '.mti corresponding to a. given point P±(Zi, yi). 
To find the point corresponding I.e. a given lino 

(2) Ax + By + C = 0, 

v.t suppose that. 7\ (.ei, i/i't is !.l:o required point. The equation of the line 
corresponding to .Pi is (1). Hence (!) and (2) have the same locus and 

therefore 

,„, "i^t 4- fiii/i + e-i a 2 x, + hyi + c 2 agx^ 4- 6 s j/, + e 3 

These equations may, in general, he .solved for x L and y,. 
As far 09 defining the line eiirrespondicL' to :i u.l\-.m point is concerned, the parenthe- 
ses in {]) ncehr he roij- C0M:|-.liiciti-il expressions in .:\ and ■:,. tint, it the oxmeBsious in 
these parentheses were not of the hrsl degree, then the oqu;it:ons pjj would have more 
llisisi <rin> |>;iir of solutions for j; and ;,-,, mid Lelioe there would he more ileal out jjiiliit 
corresponding to a given line. 

In general the point Pi will not lie upon the locus of (1), The condition 
that Pi should lie on the locus of (1) is (Corollary, p. 53) 

(aiSi + b ± y± + ci) x,i + (a$x x + ba/i + c 2 ) j/i + (agx, 4- 6 5 ^i 4- <h) = 0, 
or ai% 3 + {61 -I- a 2 ) xim + btl/1 1 + («i + o 3 ) Bi -I- (c 2 + h) Vi 4- a» = 0- 
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This is also the comiil.ion thai, J' :% Khali lie upon tin: Locus of the equation 

(4) oj!* 8 + (61 + az)xy + b^ + (c 1 + a s )x + {c i + h)y + aa = 0. 

The manner in which the conk: sut'-tiimsenL^r inio llir theory of correlations 
is thus given by 

Theorem XIII. 'Hi': Sucita "/ ikt p"inla ■./■//:■■ .'< Hi iif>:/n tl,t tin: s roiYC:ij>o/V.<i;.!/ 
to 1Jw.ui. in. the corrHnlkoi itejiiw.i fai ill ■<* the conk or rterie.nt-.ralr. ::oiVr whost: 

equation is (£). 

It should be noticed Ui.Tt Cue. eoi'ivlation defined by (l) is not, in general, 
a polar reciprocal]: hi i;i Hie curve (4), for (.1) is no] tliu equation of 1 lie polar 
of P[ (si, yi) with respect to (4). 

Suppose, however, that &i = a 2 , c, = a a , and c^ = b-j. Then (4) becomes 

(5) ttiE 2 + 2 a^cy + &2j/ a + 2u 3 l + 2 o s ;/ -4- a a = 0, 
and (1} becomes 

(a&y + B*yi+ Ob) x + (a^i + 622/1 + fa) y + (n^i + &»ffi + Ca) = 0, 

(0) <hx& + Ba(s/ia + x-iy) + fe 2 2/iv + a„(z + asi) + bt{y + yi) -f c s = 0. 
The locus of (8) is the polar of P, (x,, y±) with respect to (a). Hence we 

Theorem XIV. If 61 = a 2 , ci = a 3 , and c a = 6 3 , (/ten ifte correlation defined 

by (!) is a polar nxi/nvculhn. viitit rosot-.ct to the locus 0/(6). 
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CARTESIAN COORDINATES IN SPACE 

138. Cartesian coordinates. The foundation of Plane Analytic 
Geometry lies in the possibility of determining a point in the 
plane by a pair of real numbers (x, y) (p. 25). The study of 
Solid Analytic Geometry is based on the determination of a point 
in space by a set of three real numbers x, y, and a. This deter- 
mination is accomplished as follows : 

Let there be given three mutually perpendicular planes inter- 
secl.ing in the lines XX', ¥1", and ZZ' which will also be mutually 
perpendicular. These three 
planes are cal led the coordinate 
planes and may be distin- 
guished as the, AT-plane. the 
KZ-plane, and the ZX-plane. 
Their lines of intersect. ioo 
arc culled, the axes of coordi- 
nates, and the positive direc- 
tions on them are indicated 
by the arrowheads.* The 
point of intersection of the ^/ 
coordinate planes is called L( 

the origin. 

Let P be any point in space and let three planes be drawn 
through P parallel to the coordinate planes and uniting the axes 
at A, B, and C. Then the three numbers OA — x,OB = y, and 
OC = z are called the rectangular coordinates of /'. 







z 

9 




-^ 








/ 


/'/ 


/' 


i 




X' 




~v» 




/■ 


X 



* XX' mil ZZ' ;irc supposed to ljc in this plane of. the papfT, f:io positive direction 
AX' being to the riijhi. tlint oil ZZ' buing upvn.nl. )">"' is supposed to be per pen die n 
to the plan '. of the paper, ih« posit; i-l- iliiviaiiMi 1 living hi/i-'jiii of the paper, that is, fr 
the plane of the paper toward the reader. 



,GoosIe 



326 ANALYTIC GEOMETRY 

Any point P in space determines throe numbers, the coordinates 
of P. Conversely, given any three real numbers x, y, and a, a 
point P in space may always be constructed whose coiJrdinat.es 
are x, y, and z. For if we lay off OA = x, OB = y, and OC = z, 
and draw planes through A, B, and C parallel to the coordinate 
planes, they will intersect in such a point P. Hence 

Euery point determines three real numbers, and conversely, three 
real, numbers determine a point. 

The coordinates of P are written (x, y, 2), and the symbol 
P(x, y, *) is to be read, "The point P whose coordinates are 
x, y, and s." 

The coordinate planes divide all space into eight parts called 
octants, designated by O-XYZ, O-X'YZ, etc. The signs of the 
coordinates of a point in any octant may be determined by the 
Rale for signs. 

x is poultice or wyatitu'. according as P lies to 
of the YZ-plane. 

y is positive or negative according as P lies in front 
of the ZX-plane. 

?: is poultice or ne.'ja.tive 
P lies above or below the XY -plane. 

If the coordinate planes are not 

mutually perpendicular, we still have 
an analogous system of coordinates 
called oblique coordinates. In this 
system the coordinates of a point 
^.are its distances from the coordi- 
x nate planes measured, parallel to the 
axes instead of perpendicular to the 
planes. We shall confine < 



right or left 
back 



71 

to the use of rectangular coordinates. 

Points in space may lie convenient] y plnited Siy marking the same scale on XX' 
mi-: I : /.'/,' and a ^onnvvlial. sui aline scale (111 IT'. Then [.np'.ni. any point, ioro.vampjo 
(7, (i, 10), we lay off OA = 7 on OX, draw AQ parallel to 01' and equal to 6 noils 
on OY, and QP parallel to 07, and eipiiil to 10 units on OZ. 
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PROBLEMS 

1. What are li'ic cOMfi'iina^'S cl tin: origin ? 

2. Plot tlie folio wins win of point:;. 

(a) (8,0,2), (-3,4, 7), (0,0, E). 

(b) (4, - 3, 6), (- 4, 6, 0), (0, 8, 0). 

(c) (10, 3, -4), (-4, 0,0), (0, 8,4), 

(d) (3, - 4, - 8), (- 5, - 8, 4), (8, 6, 0). 

(e) (- 4, - 8, - 6), (3, 0, 7), (6, - 4, 2). 

(f) (- 6, 4, - 4), (0, - i, 8), (9, 7, - 2). 

3. Where oan a point move if;e = 0?if;/ = OPifz = 0? 

1. Where oan a point move if z = and y = 0? if y = and z = 0? 
if z = and z = ? 

5. Show that the points (», ■?/. z) and (—a;, y, a) are symmetrical with 
respect to the J'Z-plane; (a. ;/, 2) and (:e. - ;/, 2) witii respect to the ZA- 
plane ; (a, y, 2) and (x, 3/, — s) with respect to the XT-plane. 

6. Show that the points (&, y. z) and (-■ x, - y, z) an: symmetrical with 
respect to ZZ'; (j:, y, z) and (x, — 1/, — .;) vvi1.li respect lull''; (.r, ;/, z) and 
(— x, y, — 2) with res nee; to )"!"' ; (x, y. 2) and (— x. — y, — z) w;r.h re.specl 
to the origin. 

7. What is the value of z if P (a, y, 2) is in tbeXF-plane? of a; if Pis in 
the FZ-plane ? of y ii P is in the ZX-plane ? 

6. What are the values of yanda if P(a, y, 2) is on the X-axis ? ofsand 
* if P is on the T-sxis ? of a- and y if P is on the Z-asis ? 

9. A rectangular parallelepiped lies in the octant 0-XTZ with three 
faces in the coiinliniiMi [•■lanes. Ii ils dimensions arc u. b, and <:, what are 
the coordinates of its vertices ? 

139. Orthogonal projections. To extend the first theorem of 
projection (p. 30) we define the angle between two directed lines 
in space -which do not intersect to "be the angle between two 

intersecting directed lines (p. 2S) drawn parallel to the given 
lines and having their positive directions agreeing witli those of 
the given lines. 

The definitions of the orthogonal projection, (p. 29) of a point 
upon a line and of a directed length. AT; upon a directed line 
hold when the points and linos lie in space instead of in the 
plane. It is evident that the projection of a point upon a line 
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may also be regarded as the point, oi intersection of the line and 
the plane passed through the point perpendicular to the line, 
As two parallel planes are equidistant, then the projections of a 
directed, length A /•' u.pon two -po.ro ltd Hues whose- posit ire directions 
agree are equal. 

Theorem I. First theorem of projection. If A and B are points 

upon a directed line -making on, u.wjli', of y with a. directed, lino CD. 

then the 

(I) projection of the length All upon VI) = AB cosy. 

Proof. Draw C'D' through A 
parallel to CD. Then by defini- 
tion the angle between AB and 
CD' equals y. Since C'D' and AB 
intersect we may apply the first 
theorem of projection in the plane 
(p. 30), and hence the 
projection of the length .1 II upon <''!'/ = AB cosy. 



/ A 



up 



Since the projection of AB t 
C'D' we get (I), 



CD equals the projection of AB 



Theorem II. Second theorem of projection. If each segment of a 
broken Kits in space- be given the direction, determined in passing 
autitcuonslu from- one exttr-mitij to the other, then the algebraic 
stint, of the- projections of the segments upon, on;/ dire-fed. line eana/s 
the- projection of the. closing lino. 

The proof given on p. 4S [mills ivheliior tin: lu-okiiii lino lies in the plane or in 
space. 

Corollary I. The projection.* of the line joining the origin to any 
■point Von the oxen of coordinates ore respect ieely the <■,„', rdiu.o.'es 
of P. 

For tho projection oi 01' (Fhr.. p. 323) upon OX etiutiis The sum. oi the projec- 
tions! of Oi, ..10, :ui(l 0>'. which arc ri'spccnv. Iv •'■|iiril l.n .■■', f >, aid (! |hy (])]. 
Similarly for (ho projection* on 0Y ilili OZ. 
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Corollary II. Gieenaut/ two points P,(j\, j/ l , .;,) and i J s (se 2 , 2/2,22), 
then 

x i — x 1 = projection of Pj.2*, upon XX'. 
ih — Vi = projection of P t P t upon FP, 
s 2 — «i = projection of -Pi-P^ upon ZZ>, 

For ii wo project PiOP 2 and PjPb upon XA", w have Hie 

proj. of Pi + proj. of OP 2 = proj. of P1P3. 
liuv. Uy (.'orollary I, 

proj. of PiO = — asi, proj. of OPs — 2g, 
■■■ tts — xi — proj. of PiP 2 upon XX'. 
hi iikc manure the r>i.)u;r mnioilas !irf> proved. 

Corollary III. Tf the sides of a. polyyon be, 'jieen the direction 

KSit.tblixh.ed htj -/laminy e,o,t.tiut'..tytt.shj around the. jie.rimeter. the, sum 
tf the jjrnjeet/oiis of the sides oje.it>. u.n-tj directed line, is zero. 

PROBLEMS 

1. Find the projections upon enc-h of 1 lie axes < .f tin 1 sides of the triangles 
whose vertices are the foi^oivmjr points nnd verify the results by Coro'.'.ary III. 

(a) {- 3, 4, - 8), (5, - 8, 4), (8, 8, 0). 

(b) (- 4, - 8, - 6), (8, 0, T), (6, 4, - 2). 

(c) (10,3, -4), (-4, 0, 2),(0, 8,4). 

(d> (-0,4, -4), (0, -4, 6), (9, 7, -2). 

2. If the projections of Pj P 2 on the ayes are respectively 3, — 2, and 7, 
and if the coordinates of Pi are (- 4, 3, 2), find the coordinates of P 2 . 

Ans. (-1, 1, fl). 

3. A broken line joins continuously the points ((.!, 0, 0). (0,4,3), (—4,0,0), 
and (l); 0, 8). Find the sum of the projections of the segment ami. the pro- 
jection of the cliisLiifr 1'ne on (a) the A'-asis, (h) the V"-axis, (0) the X-axis, 
ii.nd verify the result* by Theorem II. ( '(instruct the figure. 

1, A broken line joins continuously the points (t>, 8, —3), (0,0, —3), 
(0, 0, 6), (- 8, 0, 2), and (- 8, 4, 0). Find the sum of the projections of 
(.hi: segments and the project ion of the closing line on (a) the X-aiis, (b) the 
T-axis, (c) the Z-axis. and verify the results by Theorem II, Construct the 
figure. 

5. Find the projections on the axes of the line joinni!? the origin to each 
of the points in problem 1. 
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6. Find the angles between the axus ;ind the liinuirnv.-ii from the origin to 

(a) the point (8, 6, 0). Ans. cos -1 -, cos -1 -, — ■ 

(b) ,h, S o.»t (2 , -1, -2). An,. «»-i|, »-'(-|). «»-'(-l)- 

T, Find two expressions for the pro jueti oris! upon the axes of the line 
drawn from the origin to the point P(x, y, z) it the length of the line is 
o and the angles "between the line and the axes are a, 0, and 7. 

8. rind the projections of die coordinates of P(x, y, z) upon the line 
drawn from the origin to P if the angles liel-ween that line and the axes 
are a, jl, and 7- Ans. zeos<r, y cos ft is cos 7. 

140. Direction cosines of a line, 
between a directed line and the axe 
the direction angles of the line. 

If the line does not intersect the axes, then 

]-lf.s lienveen the a 



The angles a, fi, and y 

of coordinates are called 



lhc K - 



n line a 



(agree 



frith it 



action. 



grapai 



The cosines of the direction angles of a line are called the 
direction cosines of the line. 

Reversing the direction of a line changes the. siyns of the direc- 
tion cosines of the line. 

For reversing the direction of a line changes a, [), and y into (p. 28) rt — a, 

K — /S, and K — y respectively, and '.">, p. :'0) cos (a — x) — — cos x. 

Theorem III. If a. 8. and y are tin: liiyrtion angles of a line, then 



(Til) 




i 2 /? + cos s y = 1. 

Thatif!J.hesum.qfliief!qii.riresoflhe 
direction cosines of a line is unity. 
Proof. Let AB be a line whose 
direction angles are a, 8, and y. 
Through draw OP parallel to 
AB and let OP— p. By definition 
(p: 327) Z XOP = a,Z YOP = B : 
/LZ0i i =y. Projecting OP on the 
axes, we get by Corollary I, p. 328. 
and Theorem I, p. 328, 
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Projecting OP and OCQP on OP, we get (Theorems I and II) 

(2) p = xco S <x + v C o S p + s C o S y. 

Substituting from (1) in (2) and dividing by p, we obtain 
(III). ' <,.,.„. 

Corollary. If ^ = ^i = Eil, thm 



± V« a + 6 



± V« 3 + ft 3 + c 



That ix, If thi: ili.rp.c-ti.nn coalites of "■ line are proportional to three 
'iiamhcn, the-;/ arc ra-j/ectli-cu/ ci/v.il in /hear- intmoers eo.cli- ill rldcd 
by the square root of the sum of their squares. 

For if )' denotes the common value of the given ratios, then 



Aquarius, swlil! 


■<3>, 


ind applying (IJI|, 

1 = r 2 (a' 1 + V- 


'■ + <?)■ 


Substituting ii 


we get the values of a 


ifl ■■ c? 



8, ami cos 7 lo lie derived. 

If a line cuts the -V }'-pl;me, it v. ill !>;• direr-tad upvard or d^itnicord according 
as cos ",- is p(isi!;«e or negative. 

If a line is parallel to the AT-plane, cos 7 = and it will bo directed in front 
or in hack of the f.X-planc according us cos jt is positive or negative. 

It a lino is parallel k> the ,Y-axis, cos = cos 7 = 0, and its positive direction 
will agree or disagree a- iiJi thai of the X-tu-is ivvovtiing sis cos it =1 or — 1. 

These considerations oiiiihlo us to choose the ><igii of I ho radical in the Corollary 
50 that the positive direction on i.lie line siiall be thai given in advance. 

141. Lengths. 

Theorem IV. The length I of the line joining two points 

(TV) I = V(x, - vctf + fa - Vl )* + ( s i - «i)' 
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Proof. Let the direction angles of the line Pi-P 5 he a, ji, and y. 
Projecting P t P a on the axes, we get, by Theorem I, p. 328, 
and Corollary II, p. 329, 
(1.) I cos «=.*,- set, I cos /3 = ?, - y H Z cos y = % - s,. 

Squaring and adding, 
I 2 (cos* a -f-cos s /3 + cos a y) = (a 9 — x,y + (y 2 — J/i) a + ( s 2 ~~ *0 a 
= (an - %) s + (jf, - y 2 ) a + Oi - «„)*■ 
Applying (III), p. 330, and taking the square root, we get (IV). 

Q.B.D. 

Corollary. The direction cosines of the line drawn from P^ to 
i the -projections of P^ on the axes. 



as,- xi y s -?/, s 2 - zi 

:e each ratio equals -. and the ilcnnmiiuiloi'S are thn projections of P1P2 oil 
13 (Corollary II, p. 329). 
e «<)iislrui!l- a vcffii n pillar purallilnpipcd 
by pn-isintv pining 1 ] 1 1 ■: a l j . ] 1 I', and /'; parallel 
the coordinate planes, its edges will be paral- 
el to the axes and equal numerically to the 
projections ol Pi Z'a upon the axes. P,P 2 will 
a diagonal of this parallelepiped, and hence 
: P will equal thn s;iai 01 the squaws of its 
throe dimensions. We have thus a second 
method of deriving (IV). 



PROBLEMS 
1. Find the length and the direction cosines of tU(f line, drawn from 

(a) Pi(4, 3, - 2) to P s (-2, 1, - 5). Ans. 7, - $, - }, - \. 

(b) P,{i, 7, - 2) to P 5 (3, 5, - 4). Ana. 3, - J, - }, - |. 
(0) Pi (3, - 8, 6) to P„(8, - 4, fi). An*. 5. }, i, 0. 

3. Find the direction cosines of a, linn directed upward if they are propor- 
tional to (a) 3, 6, and 2 ; (b) 2, 1, and - 4 ; (c) 1, - 2, and 3. 
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3. Find the lengths and direction cosines of the sides of the triangles 
whose, vortices are the following points ; then liiifi the projections of tho sides 
upon the axes by Theorem 1, p. 326, and verify by (..'orollary III, p. 329. 

(a) (0, 0, 3), (4, 0, 0), (8. 0, 0). 

(b) (8,2,0), (-2, 6, 7), (I, -8, -5). 

(c) (-4,0,8), (8,2,-1), (2,4,6). 

(d) (8, -8, -8), (4,2, 7), (-1,-2,-5). 

4. In what octant {O-XYZ, O-X'YZ, etc.) will the positive part of 
a line through O lie if 

(a) cosft>0, cos8>0, cos 7 >0? (e) cosa<0, cos£>0, coav>0? 

(b) cosa>0, coa^>0, cost<0? (f) coh a < 0, cos p < 0, cos y > 0? 
(o) cos<i>0, cos(3<0, cos7<0? (g) oosa<0, cos^<0, coa7<0? 

(d) COB«>0, COSf3<0, COS7>0? (h) COHtKO, OOS(3>0,CO87<0? 

5. What is the direction of a line if cos« = 0? cosp = 0? cos 7 = 0? 

6. Eind the project ion of the line drawn f ruin the origin to Pi (5, —7,6) 
upon a line whose direction cosines are f, — $, and f. -4ns. 9. 

ffitt/. The projection ot 01', on any line ikmih'.- tli« project ion of a broken line wlioee 

7. rind the projection of the line drawn from the origin to Pi (x,, y±, 2i) 

npofi a line whoso ii Jvc-iion. angles are- ir, ,3. and 7. 

B. Show that the points (- 3, 2, - 7), {2, 2, - 3), and (- 3, (I, - 2) are 
the vertices ot an isosceles triangle, 

0. Show that the points (4, 3, -4), (-2, 9, -4), and (-2, 3,2) are the 
vertices of an equilateral 1 1 ■ 1 : 1 1 : f =;1 1 : . 

10. Show that the points (-4, 0, 2), (-1, 3 V3, 2), (2, 0, 2), and 
(—1, Vs, 2 + 2Vti) are the vertices of a regular tetraedron. 

11. What does formula (IV) become if Pi and P 2 lie in the JiTF-plane P 
in a plane parallel to the XF-plane ? 

12. Show that l.he direction cosines of the lines joining each of the points 
(4, - 8, 6) and (- 2, 4, - 3) to the point (12, - 24, 18) are the same. How 
are the three points situated ? 

13. Show by means of direction cosines that the three points (3, — 2, 7), 
(8, i, — 2), and (5, 2, 1) lie on a straight line. 

14. What are the direction cosines of a lino parallel to the .X-axis? to the 
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15. What is the value of one of the direction cosines of a. line parallel 
to the .XT-plane ? the YZ-plane ? the ZX-plane ? What relation exists 
between the other two ? 

16. Show that the point (— 1, — 2, — 1) is on the line joining the, points 
(4, — 7, 3) and (— 6, 3, — 5) and is equally distant from them. 

17. If two of the Jinx: l ion .'ingles of ;';■ lino art: ■'"■ and ■■ , what is the third ? 



rich is equally inclined to the 

19. Find the length of a line whose projed ion* on rjn: axes are respectively 

(a) 6, — 3, and 2. Ann. 7. 

(b) 12, 4, and - 8. Ans. IS. 

(c) - 2, - 1, and 2. Ans. S. 

142, Angle between two directed lines. 

Theorem V. If a, fi, y and a', ft', ■/ are the direction angles of 
two direr.tt'd Linux, then the u.iujle 6 Oct/rce/i- then), is given by 
(V) cos B — cos o cos o' + cos ft cos /?' -f cos y cos y'. 

Proof. Draw OP and OP' 
parallel to the given lines and 
let OP = p. Then by definition, 




327. 



Z POP' = $. 



Projecting OP o 

(2) X = p COS a 



Project OP and OABP on OP'. 
by Theorem I, p. 328, ami 
Theorem II, p. 328, 
cos 8 
= x cos a'+ y COS /J'+ S COS y'. 

(Corollary I, p. 328, and Theorem I), 

= p COS (3, z = p COS y. 



Substituting in (1) from (2) and dividing by p, we obtain (V). 
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Theorem VI. If a, 0, y and a', fi', y' are the direction angles of 

/.wo lines, then the fines are 

i a) parallel and in the same, dire-lion* when and only when 
a = a',/3 = g; y = y'; 

(b) perpendicular \ when and only when 

COS a cos a'+ COS /? COS £' + COS y COS y' — 0. 
That is, two lines arc parallel, and. in the same direction when 

and only when their di.rei-ii.fi n, angles are equal, and pe.rpeii.dirnlar 
when and, only when the sum of the products of their direction 

Proof. The condition for parallelism follows from the fact 
that both lines will bo parallel to and agree, in direction with the 
same line through the origin when and only when their direction 
angles are equal. 

The condition for perpendicularity Follows from (V), for if 
$ = —i then cos 6 = 0, and conversely. q.e.d. 

Corollary. Tf the direction, cosines of the lines are proportional 
to a, b, e and a', b', c', then the conditions for parallelism and 
perpendicularity are respectively 

~ = l=~, aa'+bb'+ce'=Q. 
a' l> c' 

143. Point of division. 

Theorem VII. The, coordinates (x, //. z) of the point of division 
P on the line joining Pi(xi, y x , %) and P»(:r.., y<,, sg) such, that the 
ratio of the segments is 

~FK~ A 

are'giren, by the formulas 

_ x t + Axa _ y, + Ay t _ gi + Ag 3 



"They will Tie parallel and differ in dim;! ion nlien utnl only when the dirt 
angles are supplementary. 

1 Two lines in sjjsuic ;uv sjiil in \<r. !H:ri'e>:ul::iibii' wIhmi the angle between them 
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Corollary. The coordinates {.r, </, :■:) of the middle point P of the, 
Una jotviiuj Pi(;c,, y lf gj) and l\(x.., y % , %) are 

x = $ (a^ + x s ), y = | ( Wl + y a ), « = J(«i + 3 *)- 

PROBLEMS 
1. Find the angle between two lines who.se direction cosines are 



(a) f , *, — f and I, - $, f. Ajis. -. 

[b) f, - J, f and - ft, A, if. 4iw. cos-H$. 

(0) f, - f, 1 and I, f, J. in ooa-»(- ^. 

3. Show that the lint's v.liose dhveuun cosines are 3, li.-S; —7,7, — f; 
and — £, 4, 3 are mutually perpendicular. 

3. Show that the line.s joining ;he Jlolio-ivinj; pairs of points are either 
parallel or perpendicular. 

(a) (3, 2, 7), (1, 4, 6) and (7, - 5, 9), (5, - 8, 8). 

(b) (13, 4, 9), (1, 7, 13) and (7, 16, - 6), (3, 4, - 9). 

( C ) (_ (j, 4, - 8), (1, 2, 7) and (8, - 5, 10), (16, - 7, 20). 

4. Find U10 coordinates of the pi>!:it, tlh. itlintr {.lit: line joining the follow- 
ing points in tin: ratio given. 

(a) (3, 4, 2), (7, - 6, 4), X = }. Ans. (Y, f, f). 

<h> (_ 1, 4, - 6), (2, 3, - 7), X = - 3. Ans: (J, fc - 3fi. 

(c) (8, 4, 2), (3, 0, 6), \ = - I Ans. (V-, |, 0). 
<d) (7, 3, 9), (2, 1, 2), X = 4. Am. (3, |, ¥)■ 

6. Show that the points (7, 3. 4), (1, 0, 8), and (4, 6, -2) are the 
vertices of a right triangle. 

6. Showthatthepomtj3(--6,3.2), (3, - 2, 4), (5, 7, 3), and (- 13, 17,-1) 
are the vertices of a. trapezoid. 

7. Show that the points (3, 7, 2), (4, 3, 1), (1, 0, 3), and (2, 2, 2) are the 

vortices of a parallelogram. 

5. Show that the points (6, 7, 3), (3, 11, 1), (0, 3, 4), and (- 3, 7, 2) are 
the vertices ol a rectangle. 



10. Show that the points (7, 2, 4), (4, -4,2), (9, - 1,10), and (6, -7,8) 

.re the vertices of a square. 
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11. Show that each i»I tilt: following- sei.s of points lies on a straight line, 
and is tul the ratio of the segments in which the ;hird divines the ihic joining 
the flrac to the second. 

(a) (4, 13, 3), (3, 6, 4), and (2, - 1, 5). Ans. - 2. 

(b) (4, - 5, - 12}, (- 2, 4, 6), and (2, - 2, - 6). -4ns. J. 
(o) (- 8, 4, 2), (T, - 2, 6), and (2, 1, 4). Ans. 1. 

12. rind the lens! lis of thy medians- of [lie tiiatiirle whose vertices are 
the points (3, 4, - 2), (7, 0, 8), and (- 5, 4, 8). dms. VTl3, V89, 2V20. 

13. Show that the lines joining the middle points of the opposite sides of 
the iiuaiivihite-iilr, whose vertices are tins folios ii]g points hisuct Each olhur. 

(a) (8, 4, 2), (0, 2, 5), (- S, 2, 4), and (8, 0, -0). 

(b) (0, 0, 9), (2, 6, 8), (- 8, 0, 4), and (0, - S, 6). 

(o) Pi(*i, 2/i, zi), Pa(Za, i/a, z 3 ), Ptfa, Vt, 3s), P*fa, Vt, tit- 

14. Show that the lines joining successively the middle points of the sides 
of any quadrilateral form a parallelogram. 

15. Find the projection of the line drawn from P[ (3, 2, -6)toP a (-3, 
5, — 4) upon a line directed upward whose direction cosines are proportional 
to 2, 1, and — 2. Ant. i}. 

16. Find the projection of the line drawn from P^G, 3, 2) to P a (4, 2, 0] 
upon the line drawn from P s (7, — 6, 0) to Pi(- 6, -2,3]. Ans. J-f. 

17. Find the coordinates of the point of iniorscolion of [he medians of the 
triangle, whose vertices are (8, 8, - 2), (7, - 4, 8), and (- 1, 4, - 7). 

Ans. (3, 2, - 2). 



18. Find the coordinates of the point <yi intersection of ;hc medians of 
the triangle whose vertices are any throe points Pi, P a , and P s . 

Ans. [ I (xi + xa + x s ), ${yi + 3/2 + ys), -}(zi + z 2 + z 3 )]. 

19. The three lines joinini; the middle points of [.lie opposite edges of a 
ietraedron pass through the same |>oin[ anil are bisoijtod at that point. 

30. The four lines drawn from the vertices of any totraedron to the point 
of intersection of the medians of the opposite face meet in a point which 
is three fonrths of the distance from eaeh vertex to the opposite face (the 
center of gravity of the tetraedron). 
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CHAPTER XVII 
SURFACES, CURVES, AND EQUATIONS 

144. Loci in Space. In Solid Geometry it is necessary to con- 
sider two kinds of loci : 

1. The locus of a point in simee which satisfies one given con- 
dition is, in general, a surface. 

Tims t!u; loeus of n poini iit :i sovoii Histanoe from n. fixed point is a sphere, 
and the locus nf a point equhiistairi from two iiwd points is the plane wliich is 
perpendicular lo tin: lino joii:in« ihe ;ji«'-u points at its middle point. 

2. The locus of a point in space which satisfies two conditions * 
is. in general, a- curve. For the locus of a paint which siitisiius 
either condition is n. surface, and hence the points which satisfy 
both conditions lie on two surfaces, that is, on their curve of 
intersect ion. 

Thus the locus of a rioint which is at n srivfin distance r from a fixed i>oint Pi 
:mii is cpially distant from !ivn fixed points P. ; iiml I\t is tlie circles in which Hie 
sphere whoso eeukii- is /'i and whose radius is r inrersec.is the piano v.diioh is 
perpendicular to PtPe at its middle point. 

These two kinds ol' loci must be carefully distinguished. 

145. Equation of a surface. First fundamental problem. If 

any point P which lies on a given surface, he given i.he coordinates 
(x, y, ;;'), then the condition wliich defines the surface as a locus 
will lead to an equation involving the variables x, y, and s. 

The equation of a surface is an equation in the variables x, y, 
and ,-; representing eoonlinutes such that: 

1. The coordinates of every point on the surface will satisfy 
the equation. 

2. Every point whose coordinates satisfy the equation will He 
upon the surface. 
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If the surface is deiiiiwl as i.lio locus of a point satisfying one 
condition, its cr.^ nation may be found in many cases by a Rule 
analogous to that on p. S3, 

Ex. 1. Find the equation of the locus of a pom: whose distance from 
Pi (3,0, -2) is 4. 

Solution. Let P(z, y, z) be any y.ohit on the locus. The given condition 
may be written p p _ j 



By (IV), p. 331, PiP= V(z - 3)2 + y* + {z + 2)«. 

.-. V(i - 3)2 + j,a + (a + 2)2 = 4. 
Simplifying; we obtain as the required liquation 

x? + y2 + z 2-6x + <tz--Z = 0. 
Thai this is indeed I lie cq-.tatiuii oi the locus should b:.: vended a^ 
p. 52, and Ex. X, p. 53. 

PROBLEMS 

1. Find the equation of the locus of a point which is 

(a) 3 units above the XF-plane. 

(b) 4 units to the right of the FZ-pIane. 

(c) 5 units below the XT-plane. 

(d) 10 units back of the ZX-plane. 

(e) 7 units to the leftof the VZ-plane. 

(f) 2 units in front of the ZA'-plane. 

2. Find the equation of the plane which is parallel to 

(a) the XT-plane and i units above it. 

(b) the AT-plane and 5 units below it. 

(c) the Z.T-plane and 3 uni;.s in from of it, 

(d) the YZ-plane and 7 units to the left of it. 

(e) the ZX-plane and 2 units back of it. 

(f) the TZ-plane and 4 units to the right of it. 

3. rind the equation of the sphere whose center is the point 

(a) (3, 0, 4) and whose radius is 5. 

Arts. <& + y* + f>,*-6x-Ss = 0. 

(b) (— 3, 2, 1) and whose radius is 4. 

Ans. sc 3 + V s + s 3 + <i2 — iy - 2 z 

(c) (0, -1, 0) and wlio.se radius is 7. 

Ans. z? + y'- ! -i-z2~12x-&y + & 

(d) («, |3, 7) and whose radius is r. 

-ins. £2 + y* + z*- %ax-2tly-2yz + a? + iS 2 + 7 2 
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i. What are the equations of the coordinate planes ? 

5. What is the form o£ the equation of a plane which is parallel to the 
Xr-planoP the FZ-plane ? the ZX-plane ? 

6. Find the equation, of the Incus of a point which is equally distant from 
the points 

(a) (8, 2, - 1) and (4, - 3, 0). Ans. 2x -IQy + 2z -11 = 0. 

fb) (4, -3, B) and (2, -4, 2). Ana. ix + 2y + 8* - 37 - 0. 

(c) (1, 3, 2) and (4, - 1, 1). /Ins. 3x-4j/-z-2 = 0. 

(d) (4, -6, -8) and (-3, 7, 9). Ana. 6x -18y- 17s + = 0. 

7. Find the equations oi the six planes drawn through I lie rniili.llo points 
of the edges of the tetraedron whose vertices are the points (5, 4, 0), , 
(2, —5, —4), (1, 7, —5), and (—4, 3, 4) which are perpendicular to the 

edges, and show that they all pass fiiri>u;:h Lin; point (— 1, 1, — 2). 

8. What tire the equations of the facos of the r^aangular p>aralle!opiped 
which has one vcrie.v at the origin, three t'ders lying alone; lb.: coov'linutt 
axes, and one vortex at the point (3. <j, 7) ■: 

9. Tind the eqiia.tio:i of the sphere whose center is the point (6, 2, 3) 
which passes through the origin, Ans. y; 2 + -ifl + z? — 12 1 — iy — Gz = 0. 

10. Knd the equation of the locus of a point which is three times as far 

from the point (2, (i, 8) as from (4, — 2, 4) and determine the nature of the 
locus by comparison with the answer to problem :■!. (ti). 

11. Find the equation of the locus of a point, the sum of the squares of 
whose distances, from (1, 3, —2) and (6, —4, 2) is 60 and determine the 
nature of the locus by comparison with the answer to problem 3. (d). 

146. Planes parallel to the coordinate planes. Wo may easily 
prove 

Theorem I. The i-y/iuf ion of a, plane, -which is 

parallel to the XY-plavs has the form, s = constant; 
parallel to the, YZ -plans, has the, form x — constant; 
parallel to the, Z X-phvno h>ts the form y = constant. 

147. Equations of a curve. First fundamental problem. If 
any point P which lies on a given curve be given tins raonliruitcs 
(x, y, s), then the two conditions which define. the curve as a 
loons will lead to two equations involving i.lio variables x. y, 
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The equations of a curve are two equations in the variables 

x, y, and g representing coordinates such that: 

1. The coordinates of every point on the curve will satisfy 
both equations. 

2. Every point whose coordinates satisfy both equations will 
lie on the curve. 

If the curve is defined as the locus of a point satisfying two 
conditions, the equations of the surfaces defined by each condi- 
tion separately may be found in many cases by a Rule analogous 
to that on p. 53. These equations will be the equations of the curve. 
Ex. 1. Find the equations of the looua of a point whose distance from 
the origin in I and which is equally distant from the points 1\(S, 0, 0) and 
/' 2 (0, 8,0). 

Solution. "Kirat step. Let P(x, y, : 
he any point on the locus. 

Second stop. The given conditioner] 
(1) PO = 4, PP 1 = PP t . 

Third step. By (IV), p. 331, 
PO 

PPl = ^ / (^ 
PP 2 = vV + (y 
Substituting in (1), 

Vx? + y* + z* = 4, V(as - 8) a + J/ 2 + & = Vjfl + (y _ 
S inuring iuii.j reducing, w: ]..;we uic required (vim kms. namely. 




These equations should be verified as in Ex. 1, p. 52. 
Ex. 2. Find the equations of the circle lying in Ibc AT-plane whose center 
is the origin and whose radius is 5. 

Solution. In l'lanc Geometry i lie equation oT l.lie circle is (Corollary, p. 58) 

(2) * + f = 25. 

Regarded as a problem in Solid Geometry we must have two equations 
which the coordinates of any point P(a, y, z) which lies on the circle must 
satisfy. Since P lies in the XT-plane, 

(3) ■ = 0. 

Hence equations (2) and (3) together express Unit the point P lies in the 
.Yi'-plar.e :iud on the given eireie. The equation* of the circle arc therefore 
x* + S- = 25, z = 0. 
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The reasoning in Ex. 2 is general. Hence- 

If the equation of a curve in the, XY-p/a-ue is knovm, then the 
equation^! of thai curve rc.ga.rded as a curve- in space are the given 
equation and a = 0, 

An analogous statement evidently applies to the equations of a 
curve lying in one of the other fjtxJi'ditsal.e planet;, 
From Theorem I, p. 340, we have at once 
Theorem II. The equations of a Line, a-hich is par'iHel to 
the .X-axis have the firm ■// — cons/ant, s — constant; 
the Y-axis ha.ee the form z — constant, x — constant; 
the X-axh have the form x — constant, >j — constant. 

PROBLEMS 
t. Find the equations of the locus of a point v.-hidi is 

(a) 3 units above the A'F-plane arid 4 units to the right of the FZ-plane. 

(b) 5 units to the Intl.- of Iho YZ-plaue and 2 units in front of the Z_X-plane, 

(c) 4 units hack of the ZX-plane arid 7 units to the left of the FZ-plane. 

(d) 9 units below the XY-plane and i units to the right of the FZ-plane. 

2. Find the equations of i.iio sl.ra.igln line which in 

(a) 6 units above the ."VF-phsne and 2 units iu front of the ZA*-plane. 

(b) 2 units to the left of the FZ-plane and 8 units below l.lie A"F-p!ane. 

(e) 3 units to the right of the FZ-plane and 5 units from the Z-axis. 

(d) 13 units from the X-axis and 5 units back of the ZX-plane. 

(e) parallel to the Y-axis and passing [inough (3, 7, — 5). 

(f) parallel to the Z-axis and passing through (- 4, 7, 6). 

3. Find the equations of (lie locus of a point which is 

(a) 6 units above the XF-plane and 3 units from (3, 7, 1). 

Ans. z = H, & + y* + z*-6x-Uy-2z + 60 = Q. 

(b) 2 units from (3, 7, 6) and 4 units from (2, 5, 4). 

Ana. a;S + i/S + z*-6:B-14y-12*+90 = 0, 
7? -+■ t + & - 4 x - 10 y - 8 z + 2!) = 0. 

(c) 5 units from the origin n.iid equidistant from (3. 7, 2) and ( — 3, —7, —2). 

Ans. x* + y 2 + z* — 25 = 0, 3 x + 7 y + 2 z = 0. 
(d| equidistant from (3, 5, — 4) and (— 7, 1, 6), and also from (4, — 6, 3] 
and (-2, 8, 5). Ana. 5s + 2y - 5* + 11 =0, 3^-7^-^ + 8 = 0. 

fe) equidistant from (2, 3, 7), (3, - 4, 6), and (4, 3, - 2). 

Ans. 2x -Uy -2z + l = 0, x + y - ?,z + 16 = 0. 
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planes and one vents iies in 0- .A'l'Z ? in O-XY'Z ? hi O-JTMT'Z? 

5. What are tin; equations of thy ases of coordinates V 

6. The foilovvii-!; equal ions are I lie equations of curves iyinj ir. on 
coordinate planes. What are the equations of the same cu: 
curves in space? 

(a) y* = 4x. (e) x* + iz + 8z = 0. 

(b) a; 3 + 2 a = 10. (f) y*-z>-Ay = 0. 

(c) %'J? - J/ 2 = 64. (g) yz% + z* -6y = 0. 

(d) 4a»+9»* = 8e. (h) s^ _ 4 x s + gj = o. 

. 7. Find the equations of the locus of a point uhieh is equally distant fmni 
the points (6, 4, 3) and (6, 4, 9), and also from (- 5,8,3) and (- 5,0,3), and 
determine the nature of the locus. Ana. z = 6, y = 4. 

S. Find the equations of the loon? of a point which is equally distant from 
the poin;s (3, 7, — 4), (— 5, 7, — 4), and (— 6, 1, - 4), and determine: the 
nature of the locus. Ans. x = -l, y = L 

148. Locus of one equation. Second fundamental problem. 
The locus of one equation in llitee variables (unc or two may bo 

lacking) representing coordinates in space is the suvfoce, passing 
through all points whose coi.trilinat.es satisfy tliat equation and 
through such points only. 

The eodniinntes; of poinrs on ill.' sunnee may lie obtained us follows: 
Solve tho equation for one: oi the variables, say z, assume pairs of values of 
c ami y, and commute i lie oorrespo'idin;; values of z, 

A. rough model of the mm- luce mi;;] M: then lie constructed !iy inking a. thin hoard 
for the A'V-plane, sucking neeiiles into it at i.l:e assumed points (.';, '//) whose 
lenities are the conipiacd '.allies o( ?., ami stretchhif: a slif-i.il: of ruiihcr over their 



The second fundamental problem, namely, of constructing the 
locus, is usually discarded it; space on account; of the mechanical 
difficulties involved. 

149. Locus of two equations. Second fundamental problem. 
The locus of two equations in three variables representing coor- 
dinates in space is the curve passing through all points whose 
coiirdinai.es satisfy both equations and i.h rough, such points only. 

The coordinates of points on the curve may tie obtained as follows: 
Solve the equations for two of the variable*, say ::■ and ;/, in terms of the third, 
.-;, assume values for -:, and eompute the corresponding values of s; and y. 
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150. Discussion of the equations of a curve. Third funda- 
mental problem. The discussion of curves in Elementary Ana- 
lytic Geometry is largely confined to curves which lie entirely in 
a plane which is usually parallel to one of the coordinate planes. 
Such a curve is defined as the. intei'sectioii of a given surface 
with a plane parallel to one of the coordinate planes. The method 
of determining its nature is illustrated in 

Ex. 1, Determine the nature of the curve hi which the plane z = 4 inter- 
sects the surface whose equation is ?/ a + 2 s = ix. 

Solution. The equations of the curve art:, by Ucliuil.ion, 

(1) ^ + z^4*, 2 = 4. 

Eliminate z by aubs:iim.irm from ! he si'-cor.ii cqiuLliijii in the first This gives 

(2) ya -4a; + 18 = 0, a = 4. 

Equations (2) are aho the en'.iii/ions of the curve, 
satisfy both of 




plane outs the ZX- and VZ-plaues. Ibcn the equation of the cm 
referred to these axes is the first of equations (2), namely. 
(3) . y»-4s + 16 = 0. 

For tin! si'coiliI of filiations :ii :s fjti.liiit by all point" hi !!](: plum! of X', < 
and the hist ordinations (2) is satisfied by the |>omts in that plane lying on tli- 
be<smsB the valm-6 of the rirat two e<MMiinatr* t>f a poinl are evidently the s 
referred to the sixes O'X', O'Y', and O'/sia when referred to the Hxea OX, 01 

The locus of (:1) is ;i paralalia (liule. p. 197) whose vertex, in I 
z = 4, is the point (4, 0) for which p = 2, 
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The method employed in Ex. 1 enables us to state the 

Rule to determine the nature of the curve in whi.eh a plane par- 
allel to one of the coordinate plane* cuts a given, surface. 

First step. FUrninuie the variable occurring in the equation, of 
the- plane from the equations of the plane and surface. The result 
is the equation of She i-un-e referred, to the lines in which /.he given 
plane cuts the other tm> coordinate planes as axes, 

SecoTid step. Determine the nature of the curve obtained in the 
second Step liy the methods of J'la.ne Analytic Geometry. 

PROBLEMS 

1. Determine the sialnre of the foEowiui; curves ouul construct their loci, 

(a) tf-4j^ = 8s, z = 8. (e) z* + iy* + 9z* = 38, y = 1. 

(b) s! + 9^ = 9^, 2 = 2. (f) £'2-4)j* + s 3 = 25, x = -S. 

(c) a*-4y* = 4«, p = -2. fe) x?~ y'*-4z* + t>x = 0, x = 2. 

(d) a? + ^ + « a = 26, i = 8. (h) j^ + s3-4a + 8=0, y = 4. 

2. Construct lh(' euivos in which each of the t'o'.irjivjr.cr surfaces 
the coordinate planes. 

(a) aj2 + 4j« + 16*< l = e4. (d) nfl + Qj/' = Wz. 

fb) iB> + 4yS-I8z ! ' = 64. (e) x*-9tf> = 10e. 

(o) tf-iy*- 16s 3 = 64. (f) a 2 + 4^-19« 2 = 0. 

3. Show tli.lt (.lie curies if intersection of eaeli of the surfaces h 
i with a system of planes parallel co orio of the coiir'lioyte planes it 
conies. In what -cases uuisi (his siaicnie.iil lie modified ? 



4. Determine- the nature of r.he intersection of too surface £ 2 + ji 2 -j- 4 2 2 = 64 
with the plane a = t. How does the curve change as '■■ increases from 
to 4? from — i to ? What idea of tlio appearance of the surface is thus 
obtained ? 

5, Determine the nature ol the intersection of the surface iz — 2y = 4 
with the plane y = k ; with the plane 2 = fc'. How does the Intersection 
change as !; or K changes ? "What iiloa of the form of the surface is obt^ineil '': 

151. Discussion of the equation of a surface. Third funda- 
mental problem. 

Theorem III. The locus of an algebraic equation passes through 

the origin if there is no constant term in the. equation. 
The proof if aiiuUipnis In Uui: or Theorem VI, p. 73. 
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Theorem IV. If the, lor.ua of an equation- is unaffected by chang- 
ing the sign of one cario.ble through oat its cguation, then the locus 
is si/mvietrieal with -respect to the coordinate plane from which thai 
variable is measured. 

If the locus is uninfected by changing the signs of two variables 
throughout its equation, it is symmetrical teith respect to the. axis 
along which the third -curlable is measured. 

If the locus is unaffected bg changing the signs: of a U three variables 
,'hrou.gh.ovt Us equation, it is synnncfricol ivith. assped. to /he origin. 

Tlio proof ia analogous ;o Una, of Theorem IV, p. 72. 

Rule to find the intercepts of a. so.rfa.ee. on the axes of coordinates. 

Set each pair of variables equal f,-, zero and solve for real values 
of the third. 

The curves in which a surface -intersects the coordinate planes 
are called its traces on the coordinate planes. From the first 
step of the Rule, p. 345, it is seen that 

The. equations of the, traces of a surface are obtained by succes- 
sicely setting x = 0. // = 0. and s = in the equation of the surface. 



By these mea 


is we can 


determine Koine properties of the surface. 


The general apg>earance of a. surface is determined by considering 
the curves in which it is cut by a system of: pian.es parallel to each 
of the coordinate planes (Itule, p. 345). This also enables us to 


z 




determine whether the sur- 






^^r-\ face is closed or recedes to 








\ infinity. 
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\ Ex. 1. Discuss tlie locus of 

j the equation -jfl + s* = iz. 

/ \ Solution. 1. The surface 
/. ,! . i oasses through the origin since 
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i x there is no constant term in 
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J its t'iri;ation. 
/ 2. The surface is sjm- 
/ metrical with respect to the 
/ JL r -plane, the ZX-plane, and 
■' the X-axis. 
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unaffected hy changing the sign of a, of y. or of 
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3. It cuts the axes at tlie origin only. 

4. Its traces are re»pcctivelj the [i.-.int-cirelo y- + z- = and the parabolas 

5. It intersects the plane x = k in the curve (Rule, p. 345) 

y s 4-« a = 4ft. 
This curve is a circle whose center is the origin, that is, is on the X-axis, 
ami whose radius in a v'i: if i>0, but there is no locus if t<0. Hence the 
sr;rfa;>- -ies entirely l.rj Ihc right ol ;iie 5'Z-plane. 

If J: increases from /ere to infinity, the radius of the circle increases from 
r.c.yfy to infinity while the plane x -- k recedes from [he TZ-plano. 

The intersection of a plane z = fc iycy = k', parallel to the XT- or ZX-plane, 

is seen (Rule, p. .'Mo) l.o be a parabola whose equation is (compare Ex. 1, p. !M4) 

ya — ia; _ fcfl or 2 a = 4 s _[ : ^ 

These parabolas are found to have the same value of p, namely, p = 2, 
and their vertices recede from the TZ- or ZX-plane as k or k' increases 

numerically. 

PROBLEMS 

I. Discuss the loei of the following equations. 

(a) z» + z* = 4a;. (i) x2 + ys-z* = 0. 

(b) x" + y* + 4 z* = 16. (g) »" - jf» - a» = 9. 

(c) ^ + ^-4 2= = 16. (h) x'< + y"--z* + 2xy=0. 

(d) rja + 4i/ + 3e = 12. (i) w + y-6z = H. 

(e) 3a + 2y + % = 12. (j) y* + z" = 25. 

3, Show that the locus of .4a -f By + (7s + T> = is a plane by considering 

its traees on the coordinate planes and the sections made by a system of 
planes parallel to one of the coordinate planes. 

3. Find the equation of I he locus of a point which is equally distant from 
the point (2> 0, 0) and the yZ-pbiiie ami discuss the locus. 

,4ns. y* + z 2 -4a +4 = 0. 

4. Find the equation of the locus of a point whoso distance from the 

point (0, 0, ">) is twice its distance iron; the .XT-plane and discuss the leeus. 
Ans. x 2 + b s - 3 z a - 6 z + 9 = 0. 

5. Find the equal ion <if the locus of a point v.-he^e distance from the point 
(0, 4, 0) is three fifths its distance from the XX-plaue and discuss the locus. 

Aws. 25 a? + 10 J/ 2 + 25 ^-2001/ + 400 = 0. 
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CHAPTER XVIII 

THE PLANE AND. THE GENERAL EQUATION OF THE 
FIRST DEGREE IN THREE VARIABLES 

152. The normal form of the equation of the plane. Let 
ABC be any plane, and let ON be drawn from the origin per- 
pendicular to ABC at D. Let the poni/irr direriiun on ON be 
from O toward N. that is, from the origin toward the plane, and 




denote the directed length OD by p and the direction tingles of 
ON (p. 330) by a, ft and y. Then the position of any plane 
is determined hy given positii-e, values of p, a, ft and y. 

Conversely, a given plane >1 el ermines a sine.ic set ui pusiiivo values of p, a, jJ, 
;ind -, miles? )> - ii. ll'ji - (), [lie positive dircriion mi ON becomes lueimiiiile-s. 
#"p - 0, TOfi sAnfl suppose. f/i'Jt ON is lihT.r.k'.i! upvun.l, and henee cost > since 
7<x- If Hie plane passes through OZ, then OF lies in the .XT-plane and 
cost = 0; in this n« «■(■ .iA'.'j? '»H.fl.™ (i.V v, airei-.ted that, t) < — aiul hence 
Cos g > 0. Finally. :!' the plane corneal es ivitli r.he YZ-plaue, tlie positive eiveelioi: 
on ON shall be that on OX. 

348 
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Theorem I. Hormal form. The equation of a plana is 

(I) x cos a + y cos /7 + z cos y — P = O, 

n-hnre.p is the perpendj.i-i.diir disfj.mee frooi the. orli/in to the plan?. 
and a, /3, and y are the direct ion cosines of that perpendicular. 

Proof. Let P(x, y, s) be any point on the given plane ABC. 
Project OEFP and OP on the line ON. By Theorem II, p. 328. 
proj. of OE + prop of EF + proj. of FP = proj. of OP. 
Then by Theorem I. [). 328. and by the definition, p. 29, 

x cos a + y cos ji + s cos y=p. 
Transposing, we obtain (I). q.h.d. 

Corollary. 7K« equation of any plane is of the first degree in 
x, y, and a. 

153. The general equation of the first degree, Ax + By + €« 
+ n = o. 

Theorem II. (Converse- of the Corollary.) The lows of the gen- 
eral equation of the first dmjree in x, y, and z, 

(II) Ax + By + Cz + D = 0, 
is a plane. 

Proof We shall prove the theorem by showing that (II) may 
be reduced to the form (I) by multiplying by a proper constant, 
To determine this constant, multiply (II) by h, which gives 

(1) kAx + kBy + kCz + kD = 0. 
liquating corresponding coefu'oients of (1) and (I), we get 

(2) kA = cos a, /ci' = eos 1 S ; IcC = cos y, hD = -p. 
jvni;.iring the first three of equations (2) and adding, 

h'(A' + B i + (7 a ) = cos a « + cos 3 ^ + cos 3 y = l. 

(by (III), p. 330) 

(3) .". A- . 1 

± VT 3 + B 2 + C a 
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From the last of equations (2) we see that the sign of the 

radical must lie opposite, to that of D in order that p shall be 
[nj.iitivi-. 

II D = Q, thenp = 0; anil from (lie third of equations (;2) the sign of the radical 
mtislbe Hie same as that of V, since when p - COS7>0. If J) = and C — 0. 
then it — 1.1 mill cos 7 — 0, and fivnu the second ol oquaiions CI) the sign of tin; radical 
must be the eonw as that of B, since wlionp = and cost = cos|3>0. 

Substituting from (3) in (2), we get 



W1 C -D 



± Vyi 2 4- £ 3 + c a ± V.i 2 + .b 2 + c 

We have thus do.tc.niiiiH.'d values of a, 8, y. and p such that (I) 
and (II) have the same locus. Hence the locus of (II) is a 
plane. q.b.d. 

Corollary I. The direction cosines of a normal to the plane (IT) 
are respecticely A, B, and C each divided by ± V A 2 -f B 2 + C*. 
The siijn of the rad.irol is opposite to that of I/, the .-tome an that of 
C if D = 0, the same as that of B if C = D = 0, or the same as 
that of A ifB = C = D = 0. 

Corollary II. To reduce the equation of a phme to the normal 
form, dlci.de its equation by ± V A* + ii 2 + C 2 , choosing tit 1 :- siyn of 
the radical as in Corollary I. 

Corollary III. Tiro planes irhose equations are 

Ax + By+Cz + D = 0, A'x + B'y + C'z + I)' = 
are po.ra.llel when- and only adieu the coejjiclciUs of x, y, and z are 
proportional, that is, 



For from Corollary I the direction cc-ikics of a normal to ill) arc proportional 
to A, B, and C, and two piancs arc ovideni Iv p;u:u'.el when and only when their 
normals are parallel (Corollary, p. 335). 

Corollary IV. Two planes arc perpend luulo.r vhen and only when 
A A' + BB' + CC = 0. 
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Corollary V. A plane whose equation has the form 

Ax + By -\- D = is perpendicular to (he XY-plt 
By + Cz + D = is 'perperidkular to the Y'/.ptv 
Ax -+- Ca + D = is per/iendieidae to the ZX-plane. 
That is, if one variable is ktekinrj, the, plane it 
the coordinate plane eorrespondiuij to the two variables 
in, the equation. 



Corollary VI. A plane vhosc equation, has the form 

Ax+- D = is perpe,nd,ieular to the axis of x ; 
By + D = is perpendicular to the axis of y ; 
Cz + I) = is perpendicular to the axis of z. 

That is, if tiro variables ore laekhvj, the plane is perpendicular to 

the u'j-.ia eorri^j/oiidiiti/ to the -va.riah/e n-iiii'h oeeur.< in the equation. 

For by Corollary J two of tho diredion cosirtys ol' llu' normal to the plane ; 



is pariillt] t; 



si il.Ill] ilii; JjltUll; is 1 1 1 '.' E 1 : f (I r V 



PROBLEMS 



1. Find the inlorcepts on t" 
of each of tie following plane 

(a) 2x + &y + 4* -24 = 0. 

(b) T*-3y + z-21 = 0. 

(c) Qx-1v- 9z + G3 = 0. 

(d) dx + iy -z + 12 = 0. 

2. Tind the oijuauojis of l.be pljtoos anil 
traces, for which 

(a, a = *p=*y = *i> = e. 



(b) a = 
(d) — 



n=:8. 



. = ZZ£ = ^1±, p = 2. 



.d the traces ui) tlio eoordin.il.o phir 

tilt! liglllTS, 

(e) 6ie-7y-8( 

(f) 4s + 8s+Si 

(g) 6y-8«-« 
(h) 3a+5E + 45 = 0. 

them by drawiiir; their 
VHx + y + z-l2 = 0. 
» + V3j/ - z + 16 = 0. 
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3. Find the equation of il'iy pjam. - nin:h that, the loot of She perpendicular 
from the origin to the plane is the point 

(a) (- 3, 2, 6). Aw>. 3b -2k - 8s + 40 = 0. 

(b) (4, 3, - 12). 4)is. 4:r + 3j/-12z-160 = O. 
(o) (2,2,-1). ^Tis. 2x + ty-z -9 = 0. 

4. Reduce the following equations to i.ln: normal form and find a, 0, y. 

(a) 6x-8y + 2z-1 = 0. ins. cos-if, cos-'(- ?), bob" 1 ?, 1. 

(b) s-V2tf + z + 8 = 0. 1m. j,J,y,t 

(c) 2a: -2y-« + 12 = 0. -4ms. cos-i{- §), cob-1|, oob" 1 ^, 4. 

(d) v -2 + 10 = 0. ./Ins. -,?5 * 5V2. 

(0) 8a; + 2y-8a = 0. -4ns. cos-'f- f), cos- 1 !-?), cos- 1 ?, 0, 

5. Find the distance from the origin lo the plane 12ic-4# + Sz — 30 = 0. 

6. Find die distance between flic parallel olanes (ix + 2y — 82 — 68 = 
and &X + Bj/- 32 + 49 = 0. -4ns. 14, 

7. What mav be paid of the position "i the plane (I) if 

(b) 003? = 0? (d) cos« = co S /3 = 0? (f) oob 7 = oo S « = 0? 

8. "What arc the equations of the traces on ;.lie coordinate planes of the 
plane Ax + By + Cz + _D = 1 

e either parallel or perpen- 

r2a; + 52/-6z + 8 = 0, i e \ I 6a> ~ 3v + 2g ~ 7 = °' 

' \6as + l&y- 182-5 = 0. l ' \8x + 2y - 6x +28 = 0. 

pz - 5j/ - 4z + 7 = 0, fl4* - 7 v - 21 s - 50 = 0, 

m \&x + 2i/ + 2z-l = 0. { ' 1 2 x-y-S - |- 12 = 0. 

10. Tor what values of «, p, 7, and p will the locus of (I) be parallel 
o the XT-plane ? the FZ-plune ? the Z-E-plane P coincide with each of 
hese planes ? 



12. Show that the coordinates 01 the point of intersection of three plan 
may he found hy sulvin;: ikeir equations shni;ii anomaly for x, y, and z. 
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13. Find the coordinates of the point of intersection of the planes 
x + 2 y + z = 0, a:-2#-8 = 0, and a + y + e -8 = 0. 

^jw. (2, -3, 4). 

14. Show that the plane x + 2y — 2z — 9 = passes through the point 
of intersection of the planes % + y + z — 1 = 0, »-?/ — z - 1 = 0, and 



15. 

-w 


Show that the four planes a; + ?j + 2 s - 2 = 0, 
+ 8 = 0, and 3s — y -2z + \& = Q pass through 


JS + tf- 
thesai 


-22 + 2 = 


IS. 

2z 


Show that the planes 2s-?/ + z + 3=-0, as - 
•1-8 = 0, 4a:-2ff + 2a-6 = 0, 9;t; + 3;,-6z- 

• — 6 = bon in i :i |iii.ri;lli:l-'i:i ;;■.:'.;. 


y + 4 
■7=0, 


( = 0, 3£ + : 


IT. 

is 


Sho-.v t.imt '.lie pianos* 
- 17 = bound a rec 


33S-3i/ + 2z = 4,3iB + 2; 
0, 12s + 3(5?y + 18z-ll 

taiigiihii' pnralleliipimal. 


/-6z=10,2x + 6: 
= 0, and 12«-6: 



18. Show that the planes x+2y~z = 0, y+Tz-2 = Q, a;-2y-«-4=0, 
2z-i y — 8 = 0, and Bx-i-Sy — z — S — ii bunm,! a ti,L;nJ i;i,ny:[il:ir pyramid. 

19. Derive the ror.dincms f'.'T p'traln iism of two pin tins from the: fact i.hat. 
two pianos an; parallel if their i.rni'.es n.iv |in.iv.llel linos. 

154. Planes determined by three conditions. If three of the 
coefficients of 

(1) Ax + By + Cz + D = 

are known in terms of the fourth, then the plane is completely 

deter mi ned, for if their values be substituted in (t), the equation 
may be divided by the fourth coefficient. Three conditions which 
the plane satisfies will lead to three equations in the coefficients 
which may be solved for three of the coefficients in terms of the 
fourth. Hence a plane is, in genera.!, determined, by three con- 
ditions. Its equation may be obtained by a Rule analogous to 
that on p. 93, using equation (1) in the first step. 

Thus to find the taj nation of a. pin no ikimsml.lt through three points we proceed 
as in Ex. 1, p. SK5, using equation (1) in the .first, slop, in l.ho sooond stop thi-tc. 
i-il nations in vol vins; A . It, (.', ami /' at' 1 nln.ahmd. which may ho solved for throe 
of these coeiticienls in terms of the fourth. 
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Ex. 1. Find the equation of the plane which pusses through the point 
Pi (2, -7, |) and is parallel to the plane 21s — 12 y + 28 z -84 = 0. 
Solution. Let the equation oi the required plane be 

(2) Ax + By + Oz + D = 0. 
Since P x lies on (2), 

(3) 2-4-7R+ jjC + I> = 0, 

mid since ('<) is parallel to the given plan*' (Corollary III, p. o50), 



(4) 



12 28 




Solving (:1) and (4) lor ^1, B, and D in terms of C, we get 

J = J C, B = - | O, D = -6C. 
Substituting in (2), we obtain 

| Cx - \ Cy + Cz - 6 C = 0. 
Clewing of fractions and dividing by C, 

21s -12;/ + 28z -168 = 0. 



I. Find the pqualion of the plane which passes through the points 
[2, 3, 0), (- 2, - 3, 4), and (0, 6, 0). Ans. 3x + 2y + 6z - 12 = 0. 

3. Find the equation of the plane which passes through the points 
(1, 1, - 1), (- 2, - 2, 2), and (1, - 1, 2). Ans. x-Sy-2z = (l. 

3. Find the equation of the plane which passes through, the point 
(3, — 3, 2) and is parallel to the plane 3x — y + z — 6 = 0. 

Ans. 3x-y + z-U = 0. 
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4. Find the equation of the piano which passes tli rough the points 
(0, 3, 0) and (4, 0, 0) and is perpendicular to the plane 4a — 6j/ — s=12. 

Ans. 33 + 4 y - 12a -12 = 0, 

5. Find the equation of the piano which passes through the point 
(0, 0, 4) and is perpeinlicubr t.o each of the planes 2x — 3y = 5 and 
£-4z = 3. Ans. 12a; + 8ff + 8z~12 = 0. 



7. Find the equation of the plane which pusses Ihrough the point 
, —1, 6) and is parallel to the plane x — 2y — Ss + 4 = 0. 

Ana. x- 2y -3& + 14 = 0. 

8. Find the cquat.ii.ni of ilie iilino which passes through the points 
, — 1, 6) and (1, -2, 4) and is pcrpiriidicuUti: to the planer- 2 3/ — 2 £ + 9 = 0. 

Ans. 2$ + iy -33 + 18 = 0. 



10. Find the equation of tin; plane whioh passes through the point 
(4, —2, 0) and is perpendicular i.o the plants x-\ ;/- z_0 and 2x — iy + z = 6. 

Ans. x-hy + 2z-2 = 0. 

11. Show that the four points (2, -3,4), (1,0,2), (2, -1,2), and 
(1, -1,3) lie in a plane. 

13. Show that the four points (1, 0, -1), (3, 4, - 3), (8, - 2, 6), and 
(2, 2, - 2) lie in a plane. 

13. Find the equation of Uie plane which is perpendicular to the line 
joining (3, 4, — 1) to {5, 2, 7) at its middle point:, 

Ans. x - y + iz — 13 = 0. 

14. Find the eqna'ions of the faees of ilie ; I'lraedirm whose vertices are 
the points (0, 3, 1), (2, - 7, 1), (0, 5, - 4), and (2, 0, 1). 

4ns. a6» + 6w + 3« = 17, 5»-2* = 8, * = 1, 16» + 10y + 4« = 84. 

15. The equations of three faces of a parallelepiped are z — 4y = 3, 
2x~y + z=3, and 3x + y -22 = 0, and one vertex is the point (3, 7, —2), 
What are the equations of the other three faees? 

Ans. x - iy + 25 = 0, 2x - y + z + 3 = 0, 3x + y - 2z =20. 



16. Find the equation of the plane whose 
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17. What- art the equations of the traces of the piano in problem 16? 
How might Una*.' equations have hcon anticipated from I'lane Analytic 
Geometry ? 

IS. Find the equation of the plant which passes through the point 
Pi (»i, ^17 #1) aJ" 1 is parallel to the plane A& + B^y + Ciz + Di = 0. 

Ans. A t (x - a,) + Bi (y - m) + Ci(z- z,) = 0. 

IB. Find the equation or ihe plant which f>;i»si>s through the origin and 
Pi (aii Wii #i) and is perpendicular to the plane jijas + B^ + C±z + d = 0. 
4ns. (BiBi - OjyOa: + (C,a, - -4,.Si)ff + (Am - ftasij* = 0. 

155. The equation of a plane in terms of It's intercepts. 
Theorem III. If a, b, and c ii.ru the hiteree-pts of a- plane on the 
X-, Y-, and Z-axes respectively, then the equation of the plane is 

( m > f +!+;='' 

Proof. By Theorem II the equation of any plane has the form 
(1) Ax+By + Ce+D = 0. 

By the Eule, p. 346, we gel; 



Substituting in (1). dividing by — D, and transposing, we 
obtain (III). fl .E.i>, 

Equation (III) should be compared with (VI), p. 96. 

156. The distance from a plane to a point. The positive direc- 
tion on any line pei'iiemUeulai: to a plane is assumed to agree with 
that on the line drawn through the origin perpendicular to the 
plane (p. 348). Hence the distance //y,,« a plane to the point P, 
is poaitu'e or ne-r/at-ine aeeording as /', and the origin are on oppo- 
site sides of the plane or not. 
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Theorem IV. The distance d from the plane 

x cos a + y cos /? + « COS y — p = 
£o the point l\(x ll y,, s,) is given by 
(IV) d = *i cos a + J/, cos /J + s t cos y — ^> 

Proof. Projecting OP\ ou OJV, we evidently get p + d. 
Projecting OK, EF, and FP, on ON, we get respectively (Thee 
rem I, p. 328) x, cos a, y- L cos (3, and s t cos y. 




Then by Theorem 1 L, p. 328. 

p + d = *x cos « + y, cos + *] cos y. 

,". tZ = Xi COS tr + jl, COS /J + % COSy —p. q.h.B. 

From Theorem IV we have at once the 

Rule to find the distance from, a given plane to a given point. 
First step, Redtt'-e the (■■'jiml-lm- of the plain) !o the normal form 
(Corollary II, p. S50). 

Second step. Si'bstitutti the cobrdhial ex of the i/luen. point in the 
lvfl.-hii.nd tide i if the- n/imtuiii. 'The remdt h the rey/iired- dUtaa.ce. 

157. The angle between two planes. The plane angle of one 
pair of diedral angles formed by two intersecting planes is evi- 
dently equal to the angle between the positive directions of the 
normals to the planes. That angle ya called the angle between the 
planes. 
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Theorem V. The. n-trjle be/'reen two planes 

Ajx + Biy + C,g + D 1 = 0, A& + B& + C 2 s + C a = 

.„, - A^ + B l B i + CtC 



± V^* + JV + C? X ± V^ 2 + Bf + c s a 
iAe «ij7ns o/ (Ae radi'-o.ls being eheisen as in Corollary I, p. 350. 

Proof. By definition r.hc angle between (.lie pianos is the angle 
between their normals. 

By (4), p. 350, the direction cosines of die normals to the planes 



± V J 4 ] a + .B 1 a +C 1 s iV^ + iV + fV 

- ■■ COS /V - 

± VAf + B? + C x * ± V^ 2 a + -B 2 3 + C a a 



By (V), p. 334, we have 

COS 6 = COS rt L COS a 2 + COS B, COS /J s + COS y x COS y a . 

Substituting the values of the direction cosines of the normals, 
we obtain (V). y . ElD , 

PROBLEMS 
1. Find the distance from the plane 

(a) 6a;-Sy + 2z-10 = 0tothepoint(4, 2, 10). Ana. 4. 

(h) a) + 2y-2z- 12=0 to the point (1,-2,8). .An*. -7. 

(o) 4s + 3y + 12z + 6 = to the point (9, - 1, 0). Ans. -3. 

(d) 2a; — &y + 8z — 4 = to the point (-2,1, 7). _<liw. ,% VilS. 

3. Do the origin and the point (3, 5, — 2) lie on the same side of the 
plane 7 a: - j/ - 3 z + 6 = 0? Aiis. Yes. 

8. Find the distance from the plane Ax + By + Cz + T> = to tho point 
Pi(*i,»i,*i). Ans ^. + -% l + gzi + .D 
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4. Find the loons of points which are equally distant from the planes 
2x - y - 2z - 3 = a.D& <>x - 3y + 2 z + 4 = 0. 

Ans. 32^-lfi!/-8z-9 = 0. 

5. Find the length of the altitude of the l.efracdron whose vertices are 
(0, 3, 1), (2, - 7, 1) (0, 6, - 4), and (2, 0, 1) which is drawn from the first 
vertex. Ana. J$V29. 

6. Find the volume of ITio lofraodron whoso vertices are (3, 4, 0}, 
(4, - 1, 0), (1, 2, 0), and (6, - 1, 4). Ana. 8. 



7. 


Find the angle 


S r.iCL'.Vcfcl) 


the following pairs of planes. 




2x + y -Z% - 9 = 0, x- 
x + y-4z = 0,Zy-2z 
ix + 2y + 4z-l = 0, 1 


-2y±2z=-0. 
+ 7 = 0. 
\x-4y = 0. 


r 


(1) 


2-r,-y + z = : 


', x + y + 


2a = 11. 


,1ns. 



8. Show that t!ii' aiij^lo given hy (V) Ls that angle formed hj the planes 
which does not contain the origin. 



9. 

thepL 


Find the vertex and (lie diedval angles ol' that l.riodral angle formed by 
mes x + y + z = 2, x-y-2z = 4, and 2x + y -z = 2in which the 


i.l:_h: 


UeB " Ans. (4, ~4, 2), cos-i^V2, -£, cos-i(- iv5Y 


10. 


Find the equation of the plane whieh passes through the points 


(0,-1 


., 0) and (0, 0, - 1) and which makes an angle of --'- with the plane 


V + z 


Am. ± y/ex + y + « + l = 0. 


11. 


Find the locus of a point, which is ;S times as far from the plane 
1 y - 2 z = as from the plane 2x-y + 2z-9. 

Ans. I1x.-13y + 12z -63 = 0. 



158. Systems of planes. The equation of a plane which satis- 
fies iwo conditions vill, in general, contain an arbitrary constant, 
for it takes three conditions to determine a plane. Such an equa- 
tion therefore represents a system of planes. 

Systems of planes are used to find the equation of a plane 
satisfying three conditions in the same manner that, systems ol' 
lines are used to find the equation of a line satisfying two condi- 
tions (Rule, p. 114). 
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Theorem VI. The system of planum parallel to a given plant 

Ax+By + Cz +D = 
is represented by 

(VI) Ax + By + Cs + Jc=zO, 
where k is an arbitrary constant. 

Hint. Show that all "' ibe plnac-i ;Y1) i:repav!i:i'.:i to thin given pbme by Corollary III, 
p. 3!M, ami that every pUiie parallel to iho given pbme i< reprejeiiteo by ;VI). by finding 
a value of <: for which (VI \ [msscs Ihrouuh n kihh point /•,. 

Theorem VII. V*A<5 system of planes pausing through the line of 
intersection of two given planes 

A x x + B$ + d« + A = 0, -l a x + yi 3 ^ + C. 2 » + D t = 
*s represented by 

(VII) ^sc + J^y + d» + £>,. + fc (^ + B,j* + C a z + 2> a ) = O, 
where k is an arbitrary constont. 



Theorem VIII. If the, e/pi'i.tions of the planes -in Theorem VII are 
hi normal form, then — k is the ratio of the dlstanees from those 
'planes to any point in (VII). 

Hint. Let P, (J 1 ,, ;/,. i.) be any point on the plane 

Then a, 008 0,+ i/,eo5 3,4- 2,005-/, - i\ 4- £(.;-, llK «-i ■ f/i uosp s 1 3,00s f! - j) a ) = I). 
Solve for i and interpret tbe i-o.--.ilt by Theorem IV, p. 357. 

Corollary. The equations of the planes ///seeling the angles f mined 

by two given -planes are found bij redaeing their equations to the 
normal form arid, adding and snb/rrrefi.n.g them. 

The plane (VII) will lie in the external or internal auglea 
(p. 121) formed by the given planes according as k is positive or 
negative. 

The equation of a system of planes which satisfy :i. single con- 
dition must contain two arbitrary constants. One of the most 

impoi'lnnl sysi.ems of this sort is given in 
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Theorem IX. '/'he si/stew- of pi. a tie » posiiivj through a given point 
Pi (^lt l/ii z i) is represented by 
(IX) A(m - id) + B {y - yj + C (• - «J = O. 

Proof. Equation (IX) is the equation of a plane which passes 
through /',_, for the coordinates of l\ satisfy (IX). 
If any plane whose equation is 

Ax + By + Ca + D = 
parses l.hrmigli /'„ then 

Ax l + By 1 + C'sx + D^O. 

Subtracting, we get (IX). Hence (IX) represents all planes 
passing through P,. q.h.d. 

tto arbitrary con slim is, tiami;';, ibe ratio of any two 



■.;()i;f'[ie.li:Ii"K t'J til;' I'tOiL. 



PROBLEMS 



I. Determine the vatae o[ ,'.: sueh th;u. 1 l;e plane £ + &;/ — 2z — 8 = shall 

(a) pass through i lie point (5, — 4, — (!). .djis. 2. 

(b) be parallel to the plane 8* - 2y - 12* = 7. 

(c) he perpendicular m thy plane 2x- 4^ + 3 = 3. 

(d) be 3 units from the origin. Ans. 

(e) make an angle of '-- with the plain: 2x — 2y + z = 0. 

3. Find the equation cii the plane which passes l.kroiigb the point (3, 2, —1) 
and is parallel to tin- p'.ar.o ~x —y -\- z = 14. 

jlna. 7*-w + *-lB = 0. 

3. Find the equation of iho plane which passes through the intersection 
of the planes 2x+y-4=0 and y + 2 a = and which (a) passes througn 
the point (2, — 1, 1); (b) is perpendicular to the plane ;)j: + 2y — Sz = 6, 

Ans. (a) x + y + z - 2 = ; (b) 2-x + iiy + iz - 4 = 0. 

4. Find the equations of the planes which bisect I he angles formed by the 
planes 2x-y + 2z = and a + 2 ;/ — 2 z = 0. 

-ins. 8a; + y-6 = 0, 9!-8y + 4« + 6 = 0. 

5. Find the equations of the planes passing lhrra™!i the intersection of tlie 
planes 2 x + y — z = 4 and x — y + 2z = which are perpendicular to the 
coordinate planes. jlns. 5s + j = 8, 3e + 2 = 4, 3^ — 5^=4. 
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6. Find the equations of the planes which bised the angles formed "by tlie 
p\&neaGx-2y~3z = 0an&4x + 3ij — 13« = 10, and Tci-ify by in cans of (V). 

t. Find the equation of the yuir;e passim: :l::':ii:i;l. tlie intersection of the 
planes A& + B\y + G& + D, = and jijx + B 3 y + C 4 2 + D a = which 
passes through the origin. 

Arts. (A-J} 2 - A 2 D l )x + (BJh - 4 a Di)y + (0,11a - <7 a Di)« = 0. 

8. Find the equations of I be plains which hised. l.lic angles formed by the 
planes AiX + B,y + C Y z + A = and -4 a i + -&;!/ + C 5 3 4- A = 0. 

A ^ Aix + Sin + dz + H i _ ^^ + Jtsj/ + C^ + D a 



9. Find the equations of the planum passing through the ii 
the planes A& + B& + C,z + B, = and -4 2 :c + B s ]/ + C a 2 + D a = which 
are perpendicular to the coordinate planes. 

Aim. (AiBi - As,Bi) y - [C x Ai- &Ai) z + A,Di - AiDi = 0, 
(AtBi - A a B})x - (B,C S - BiC,)z - {BiD 2 - B^D,} = 0, 
(Ci4 a - GaAi)x - (SiCj - ftOi)» + C,A. - C a Ui = 0. 

10. Find the equatiim of the plant which passes through P, (%, y s , Zi) 
and is perpendicular to tlie planes 

Aix + B-iy + Ciz + d = and jijB 4- BaJ/ + C& 4- #2 = 0. 
4ns. (BiC a -B a C 1 )(3;- ; );i)+(Ci4 2 -C ai l,)(^-Vi) + (-di-B s --i 2 B,)(«-s: 1 )=0. 
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CHAPTER XIX 
THE STRAIGHT LINE IN SPACE 

159. General equations of the straight line. A straight line 

may be regarded as the intersection of any two planes which 
puss through if.. The equations of the planes regarded as simul- 
taneous are the equations of the line of intersection, and hence 
(Corollary, p. 349) 

Theorem I. The v.nitxtiom of the straitjht line- are of the first 
degree in x, y, and z. 

Conversely, the locus of uvo equations of the first degree is 
a straight line unless the planes which are the loci of the separate 
equations are parallel. Hence, "by Corollary 1.1 1, p. 350, we have 

Theorem II. The loevs of tiro e'jvutionn of thnjirsl degree, 
(A,x + B lV + C,« + A = 0, 
( ' \A& + B# + C 2 z + A = 0, 

is a. si might line unlets the eveffi<-i.ents ofx, y, and r: are proportion/it. 

To plot a straight lino n-c neoil lo tnow only (lie coiii-d in at.es of two points on 
tho line. The easiest puinls i.ij ol>1 n in ;i re nsinilly l.iioMi lyin-- i:i tin: rooniinar.e 

plilllUS, M'llic.ll V.'O 20t by Sftt.il I Si' OIli; nf lilO Villi ;t 1 '1 ' .'S equal to ICllI iSll'l Si>lvirii» for 

tho other uvo. li ;i lino tints hiitone <>.' iliu- t'oonliiniie iiliinei, wo gi-l only one point, 
in this way, and t.o plot the line we draw a line fhrou.h tb;;i poini parallel to the 
axis which, is perpendicular to that plane. 

The direction of a line is known when its direction cosines are 

known. The method of obtaining these is illustrated in 
Ex. 1. Find the direction cosine!- of the line whoso liquations arc 
3x + 2y-z-l = 0, 2x-y + 2z-S = Q. 

Solution. Let. tin: dirrrlioii cnsiiics of the lino be cos a, cos /J, and cosy. 
The direction cosines of the normals to tho ponies in which the line lies 
y (Corollary I, p. 350) 

3 2 1 j ? _ 1 2 

Vli VTi Vl4 3 s 3 
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Since the intersection of the t 1 . 
both, we have (Theorem VI, p. i 



vu Vu vii 


os 7 = 0, '-cos,. 


Solving for cos£ and cos-/ in t 


;rn,sofcos«, we; 


COS0 = - ? CO 


sa, coa T = -I-c 


and hence cos a = — 


8 ~~ T~ 


Dividing by 3, tho least commi 


m multiple of the 



Then by the Corollary, p. 331. 

± Vv^2 ± Vl32 ± Vl22 

The line will be directed downward or upward iietvnling as the positive 
or negative sign of tin: radical is chosen. 

The method is numeral and may bo formulated as the 

Ruiz to fi,nd the, dlreetienic.osin.es of oJin.en: hose equations are given. 

First step. Find the direetion, eosinex of the. normals to the planes 
in which the line, lies (Corollary I, p. 350). 

Second step. Find the e,,ndi.(lon.s that the t/iven line is perpen- 
dicular to the ■normal!; in the- first sle/i (Theorem. VI, p. 3.J5) and 
to! re foe faro oftlf d i, ■<■■■■! i:*i< ,■■,..:,., .,■ ,../' i/'ie. line in tern/* of the- third. 

Third step. Express the resn/.ln of lite third., .step as a continued 
proportion and a/i/d./f the. Corollary, p. SSI. 

Ex. 2. Find the direction oosines of the line whose equations are 
4i + 3:-10 = 0, 4* — 2y + %S -1 = 0. 

Solution. First step. The direction cosine? ol the normals to the given 







5' 


' 5 


V2e' 


V2S>' 


V20 


So: ■■■'■■ml 


step. 


If the direction ci 




of the line are c 
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)« + 




= 0, — = 






■BJS + 


5 
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v2S 




ViJB 




it:i'l lii'iiio- 






:o S7 = -: 


;COS«, eosff = 
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Third step. .From these equations — — = — ~t oosfJ = 0, and hence 

tus a. cos 3, anil cos-,- are proportional l.o 3, 0, and — 4. Then (Co roll art', 
P- 331 >' 0Ma=±t, cosS = 0, cos 7 = T*. 

The line will "he directed downward or upward accord ins; as the upper or 
lower signs are used. 

Theorem III. If a, fi, and y are the. direction cosines of the line 
(II), then 

cos a _ cosjff _ cosy 

B,C 2 - BjCj. ~~ C X A 2 - <Vi, _ A 1 S 2 - A t B t 
This is proved by the above Kulc v.ii In mi r;t-i ■yini: mi; tlm last- part of the third 

PROBLEMS 

1. Find the points in which the folio wini; lines pin.'rtifi the coordinate planes 
and cuiifiivuri the line-. 

(a) 2x + y -a = 2, s;-y + 2& = 4. (e) a + 2;, = 8, 2a;-4y = 7. 

(b) 4m -I- 3y -6s = 12, 4k -87/ = 2. (d) 3/ + z = 4, B-y+ 2a = 10. 

2. Find the direction cosines of the following lint's. 

(a) 2x-y + 2t = Q,x + 2y-2z = i. _ _ 

Ans. ±sVV05, Tj^Vffi, = ^Vee. 
(b)» + w + e = 6, »-» + * = 3. -4hs. ±|^, 0, T>V2. 

(c) Sx + 2y-z-4, x-2y-2z = h. Ans. ± /tVG, TjV5, ± ^V5. 

(d) 9J + y-3a = 6, 2a-!/-r8z = S. Ans. 0, ± ^VTO, ± jfVW. 

(e) it + !/ = 0, 2;r. -3a = 5. Ans. ± ^V22, =f A"^> ± i"r"^2- 

(f) y + 3 z = 4, Sy - 6s = 1. 4ns. ± 1, 0, 0. 
(g)2a-3y + z = 0, 2x-8j/-2a = 6. _ 

Ans. ± -rVVlS, ± A.VI3, 0. 
(h) 53! -14a -7 = 0,.2a + 7z = 19, 4ns. 0, ±1, 0, 

3. Show that the following pahs of lines are parallel and construct the 

(a) 2y + a = 0, 3y-4« = 7 and 5j/ - 2z = %, 4y + 11 z = 44, 

(b) as + 2y-i!~7, y + «- 2i6 = 6 and 835 + 6 y -82 = 8, 2a;-y-« = 1 
(0) 3n-2 = 4, y + 2a = 9 and 6a -y = 7, 8y + 6a = 1. 

4. Show that the following pairs of lines meet in a point and are 
perpendicular. 

(a) a; + 2y = 1, 2y — z = 1 and x - y = 1, x - 2z = 3. 

(b) 4 x + 1/ - 3 z + 24 = 0, % = b and £ + ;/ + 3 = 0, £ + 2 = 0. 

(c) 3s + y-s = l, 2it-z = 2 and 2s -y + 2« = 4,.a - y + 2a = 8. 
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5. Find the anj 
directed upward o 

(a) & + y - Z = 

(b) x + 2y + 2: 

(c)x-2y + z 
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5 between the following Ihios, assuming that they are 
in front of the ZX-plane. 

y + z = and x — y = 1, a — 3?/ + 2 = 0. ilns. - ■ 
= 1, i- 2z = 1 and 4a + 3i( ^2 + 1 =0, 2x + 3y = 0. 



I and x — 2 y + z 



2, > 



-2y-i 



6. Find the equations uf Uie planes tlivoagh the line 
x + y-z=0, 2x-y + 3z = rj 
which are perpendicular fo (ho coordinate planes. 

Am. 3x + 2x = 6,3y-5g + & = Q,6x + 2y^B. 

1. Show analytically that the interseolions of the planes x — 2y — 2 = 3 
and 2x — iy — 2 2 = 5 with the plane x + y — 3 z = are parallel lines, 

S. Verify analytically that the intersection,-; of any two parallel planes 
with a third plane are parallel lines, 

160. The projecting planes of a line. The three planes passing 
through a given line and perpond-ciiiar l.o l.lic coordinate planes 
are called the projecting planes of the line. 

If the I'mi; in peryiendieular Id imf of 
the eoilitiiuate planes, any plane con- 
taining the line is perpendicular to that 
plana. In this case we speak of but, 
two projecting planes, namely, those 
rlraivn tlivontrh i hc> line perpendicular 
to the other coordinate planes. 

If the line is parallel to one o£ the 
coordinate plaues, I wo of the projecting 
~v planes coincide, 

By Theorem VII, p. 360, the 
equation of any plane through 
the line 

(1) A& + B j y+C- l *A-D 1 = > A& + B& + C t s + D 2 = 
has the form 

(2) {A t + kA x ) x + (B 1 + kB^y-lr (C\ + kC\) B + (Z>, + kD») = 0. 

If (2) is to be perpendicular to the AT-ulane, z = 0, then 
C, 
(CoroUary IV, p. 350) C-, 4- kC t = 0, whence & = --—. Substi- 
tuting in (2) and reducing, we get 

(3) (C 1 A t ~C t A 1 )x-(B 1 C a ~B t C 1 )t/ + C 1 D a -C a D 1 = 0. 
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Similarly, if (2) is pevpendienlai' to the YZ- 
bero:::es 



w 


C^l^S 


-^AJy-CCii, 


- CV, 


e + AA 


- -4 S A 


(5) 


(■di-B, 


- A\B t )x — (B t C„ 


- JJ s Ci 


« - (M 


- AA) 



= 0. 

Equations (3), (1), and (p) arc the equations of the projecting 
planes of the line (1), an;', any two of 
them may be used as the equation.-; 
of the line. 

If A^ — A,Bi *h 0, that is, if the 
■ line is not parallel to the -£F-plane 
(Theorem Til), equations (5) and (4) 
may be written in the forms 

-4 + b. 



z 


A 


/ 










ft 






X 



■ B s Ci =h 0, that is, if the line is 



If A& - A 2 B, = and B L C a 
parallel to the XT-plane but 
is not parallel to the F-axis, 
equations (■>) and (3) may bo 
written in the forms 
* = «, y = fix + b. 
If A& - A a Bj. = and 
B 1 C, - A A = 0, that is, if the 
line is parallel to the F-axis, 
equations (4) and (3) may be 
written in the forms 



Hence we have 

Theorem IV. The r.qi/ations of a line, whir,!), pierces the XY-plane, 
or which is parallel to the XY-plane but not to the Y-axis, or 
which, is parallel lo the Y-axli, may he put in the, follou-i.itij forms 
respectively : 

(x = mz + a, J s = a, J z = «, 

\ y = nz + b, \y = mv + b, \w = 6. 



z 


















H 


. 


A 










/» 


X 






f 





(IV) 
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To find the equations of the projectine- planes of :i ;;iven lino we may proceed 
as above by considering the system of planes which pass tilroiLdi the idven line 
(Theorem VII, p. IHiilj mill ilotermiuiue.- the parameter t so l-liai the jtlnri.: shad :il: 
[jcrp-^iLiTii-uiiiJ- io f-ac:h of the coordinate p'anes in turn. Those equations may 
also bn found by eliminating z, .'■, '■ ii in mm from I in' equations ol the lino. 

To reduce llic it] nations of n. friveo line to one of the limns i'lV) we solve (hem 
for x and y in terms of z. If there is no solution for x and y (Theorem IV, p. 90), 
wo solve for y and ?.. finally, if there is no solution for y and z, we solve them 



1. Find the equal ions of I be project int; ;>":iiu<'s of the following lines. 
(a) 2x + y -z = 0, x-y+2z=3 



(b>* 



y - 2 z = 2. 

Ans. 3x + y = li, 2$ — 3 — 8 
. y + z = 2. Ans. x =1, y — . 

+ 2 y + z = 0. 



= <i. 



-fi 


4m 


x^^z + v 


6. 


Ans. 


z = 5, y = 




Ana, 


z=4,x = 


= 1, 


Ans, 


x = 2z,y = 


= 6. 


Ans. 


z = $,y = 



of the forms (IV) 
I, y = l* - 2. 

-JiB + f 



(c) 2a + !/-2 = l 

(d) s + ;j - 4 z = 1 

(e) 2 y + 3 2 = 6, 2 !/ - 3 z = 18. ylus. 

(f) 2x-y + z = 0, ix + Sy +2z = &. Am. 
ig) a + * = l,K-« = 8. -4ns. ; 

2. lieduce tin: equations of tko following linos 
and construct the linos. 

(a) x + y-2z = Q,x-y + z = 4. 
(b> a; + 2y — s = 2, 2x + 4y + 2 
(o) se~2y + z = 4,x + 2y-». 

(d) sc + 3z = 6, 2a + 5z = 8. 

(e) x + 2y.-2ss-2,2x + y-4 

(f) a:-y.+ s = S, liz-Sj-M; 

3. Interpret geometrically the meanine; of the constants in each of equa- 
tions (IV) by dolonniuiiiL; ounbeis proportional to tbo direction cosines of 
eac.li lino and fin: poiin in which the lirst line inits I lie. .IT- plane, the s( com I 
the FZ-planc, and the third the ZAT-plane. 

i. Interpret the geometric significance of Iho constants in equations (IV) 
by consider:!^- tin.: traces ol" the planes; which are the loci of those equations 
tit-ken separately. 

-J. Show that a straight line in space is determined by two conditions, and 
formulate a rule by which to liud its equations. 

6. Find, the equations of the line pnssii;j; thrntifdi the points (— 2, 2, 1) 
and (-8, 5, -2). Ans. m = 2*-4, y = -ss + 3. 
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7. Eind the equa'ioi:* ol the projection id the Hue x — z + 2, y = 2z — 4 
upon the planes + y - z = 0. Ana. %■ = ^z + '*,y = §z — V- 

8. Find the equations of tin: pro -ecu or. of the line z — 2, y — x — 2 upon 
the planer- 2 // — 3 « = 4. Ana. s = -5« + 4, j/ = -4z. 

0. Show that the equations of a line nuiy lie writiR:i in one of the forms 
\z = nz+b, \z = my + b, Ly = 6, 

accordiiiL; as it pierces the rZ-j:i;iiic, is parallel to the rZ-plaiii:, or is paiallo! 
to the Z-axiB. 

10. Show that the condition that the line x = mz + tt, y = nz + 6 should 

,_ ,. , , ., . a-aT b-V 

mtev.iec.-,- the line x — in'z + «', y = n'z + b' is -= - ■■ y . 

161. Various forms of the equations of a straight line. 

Theorem V. Parametric form. The coordinates of any point 
7 J (;r. y, «') on the lii,.e through a gi.ecn point /',(/'■,. g,, s L ) whose 
direction, angles an: a. 13. and, y are given by 
(V) x = x, + p cos a, y = Vl + pcosp, a = z 1 + p cos y, 
■when; p denote.'; the rariaU'.', directed, length. /',/'■ 

Proof. The projections of /'iP on the axes are respectively 
(Corollary II, p. 329) 

* - as w y-tfi, « - *i, 
or (Theorem I, p. 328) 

p COS «, p COS /3, p COS y. 

Hence 

£ — x-i = p COS a, y — y± = p cos /J, s — Sj = p COS y. 
Solving for x, y, and a, we obtain (V). q.b.d, 

Theorem VI. Symmetric form. 77/y equations of the. line passing 

through, the point /■', (a;,, //,. ,-;,) whose direction orgies are a. /3, and 
y have the form 

• ' cos a ~ cos /J — cos y 



/Google 



ANALYTIC GROMi'TIIY 



of the line, rn.ni/ be. -trrittim in the form. 

<*> — «>i _ 1/-Vi _ * — *i 
a b c 

Theorem VII. Two-point form, Tlie equations of the straight line 
■passing through P\(x lt y lt x{) and i' : (x, 2 , y%, # s ) are 

(VII) *-^ = v-v l=1 ^ 1 _ 

Proof. The liny (VI) passes tli rough J\. If it also passes 
through l\, then 

^ - ^i _. ?fr - ?/i __ »a — «t 
COS it UOS /3 COS y 

Dividing (VI) "by this eqiiiitien. we obtain (VII). q.e.u. 

Equations (VI) and (VII) each involve throe equations, namp.ly, those obtained 
by in.'.nlcftins; in mm each "I' Dm Uiree rail us. These equatinns arc. in ii; if event 
form, the. rui uai ions of tin- iiruji'i-iin^ pkmes, since one valuable is kicking in each 
(CnruJliiry V. ii, M.'il}. Any two nl' ike llrec equal inr.s arc iiiilepemlent nml may 
In; used as the ec uai. ions of l-ln'j line. Ii:i: all lln.-ui- an; usually rclniucil for the sake 
of their symmetry. 

PROBLEMS 

1. Find the equation;; of Hie lines which pass i.hiuui;-! the following pairs 
of points, reduoe them to one of the forms (IV), p. 367, ;md construct tin: 

(a) (3,2, -1), (2, -3,4). Am. x = - J« + if, y = - z + 1. 

(b) (1, 6, 3), (3, 2, 3).* Ans. 2 = 3, y = -2x + Z. 

(a) (1, - 4, 2), (3, 0, 3). Ans. x = 2 z - 3, y = 4 z - 12, 

(d) (2, - 2, - 1), (3, 1, - 1). Ana. x = -l t y = Sx~S. 

(e) (2, 3, 6), (2, - 7, 5). Ans. z = »,x = 2. 

3. Show that the two-point form of tin: conations o[ a line become 
x-x, _y- 
x 2 -xi yi- 
if xi = x? ? 



= Zi, if z\ = z$. What do they become if y 1 = y«\ 



ratio s:isy liii.c any value ami may In: u|isil to the firs', ini. 
is of the line become ^i=5(Jl?, i = 3> Geometrically, it is evident 

that the two points Ik: in the plane ."; - 3. anil hence tlie line joimml thorn also lies in thai 
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3. What do the Uvo-pniiil- equations id' a linr become if Kj = x$ and 
Vi — i'a ? if !/i = 3/a and zj = z s ? if 2i = % and. aj = x 2 ? 

4. Do Liu: loll'iwiug sets of puinls lie on straigid line.-, ';' 

(a) (3, 2, - 4), (5, 4, - 6), and (0, 8, - 10). Ana. Yes. 

(b) (8, 0, 1), (0, - 3, 2), and (6, 3, 0). Ann. Yes. 

(c) (2, 5, 7), (- 3, 8, 1), and (0, 0, 3). Ana. No. 

5. Show that l^eci'iinlHii^ifiUj.'iU In; lhre«]jo:]ii.s/ J L (x 1 ,i/ 1 ,«i),P i (ii; 3 ,j/ a ,« a ) ! 

and 7 J 3 (£ 3 , v 3 . J:') siiO'.ild lie in) a straight, line are — "-'-' = ^ "~ !/! = " :i "" '" ; 
v ' afc-«i V»-Vi Z. s -Z-y 

6. rind the t>qu:i! hiiis oi '.lie line passing through the point (2, — 1, —3) 
whose direction i:or-iin.-.H :tie proportional to -i. 2. and 7. and reduce lliem to 
the form (IV), p. 307. -1ms. a = fa + y,ff = jg-^. 

7. Find the equations of the line passing through I l.e point (0, — 3, 2) 
which is parallel to the line joining the points (3, 4, 7) and (2, 7, 0). 

8. Show that the lines a ^— = '^— = ~ and X -^— = t^L ~ L±_ are 
,, , 3 -24 -3 2 -4 

parallel. 

9. Find the equations of the lino through tins point (— 2, 4, 0) which is 
parallel to the lino"-. ,1" " : - " — > and reduce them to tin- form (IV). p. JifiT, 

4 3 ~ * 4ns. x = -4z-2, tf = -3* + 4, 

10. Show that the lines ^t- = ^^- = ^— and ?-~- = - = 5-i_ are 
j. , fi -3 2 2 6 3 

perpendicular. 

11. Mnd the angle between the lines ■ -- ■ = — = and 

— — = y - ~- = - if both are directed upward. Ana. —■ 

12. Find the paramo; vie equations of tin; line p;-.ssmi; through the point 
(2, — 3, 4) whoso dmci.iori cosines are proportional to 1, — 2, and 2. 

Ana. x = 2 + ip,y = ~&-£p,z = * + ip. 

13. Construct tlie lines whoso parametric equations arc 

(a) x = 2 + $p,y = 4-i P , z = B + ip. 
fb ) B = -S-f ft jr = fl-ffti = 4 + f,. 

14. Find the distance, measured along the line x — 2 — -fo-p, y = 4 + j-§/>, 
z = — 3 -f j* 3 -p, from the point (2, i, — ',)) to tlie interseelJon of the line with 
the plane 4a — # — 2z = 0, -Aits. 1J. 

15. Show that the symmetric equations of the straight line become 



W-Vi 



= £i if COS7 = 0. What do they become if cos a = r 



,GoosIe 



ANALYTIC GKOMKTRY 



it I he symmetry- e< pa; ions ol i.Iil- stvaitjtii i : ne l> 
= cosa = 0. What do they beoome if cos a 



17. Reduce, the lunations of the following lines to the s; 



(a)i 



= 8,21 



= 18. 



(b) 4s -6*4-8* = 3, 4i-5y + z- 

(c) 2x + z + y, = 0,x + Zz-5 = D. 

(d) !B + 2y + fi« = 5, S\r.-2;, -10? 

(£| 8as-4if = T,» + S» = ll. 

<g> 2i + !/ + 2e^T, E + 3y + 6z = 

(h) 2a -3^ + 2^4, 4a -fly -a = 

(i) Ss + jf = l, 4z-3* = 10. 

(i) i = » 



+ a, y = n 



Ans. y =-2, % =1. 



ffiiif. Find tlie<sniir(li]];itw (if a point on tlm line by ;issu]:;hm ji value of one variable 
iiii'L s'lhi:^ Ijii' i.i|Liat : oii- i.l' the linn- lin- [][■■ ..il'rr ;v.'j v;u'i:.liles. In the imswors t/is 
1 1 i ) 1 1 li I'm point in which ihe line pierees the A" 1" plane, or l;:c point in which it pierces 
tin: 1'.? plane if if is parallel to thii A"]'-plane, or tlic point ill which it pierces the -£TA- 
ptane if it is parallel to Hie y-ajtis. 

Find the direction cosines of the tine iiy tiie Kule, p. :'M .or numbers proportional to 
them byTh.wcm M, p. ;(r;r>), ami substitute in the symmetric equations of the line (or 
in the form given in li-.e Corollary to Theorem VI). 

If one or two of the ilireet.iou ens hies uri'zurei, live symmetric cijuations take the forms 
jfiviin in problems 15 ami hi. 

18. Find tin; ec|ual.ifnisoJ; tiie- iiniiiiiiMiii.ii'iliroiis'll the point. (i,0, —2) which 

., , , , ,,, ,. x-3 y z + 1 , a y + 1 z + 2 

isperpemhcnhir t.ocaeh oi 1.1a: Imes — ; — = ?■ = — — and - = — = — - — , 



19. Find the equations ol the litn.- passiiit; i.h.i\iuj;h the point (3, - 
is perpendicular to each of the lines £ = 22 — 1, y = z + Z, and - 
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20, Find the equations of tiie line through fifo, ;/,, z{) puraiki U> 



(d) A-ix + B& + C-& + fli = 0, -4^ + Biy + C 2 s + Z> 2 = 



■ B,C a - B a 0i £VU - A^C^ A& - 
31. Tind the equations uf. ihc line passing through Pif^i, */i, z- 
perpend ioular to each of the lines 



to — b s u s c»« 3 - t: s a 2 a-lh:, ■ a-Jj-i 
162. Relative positions of a Hue and plane. If the equations 
of a line have the general form (11), p. 3G8, then the line will lie 
in ii given plane if a value of It in (VII), p. 360, may he found 
sueh thai, the locus of that equation is the given plane. 

If the equations of the line have the form (IV); we substitute 
the values of two of the variables given by (IV) in the equation 
of the plane and see whether the result is true tor nil- values of 
the third variable. II such is the case, the line lies in the plain'. 
An analogous procedure may be followed if the equations of 
the line have the form (V), (VI), or (VII). 

Theorem VIII. A line whose direction angles '.ire a, 0, and y and 
the plane Ax + By + Cz + D = are 
(a) parallel when and only when 

A cos a + B cos /? + C cos y = O; 
(6) perpendv.'-uktv -when, and only -when. 
A _ B _ C 
cos a ~ cos p ~ cos y 
Proof. The direction cosines of the normal to the plane are 
(Corollary J, p. 350) 

A £ C _ 
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The line and pla.no are parallel when and only when the line 
is perpendicular to the normal i.o the plane/''" that is (Theorem VI, 
p. 335). when and only when 

A cos a + 11 cos /3 + C cos y _ 

± V/j '*+!;*+ c* 

Multiplying by ihe radical, we get the condition for parallelism. 

The line and plane are perpendicular when and only when 
the line is parallel to the normal to the plane, that is (Theorem VI, 
p. 335), when and only when 



± V2 1 + B 2 + C 2 ± V~A* + B* + C 2 

C 

COS y = ■ ■ -- — ■ 

±Va 3 + b" + C* 

Dividing these equations by A, B, and C- respectively and 

inverting, we at once obtain the conditions for perpendicularity. 

Q.B.D. 

163. Geometric interpretation of the solution of three equa- 
tions of the first degree. The coordinates of a point which lies 
on each of three planes will satisfy the equations of the three 
planes, and hence to each point common to three planes there 
will correspond a solid. ion of their equations. Hence we have 
the following correspondence between the relative positions of 
three planes and the number of solutions of their equations. 

Position- of planes Number of so'iilious of equation* 

Forming a triedral angle. One solution. 

Forming a prismatic surfa.ee. + ISo solution. 
Passing through the same line.]: A .singly infinite number. § 
Three parallel planes.? No solution. 

Three coincident planes. A doubly infinite number. 1 

"If the line is periiemLicuLiv to 'lie normal to the plane, it may, in a special ease, lie 
in the plane. 

t Tin ill' the planes may lm punillcl : n .1. special case. 
;■ Two of the jilfitu:- may coincide in a. special casi:. 
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If the three planes form a tried™] angle, the point; of interseo.tion is found 
without difficulty by fiolving their equations. 

If the three planus Covin ;i prism atie surf nee, their lines of intersection are par- 
fillel. Whether this is Die ease or not may he determined by Theorem III, p. 'Ma, 
ami the Corollary, \i. :i:.il. 

If tbe 'three planes pass tiiroudi the s;inio lino, the intersection of two planes 
lies in the third. Whether this is the case or not may In: deicnnincd by tin: 
method on ]>. ■"-!. To .solve their equations set oiiu variable uqujtl lo k. ami solve 
iir.a of the equations for tin: ruriiiuninsj variables. The results vi-l he solutions 
for all values of k. 

Whether the three planes are iia.ra.llel or not may in- determined by Corollary III, 
p. 350. 

If the. three planes ■■uineli!.", al, t.l their coefficients are proportional. To solve 
11 1<- i i - equations set tiro of the variables etjttal 10 I:; and I;.-., and solve one of the 
equations for the reuiainiin; variable. Tbe results will lie solutions for all values 
of ki and.ftg. 

PROBLEMS 

— — — - is parallel to the plane 4 x -f 2 y 

3. Show that the line- = - — - is perpendicular to the plane Sa + 2y 
+ 78 = 8. 3 2 7 

3. Show that the line » = u - 4, y = 2z-3 lies in the plane 2x - 3» 

+ 4z-l = 0. 

i. Sbow that the line a = - 2 + | p, ;/ = - ~ p, z = (i + £ p lies in the plane 
x-2y -0z + 38 = 0. 

S. Find the coordinate* of the points of intersection of the following 
planes and deternnue the rela'ive positions of the pianos, 

(a)2sn + y-2g = ll t z-y + g = 0,x+2i/-g = 7. 

Am. (3, 1, — 2); planes form a triedral angle,, 

(b) 2x + 4y -|- 2j = 3, 8 a: + 3y + z = 0, 3x-fiy- 5 z = 8. 

Ans. None; iranos form a prismatic surface. 

(c) x - y - 3 z = 1, x + y + z = 2, 3 x - y - 6 a = 4. 

4ns. {| + &, -J — 2&, fc); planes pass through a line. 

(d) 8x-y + 6z = 0, 21a; - 7y + S5s = 8, 2y-10z-6x=4. 

jliiS. None ; planes are parallel. 
{e) 2x~3y + iz = 3, 6y - ix - S z -\- fi = 0., fix -9y + I2z = 9. 

Ans. [hi, A-;, 1(3 — 2 fci + ■'! I:?) |; planes coincide. 

8. Show (hat tlie line ■ = = lies in the plane 2 z + 2 y 
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7. Find tht equations of ihe lino ivi5sir.fr Liirou;rh the point (3, 2, ■ 
which is perpendicular to the plane iz - y -\-Zz — 5, 



8. Find the equations of the line passing iliniugli i.he point (4, — li, 2) 
which is perpendicular to tin- pl;un; x -r 2y — Sa = 8. 

An* a — = t±l = rill! , 

0. Find. the equations of the line passing through Lhft point (— 2, 3, 2] 
which is parallel to each of tin: planes Sx — y + z = and x — z = 0, 



which is perpendicular to the line — ■ 

Aits. 'lx + by —z= li). 
11. Find the equation of i.he plane passing throtifrh the point (2, — 2, 0) 



which is perpendicular to the lino z ■■■■ ■',, y-'2x — i. Ann. x + 2y +2 — 0. 
Find the equation of the plane 
= 8 which is parallel to the line - ■ 



12. Find the equation of the piane passing through the line * + 2 z 

_y +4_a -7 



Ana. £ + 10y-8s-84 = 0. 



which is parallel to eaeii of the lines 



14. Find the equations of. the hue passing through the point (3, 1, — 2) 
which is perpend] cnl ur to ;]ie plane 2 x — y — 5 z = 6. 

Am. a; = - §s -f Y, U = iz+ i- 

15. Show that the lines ^? = ^L±l = — and ^^ = ^-±^ = - 

3 4-2 - 1 32 

Liitevseei. and In-J tin: equation of :he plain 1 - (b-Urmined by lUc-m. 

Ann. 14 a -4j/+ 13z = 32. 

16. Find the equation of the plane detenniucd by r.ji c line = - 

e-1 2-2 

= and the point (0, 3, — 4). Ans. x + 2 y + 2 z + 2 = 0. 

17. Find the equation of l.lie plane dt:ic;:uined by [.he parallel lines 
3 3 18 2 1 A nx. 8x + y-26z + B = 0. 
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18. Find the equations nf ; In: line pa^inj: through I';{xi, j/i, Zi) which ie 
perpendicular to the plane Ax + By + Cz + I) = 0. 

Ans - " Xl = v ~ Vl - z ~ Zl 
' 4 B C " 

19. Find the equation of the plane [.wssing tliroiian i lie point Pi(£i, #i, zi) 
which is perpendicular to the lint — — = - — -■— = — — . 

Ana. a(x-x,) + b{ ! /-y i ) + c{!'.-z,) = 0. 

30. Find the angle 6 between the line -~ - 1 = v ~ yi = z -~ S and the 
plane 4a + % + Cz 4- J = 0. ,! ■ * m * 

I'd- /I tt + B6 + Cc 



31, Find the equation of (he plane pa^iin; ; !in-oi.;^li ./' ri (.i^, yj, z 3 ) which 
O] 6i C] as 6j 



s parallel to each of the li 



4ns. {bic ls -b 3 c i )tx-Xi)+(c 1 a i ~a fl Ci}(!/-y e ) + {ailh-a- 1 h){z-^)=0. 

B3. Find the condition that the plane A&+B&+ C,z + J)i = should 
be parallel to the line A%x + B^y + CzZ + Ds = 0, A 3 x + B 3 y + C&+ X>a = 0. 
Am. A- t (BzC s -B e C i ) + B 1 {CiA 3 -C l Az) + C i (AzB s -A 3 Bi)=0.. 

33. Find the equation of l.he plane lirttTinincil liy the point Pi (Xi, y\, Zi) 
and the line Ajx + Biy 4- C,z +Ui = 0, A& + B 2 y+C 2 z -f-Ds = 0. 
4ns. (4^ + 53^1 + C s Zi +A) (4ia + B,y+ Ciz +A) 

= (.4i!Bi + B-iy-i 4- CiZi 4- £,) (A 2 x + B-iy + C 2 2 + Ih). 



Ana. {btfs-lhCi) {x-xj) + (c 1 a 3 -t: 2 a 1 ){y -yi) + {aibz-a :i b 1 )(z-z,)= d. 

25. Find the equation of the plane determined by the parallel lines 
x-x-i _ y-y-L = z -zi fl x-x a _ y-]h = z - z 2 

Ana. [(i/i -yn)c - [zj - z„)b]x + [(*i -Ss)a - (ii -&i)c]y 
4- [(Si - 3s) & - (yi - Vi) a] z + (j/jZb - VzZi) a 

+ (Zl% - ZtfEl) 6 + (*ijfij — iCs£/l) = 0. 
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36. Find the conditions r h;i'. r ho line x = mz -\- a, y = nz + b should lie in 
the plane Ax + By + Cz + D = t). 

Aas. Aa + Bb+B = 0, Am + Bn + €' = <>. 
27. Find the equation of the plane passing through the line ' 

= y -~ll = % —J± which is parallel to the line ^Z^l = l^lll _ JlL?" . 
bi c, Ch °2 c 2 

Ans. (b 1 C2~t><,c 1 )(x-x l ) + (u,<H-cna 1 ){y-'!/ 1 ) + {a 1 b i -a 2 b l ){z-zi) = 0. 
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CHAPTER XX 
SPECIAL SURFACES 

164. la this chapter we shall consider spheres, cylinders, and 
cones* (surfaces considered in Elementary Geometry) and sur- 
faces which may he generated by revolving a curve about one of 
the coordinate axes or hy moving a straight line. 

165. The sphere. 

Theorem I. The equation, off.hu s/iherc, whose wider is the point 
(a, 0, y) and whose radius is r is 

(oc - af + (y- p? + (z - Y y = r', or 

(I) oe 1 + p* + s 1 - S ax - 2 fa - 2 yz + a 1 + /? 2 + y % ~ r * = °- 
.Proof. Let P(x. //, k) be any m.iinl; on the sphere, and denote 

the center of the sphere by C. Then, hy definition, PC = r. 
Substituting the value of PC given by (IV), p. 331, and squar- 
ing, we obtain (I). q.b.d. 
Theorem II. The locus of an equation of the form 

(II) a>* + y* + ^ ! +e* + Hy + Iz + K=0 
is determined as follows : 

(a) When G 2 + H* + I 2 — 4 K > 0, the locus is a, sphere whose 
center is ( — -^-j — -rp — -r ) and whose radius is 



r= |Vt.' a + H 2 + I 2 - iK. 
(b) WhenG 1 + H 2 + I 2 — 4K= 0, the locus is fii.iypiimt-spla-.r'i] 



(c) Wlien G 3 + H 1 + I a — iK<0, there is no locus. 

*Tn Analytic Geometry the terms sphere, cylinder, ami eono arc usually used ti 
iiiQLC the f.phr:ical a::ri'n(!f, cylindrical mil- lata, and eonieal M-.i-fmu: cf ilkiLu.nlnv- 
icoinctry, and not Liu; solids bw.mded wholly or in van by such surfaces. 

i That is, a point or sphere of radius zero. 
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Proof. Comparing (II) with (I), we obtain 

- 2 a = G. - 2 j3 = Si - ■ 2 7 = 7, a 5 + /P + y 2 - J- 2 = A", 

« — §. /8 = -f. 7 = -|' r=iVfl"+ff«+/>-4£ 

Hence, if G 2 + if a 4- /' 2 — 4 A > 0, the locus is a sphere. 

To determine the general appearance of the locus of (II) when 
G' 1 -f J/' 2 + 7 2 — 41<0, we consider the section formed by the 
plane a — ft, whose equation is (Rule, p. 345) 

(1) a 2 + y 3 + to + tfy + A 2 + » + A' = 0. 

The discriminant of (1) is (p. 131) 

— £S -j. //* _ 4 k 2 ~ 4 fft - 4 K 
= - 4 k- - 4 /A + G a + //" - 4 A'. 

The disi'niuniaiit of this <.] ua.dra.ti e in k is (p. 2) 
i=16/ a + 16G s + 16// s -64A' 
= 16(G a + TP + / a _4A'). 

In discussing the locus of (1) three cases arise which depend 
upon the sign of © (Theorem I, p. 131). 

(a) If G" + IP + P - 4 K > 0, © is positive for values of 7^ 
lying between the roots of © (Theorem III, p. 11), and the 
section (1) formed by the plane a = k is a circle. Equation (II) 
has a locus, as we have seen. 

(b) If G 2 + H ' 2 + P - 4 A* = 0, © is negative for all real values 
of k (Theorem III, p. 11) except the roots, which are real and 
equal (Theorem II, p. 3), and for this single value of k the locus 
of (1) is a point-circle. As but one plane, s = k, intersects the 
locus of (II), and as this intersection is a point-circle,, the locus 
is a point which may be regarded as a sphere of zero radius. 

(c) If G 2 + if 2 + P — 4 K < 0, © is negative for all real values 
of k (Theorem Til, p. 11), Hence (1) has no locus whatever the 
value of k may be, and therefore (II) has no locus. o.e.h. 
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Theorem III. The lows of the general, equation of the second 
degree in three variables 

(III) Ax 2 + By 2 +Cz 2 +Dyz+Ezx + Fxij+Gx + Hi/+lz + K = 

is a, sphere, when and only when A =B = C, D = E = F — 0, and 

r? + U 2 + I*-±AK . 
_ — . , /tl pnmtxve. 

This is proved by comparing (ill) with (II). 

PROBLEMS 

1. Find the equation of the s;>liere w'loae center is the point 

(.i) ((!-, 0, 0) and. whose radius is it. Ann. x 2 + y 2 + z 2 — 2 ax = 0. 

(b) (0, p, 0) and whose radius is fl. Ann. x"- + y- + a" 3 - 2py = 0. 

(e) (0, 0, 7) and whose radius in y. Ans. x 2 + y'* + a 2 — 2yz = 0. 

2. Determine the nature of tin; loci of the following .'(jinitions and find the 
center and radius if the hicus i~. a sptitiiT. or tin: t'.^nliiiales oi the point- 
sphere if Che locus is a point-sphere. 

(a) & + y* + &-Qx + iz = 0. (c) iB» + ^ + aa + ix -3 + 7 = 0. 
(h) x' ! + if* + z* + ix - Ay - h = Q. (d) tfi + y* + z* - 12 a + 6y + 4z = 0. 

3. Where will the center of (II) lie if 

{a)G = 0? (c)I = 0? (e)7f = / = 0? 

(b)H=0? (d) 0=.ff=O? (f)I=G = 0? 

4. Show that :i sphere is detenr.innd l>y i'dur conditions and. formulate a 
rule by which to find its equation, 

5. Find the equation of the sphere which 

(a) has the center (3, 0, - 2) and passes through (1, 6, - 5). 

Ans. x' 1 + y 1 + z% - fix + 4z - 36 = 0. 

(b) passes through the points (0, 0, 0), (0, 2, 0), (4, 0, 0), and (0, 0, - 6). 

Ans. x 2 4- !/ a +2 s -4i- 2y + Gz = 0. 

(c) has its center on tlie I'-axis and passes tliron^l) tin.' noints (0, 2, 2) and 
(4, 0, 0). Ana. x* + y" + + 4 y - 1(5 = 0. 

(d) passes through the points (1, 1, 0), (0, 1, 1), and (1, 0, 1) and whose 
radius is 11. Ans. %* + y 2 + & - 14a - \iy - \iz + 28 = 0. 

(e) has the line joining (4, - ti, 5) and (2, 0, 2) as a diameter. 

Ana. x 3 + y 2 + & - Ox + &y - 7 a + 18 = 0. 
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6. Given two spheres Si : j; 2 + if 1 + z- + GiS + i:/,y + ii« + Ki = and 
S s : x- + -y 2 + z* + G?x + Hi!) + hz -I- A's = ; show that the locus of 

St : & + if- + S 2 + G s x + H,y + I,z + A, 

+ k (z 2 + y* 4 -z 5 -V G& + Ihy + hz + Ks) = 

is :i eire!e except, when I; =- — 1. In this cast the luctts is a plane eallcd slit: 
radical plane of S, and Sj. 

7. The center of the s [there -S'i- in problem (i lies on 'lie line of centers of S| 
and S 5 and divide,; if into segments whose ratio is equal to fe. 

8. The equation of the- raoica'. plant of .S am! i^o (problem 0) is 

((5l _ e s ) x + (ffj _ ff a ) j, + ,J, _ J,) z + (A'j _ A",) = 0. 

9. The radical plane of two spheres is perpendicular to their line of 



10. The radical planes of three spheres taken by pairs ;i 
perpendicular to [heir plane of renters which is called the radical axis id the 
spheres. 

11. The radical planes of four spheres taken by pairs intersect in a point 
billed (.he radical center of the spheres. 

10. When two spheres S, and ,s' 2 (problem 0) intersect, the system S ( - con- 
sists of all spheres passing through i liulr eirele of intersection. 

13. When the spheres S) and S? (problem (1) are tangent, the system St 
consisis of all spheres tangent ■ u .S> and .Su at their point of tan jitney. 

14. The equation of. the sysiem S. ; . (problem (!) may be written in the form 

£ 2 + y* + « a + le'x + K = 0, 
where k' is an arbitrary constant, if the .Y-axis is chosen as the line of 
centers and the l"Z-plane as the radical plane of Si and S 5 . 

15. The spheres oi the system in problem 14 have their centers on the 

(a) pass through the circle y 2 + s 2 + A* = 0, i = 0if H"<0. 

(b) are tangent l.o each other at the origin if A' = 0. 

(c) are orthogonal to the sphere x? + }/* + & =Kif. JT>0. 

16. The product of a secant of a sphere drawn from a fixed point and its 
external segment is constant. 

17. Find the square of the length of a tangent from a point Pilzi, y L , z{] 
to the sphere x* + y 2 + e 3 + Qx + Hy + Iz + K = 0. 

Ans. x-? + y-? + ai 2 + Gxi + By! + Ie t + K. 

18. Show f:ha : . Ihc equations of an inversion (p. 2i!7) in space are 

_ _ x' _ y' -_ z' 
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19. Show Unit. the inver.se of ii plane is a sphere unluss Uuj plat 
r. 1 1 r i :■ 1 1 jj; 1 1 Uu: oridu. and that iii this ca,se Ui(! plane is invariant. 



e of a sphere it 



166. Cylinders. 

Ex, 1. Determine the n 



■e of the locus of ij l = 4 s. 
Solution. 'Die intersection of the surface with a plane parallel t 
FZ-plane, x = ft, are the lines (Rule, p. 345) 

(1) » = ft, J = ±2Vt, 
which are parallel to theZ-axis 
(Theorem II, p. 342). H*>0, 
the locus of equations (1| is a 
pair of lines ; if k = 0, it is a 
single line (the Z-axis) ; and 
is (1) have no 



Similarly, the intersection 
with a plane parallel to the 
ZX-plane, y = k, is a straight 
line whose equations are (Rule, 
p. 345) 

x = £ft», y = k, 
and which is thcivfiin.' parallel I" i.in: Z-axin. 
ii with a plan 

= k, y*-- 



#:~flk 



the XT-plane is the parabola 
1 iB- 
equal and placed, one abov 



For different values of k these parabolas 
another. 

It is therefore evident that the surface is a cylinder whose 
parallel to the Z-ax!s and intersect the parabola in the XF-plai 



It is evident from Ex. 1 that the locus of any equation which 
contains hot two of the variables x. y, and a will intersect planes 
parallel to two of the coordinate planes in one or more straight 
lines parallel to one of the axes and planes parallel to the third 
mordinat.fi piano in equal curves. Such a surface is evidently a 
cylinder. Hence 

Theorem IV. The locus of an et/i'.ation id which one variable is 
kicking is a (■//Under whose, element.* ace parallel to the, axis along 
which thai variable is measured. 
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167. The projecting cylinders of a curve. The cylinders whose 

elements intersect a given curve and are parallel to one of the 
cofirdinate axes are called the projecting cylinders of the curve. 

Then 1 equations rnay bo found by eliminating in -turn each of the 
variables x, y, and z from the equations "of the curve; for if we 
eliminate -■. for example, the result is the equation of a eyli'.n.iei: 
(Theorem IV) which passes through the curve, sinoe values of :/'. 
;/, and s which satisfy eaeh of two equations satisfy an equation 
obtained from them by eliminating one variable. 




The equations of two of the projecting cylinders may be con- 
veniently used as the equations of the eurve.* 

The, figure shows tliu curvo ivhosr Hjnutiems aro 

2y* + z* + 4x=lz, %?- + 3z* - Sz = 12;. 
Eliminating ■x, y, and z in turn, we obtain the equations of the projecting 
cylinders ' y * + „ i = iZi ^- ixisiz , ^_i_+ I==0 . 

The figure slum's the livsi. ami third of these cylinders. 

If the curve lies in a plane parallel to one of the coordinate 
planes, then two of these cylinders coincide with the plane of the 
curve, or part of it. ' 

» In general, the equations of a curve may In; renlneeil by any t.'.vo independent equa- 
■ia'.LMii;d liy nil values of .-. ij, ami -. satisi'yiii!.' tin' i:i|iia:i.ms of the curve, and only by 
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:)>.r, 



The projecting cylinders of ;i straight; line are evidently planes. 
The equations of a line in terms of its projecting cylinders or 

planes haw already been given (Theorem IV, p. 307). 

168. Cones. 

Ex. 1. Determine the nature of the locus of the equation lo^ + y 3 — * 4 =0. 
Solution. Let P,(x,, y u ?i) be a point on a curve C in which the locus 
s any plane, for example z = k. Then 

lfla;i s + i/i a -«i s = 0, z, = k. 
The origin lies on the surface (Theorem III, p. 345). 
that the line OI\ lies entirely on the surface. 
The direction cosines of OP, are (Corollaries, 
pp. 332 and S31) — , 

nates of any point on (. 



(1) 



rad — , where 

uce the coord L- 
■e (Theorem V, 



i'L 



Substituting iheso liilues of x, y, and 2 
the given equation, we obtain 

£iV , i/rV gyV _ 



(2) 



PV 



pr 



- = 0. 



This is true for all values of p since it may 

be obtained from tho sirs; of equations (1) by 
multiplying by -^. Hence every point on 
OP, lies on the surface, that is, the entire 
line lies on the surface. Hence the surface 
is a cone whose vertex in the origin. 

The essential thing in the solution 
of Ex. 1 is that (2) may be obtained 
from the first of equations (1) by multiplying by a power of — 
This may be done whenever the equation of the surface is 
homogeneous * in the variables x, y, and z. Hence 

Theorem V. The Ine-n.s of cm e.quttiiou which is homogeneous in 
the variables x, y, and z is a cone -whose vertex is the origin. 

:: "vvlu'tl ill- LlH: K'lllL: .11 I'll i.i[ULlt;oii :liv ..: 




thesami ,; 



>e [footnote, p. 17). 
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1. De term ine the n; 

(b) & + jj 2 = z 2 . 

(o) y* + 4 a 2 = 0. 
(d) s?-*a = 16. 



PROBLEMS 

■c of the folic wing loci ; discuss 

(e) a?-i/» + 36** = 0. 

(f) ^_l(S3;2 + 4 K a = 0. 
{g) a* + 16jfl-ix = 0. 
(h) k* + yz = 0. 



2. Find the equations of. the cylinders whose dhv-irices arc the following 
urves and whose dements arc: parallel i.o one of the axes. 

(a) v* + z 2 - 4 y = 0, x = 0. (o) fi 2 s 2 - aV = a 2 *'. « = °- 

(b) s 2 + 2x = 8, y = 0. (d) j/" + 2p2 = 0, x = 0, 

3. Find the cqualions of the pi-ojc-ctms I'yliin li-rs of the following curves 
,nd construct l.hc curve a* the interne, ion of two of these cylinders. 

(a) a; 2 + jr= +& = 25, a? + iy 2 - s a = 0. 

(b) s 2 + 4j(3- z 2 = 16, lx? + y s + z* = 10. 

(c) a? + si'=4» ) a ! '-j/ ! = 8z. 

(d) 3? + 2yi + 4z 2 _ 82, & + 4y2 = 4z. 

(e) y3 + zx = 0, j/ 2 + 2 b + ji - z = 0. 

4. Discuss the following loci. 

(a) a? + i/3 = e=tan s 7. 

(b) ^ + s3 = a .2 t an 1 «r. 

(c) z 2 + ^3 = j,stan*/s. 



(d) ce 2 + y 3 = r 2 . 

(e) yl + * = rt 

(f) z 2 + s' = r 2 . 



169. Surfaces of revolution. The surface generated by revolv- 
ing ;i curve about a line lying in its plane is called a surface of 
revolution. 

En. 1. Find the equation of ilic surfiicuof revol'.ilion generated by revolv- 
ing the ellipse y? + 4«/ 5 - 12 s = 0, 3 = about the X-axis. 



Solution. Let P (s, ?/, a) he any point o 
P and OX which cuts the surface along oi 




. Pass a plane taioiudi 
position of llie e'iip.se, and in this 
plane draw O.l" perpendicular 
to OX. Referred to OX and 
OY' as axes, the equation of 
the e". Huso is eviden: ly 

(1) 3^ + 4y^-12x = 0. 
Rut from the right triangle 

P^lBweget?/ ,2 = ^ + iJ 2 . 
Substituting hi (1), we get 

(2) a 2 + 4i/2 + 42 2 -12s = 0. 
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This equation expresses the relation ■.vliicli any point mi the sprface must 
satisfy, iind i; is easily shown that any point whose uoiiruindles salisl; equa- 
tion (2) lies on the surface. It is therefore the equation of the surface. 

The method of the solution enables us to state the 

Rule to find the etpw ilon of the siii'fw.e iji'iir- rated by revolving 
a. curve in one of tin: ci.iiirii'niate }>l.a:iu. > .< dhout one of the axes in 
thul plane. 

Substitute in tiio eyHiction of the our re the. xi/iiare root of the sum 
of th-e .squares of tk<; two variables not measared aloivj the axix of 
ri:r-iiiifi--ii> for that out: if these two tar ioJ.ii.es wh/wh occurs in the 
equation- of the curve. 

If the intersections of ;i surface with n.!l pianos parallel to one 
of the coordinate planes are ci votes, then the surface is evidently a 
surface of revolution whose axis is the coordinate axis perpen- 
dicular to the planes of the circular sections. This enables us to 
determine whether or not a given surface is a surface of revolu- 
tion whose axis is one of the coordinate axes. 

170. Ruled surfaces. A surface generated by a moving straight 
line is called a ruled surface. If the equations of a straight line 
involve an arbitrary constant, then the equations represent a sys- 
tem of lines "which form a ruled surface. If we eliminate tin: 
parameter from the equations of the line, tlie result will be the 
equation of the ruled surface. 

For if (aii, i/u Zi) satisfy the siivcn equations for some value of the parameter, 
i lir-y wiii satisfy tin; equation olu;:i:n-:l by eliminsl in;; itie. pis rsmi (>(:■)]■, that is, the 
coonli nates of every point oo own,- line ol that syslom satisfy that equation. 

Cylinders and cones are the simplest, ruled surfaces. 

Ex. 1. rind the equation of the surface generated Ly the line whose 

x + y = kz, x-y = -z. 

Solution. We may eliminate. A 1 from these equations of the line hy multi- 
plying them. This gives 

(1) &-&=&. 

This 19 the equation of a cone (Theorem V, p. !-!8i>) whose vertex is the origin. 
As the sections made by tin: pianos j: — .'.- arts circle.-, ii if a cone ot revolution 
whose axis is the JT-axis. 
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We may verify that the given line lies 01 
"f k as follows; 

Solving the equations of the line for x and 
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■ 'die jvivevi line lies <>i: the snrfaee (|| for all value.-; 



Substituting in (1), ■ 



>2\ kJ 2\ k) 

■,'.'(■■ ohla::i 



: i 1 1 equation which i- true ior all vahies of .(' ;v:ii.l ■>, as is seen by removing 
the parentheses. Hence every point, cm any line; of the system lies on (]), 
since its coordinates satisfy (1). 

Ex. 2. Determine, the nature of the surface z !! - 3 z% + 8 y = 0. 
Solution. The intersection of the surface wir.li the plane z = k is the 
straight line (Rule, p. 345) 

kP-SIcx + By = 0, z = fc. 




Hence the surface is the ruled surfjuv ;;eneraled by 'his line as k varies. 
To construct, the surface consider the inlor.seel.ioiis with the planes* — and 
x = 8 whose eo.nat.ions. an: respectively 

a = 0, 8 y + «° = anil a = 8, 8 iy - 24 z + z* = 0. 

Joining the points on these curves which have the same value of z gives 
the lines generating the surface. 
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PROBLEMS 



■4ns. 


y2 + Z'> = iZ 


-18. 


Ana. 


& -|- i >/ ! + 2 


= 16 


Ans. 


x» + y* = 4 z 




Arts 


^ - ^2 + ^2 


= 16. 


Am. 


^ - j, 3 _. z a 


= 16. 


Ans. 


& + &+■& 


= 25. 


A paraboloid of revolution, x- |- y- 


= 2ys 



t. Find the equations of tin: surfaces ot revolution generated by revolving 
the following curves about, the axes indicated, and ci 

(a) s* = 4»- 16, X-axis. 

(b) ^ + 4i/! = 18, r-axis. 

(c) a:«=4j, Z-axis. 

(d) z 3 - 1/* = 16, Y-axis. 

(e) z 3 - y= = 16, X-axis. 

(f) J/ s + z 1 = 26, Z-axis. 

(g) j/2 — 'ipz, Z-axis. I. 

(h) — + ^- = 1, X-axis. 4lW. An ellipsoid of revolution, — + jl + _ = 1, 
(i) ^ - j£ = 1, r-axis. 

Ans. An hypeiboloid of revolution of one sheet, ■■■ ■ ■ 1 = 1. 

tf v* a b a 

fi) _-*- = !, X-axis. 

\ i ': ■■.!■■:.': ImUu;' li I ivv;-.];:tif!v. l> I lAV.i sheets. ■ — '- =1. 

a 3 6 2 6 2 

B. Sliow that the following loci are either surfaees of revolution or ruled 
surfaces whose gone.otors arc parallel loom: of the coordinate planes. Con- 
struct avid discuss the loci. 

(a) y' ! + z 2 = 4e. fe) ig? + 4y* - 2 3 = 18. 

(b) as* - 4^ + z" = 0. (f ) a^, - z 3 = (J. 

(C) Z 2 _ zx + j, = o. (g) X 1 + 2 3 = 4. 

(d) a% 4- ss = I/. (b.) (s 3 + z a ) ^ = -1 « 3 (2 o - y). 

3. Verify analytically that a sphere, is generated by revolving a circle 
ah oat a diameter, 

4. Show that the systems of spheres in problem la, p. 382, may he gen- 
o rated hy j'evo'.vinj I he- s\ sleoLS of dvoles in Theorem V 1 1 1, p. I -If. about 
the A'-axls. 

5. Find the equation of the surface of revolution jseuerated by revolving 
the circle a 3 + y' 1 — 2 az + a- - f 1 - = about the F-axis. Discuss the sur- 
face when «>>', a ~ r, and a<r. 

Ans. (& + y 3 + z' 2 + a 1 -! 8 )^!!!'^ + » 3 )- When a>r the surface 
is called an anchor ring or toros. 

G. Find the equations of the ruieu .surfaces whose yeueiutors are the 
following systems of lines, and discuss the surseci-s. 

(a) x + y = ft, k (a - y) = a 3 . Ans. x* - y'- = tcK 

(b) 4s-2!/ = iz,fc(4ai + 2y) = z. Ans. 16a: 3 - iy* = z 3 . 

(c) x-%y = 4fts, k{z - 2y) = 4. Ans. x- - iy- = 1(13. 

(d) x + ky + 4z — ik, lex - y - 4 la = 4. Ann. X s + y' 1 — Klz 2 — lf>. 
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? + y» = 16, z = 

S. Find the ©millions of '.lie rant's of revolution whose axes are the 
coiird.tnii.ttj axes Mitel v.Ilosr eleniurits tiiiiki; ;in angle of <p with the axis of 
revolution, Aws. y* + Z 2 = &tati>#; ^ + j? = -^lwi i <t>; x? + & = 0taa*fr 

9. Find the equations of tiic cylinders of revolution whose axes are the 
ci ii irdiiiiil.ii axes and '.vbi'Stt radii equal r. 

Ans. y"- + z 2 = I s - ; 2 2 + z- = r 2 ; a 2 + y 2 = r 4 . 



,Google 



CHAPTER XXI 



TRANSFORMATION OF COORDINATES. DIFFERENT 
SYSTEMS OF COORDINATES 

171. Translation of the axes. 

Theorem I. Tlv>. et/ nations fir translating the axes to a. r, 



origin 0'(h, It, I) a 

(I) 



\-h, y = 



Proof. Let the coordinates 
of any point before ami after 
the translation of the axes be 
(as, y, s) and (x\ ■//', .;') respec- 
tively. Projecting OP and 
OO'P on each of the axes 
(Theorem II, p. 328), we get 
equations (I). q.e.d. 



h.h. : '" 



172. Rotation of the 

i II. If 



fcr.i 



, y 2 , and (t B , /3 :1 , y ;i 



tividj/ the direction angles of three mntiial.lt/ per/tendieidar lines 
OX', OY', and OZ', then, the equations for rotating the axes to the 
position O-X'Y'Z' are 



(II) 



>s a L + y' cos a 3 + *' a 
>s >?! + »' coa p s + z' O 



\'.v.m\K only tkivc of the li'lu 
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Let the coordinates of any point P before and after 
the rotation of the axes be respec- 
tively (x, y, z) and (x', y' t z'). Pro- 
jecting OP and OA'B'P on each of 
the sixes OX, OY, and OZ, we get, by 
Oorolia.ry L. p. '.)'2S, and Theorems I 
and II, p. 328, equations (II). q.e.i>, 




Theorem III. The d 
Hon is unchanged fa 

tion of voiinilnatKs. 



ee of an equa- 

■ transforma- 



PROBLEMS 

1. Transform Che equation 3? + y' 2 — 4 £ + 2;/ — 42 + 1 = by trans- 
lating the origin to the point (2, - 1, - 1). Ata. x°- + y 2 - 4s = 0. 

8. Transform the equation 5 tf + 8 ;/ 2 + 5 z 2 — 4 yz + 8 zx + 4 xy - 4 x + 2 y 
+ 42 = by rotating the axes t" a, position isi which their direction cosine- 
are respectively $, f, \\ \, -f, f; |,- J, - f. ^jw. 3a» + 3ff« = 2*. 

3. Formulate a rule by winch to simplify a given equation (a) by trans- 
lating the axes, (::.| by lol.aii'ig [.tits axe:-. Ilow many terms may, in general, 
be removed fmm a. given equation by a funeral transformation <if coordinates V 

4. Derive the equations for rotating 'he a\cs through an angle 8 about 
(a) the Z-axis, (b) the X-axis, (c) the Y-axis, r x = x' cos 8 - y 1 sin 0, 

5. Simplify the folio wins cijisslioiis by translating the axes or by rotating 
them about one of the coordinate axes. 

(a) as8 + j/s- 23-6.1; -8^ + 102 = 0. /his. x* + y* - z* = 0. 

(b) 3a?~Bxy-$y-6z* + o = Q. Ans. b* - y* + a» = 1. 

(c) !/3 + 4sa-1635-62/ + 16a + 9 = 0. Ana. y' 2 + iz°- = Wx. 
[&) 2&-&yZ-&l?-8yz = Q. 4«s. ie*-4y3-«3 = 0. 
(e) 9»»-25^ + 16e2-24aB-80*-e0a = 0. ^ns. a«-^ = 4z. 

8. Show that Ax, + By + Gz + B — may be reduced to the form x = 
by :i transformation of cui'idinn.les 

Hint. Remove the constant term by trans! at in 3 the :\.\es, v.tisn remove the s-term 
liy rotatiii.™ tin; ax'ss about t':if I'-m 1 .'. anil finally rcnvivi; tin; y-ti'nii !iy relating uliiail 
the Z-axis. 
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1. Show that t.lii"; ij-Iotiu may always !:■ t" removed from the equation 

■da 2 + S;/ 2 + C^ + Fxy + ff=Obya rotation of the axes. 

B. Show thai, the i/j-tevm m;iy always bo romi'vyd from the equation 
A& + By 1 + &C 1 + Dyz + K = by rotating the axes. 

9. What are the direction cosines of OX, OT, and OZ (Fig., p. 392) 
referred Lo OX', OY\ and OZ' ? What six equations do they satisfy ? 



11. If (x, y, z) and. {x\ y'. s'j arc i-o^jor.'l.ivciy i.ln- eoiU-dhiates of a point 
before and after a rotation of the axes, show that 

k" + V s + & = »'* 4- y" 2 + j' 2 . 

173. Polar coordinates. The line OP drawn from the origin 

to any point P is called the radius vector of P. Any point P 

determines four numbers, its radius vector p and the direction 

angles of OP, namely, it, /J, and y, which are called the polar 

coordinates of P. 

Z\ 

Tbeso numbers arc not all independent 
Since a, ft and 7 satisfy (III), p. &10. If two 
iri'it knov.'ii, tiio iiii-ri iriiiy tluTi bo found, Suit 
all three are retained for the sake of symmetry. 

Conversely, any set of values of 
p, a, j3, and y which satisfy (III), 
p. 330, determine a point whose polar 
coordinates are p, a, ft, and y. / 

Pnrieutinjj OP on each of the axes, 
we get, by Corollary I, p. 328, and Theorem I, p. 328, 

Theorem IV. Thr- ei/HcJ.'wiis of fran.form.nt inn from rectangular 
to -polar coordinates arc 
(IV) M — pcosa, 1/ = p cos fi, e = pcosy- 

From Theorem (IV), p. 331, we obtain 
(1) p> = x" + y* + z\ 

which expresses the radius vector in terms of x, y, and g. 



&- 
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174. Spherical coordinates. Any point P determines three 
numbers, namely, its radius vector p, the angle 9 between the 
radius vector and the ^-axis, and the angle <j> between the pro- 

z , jeetion of its radius vector on the 

XK-plane and the X-axis. These num- 
bers are called the spherical coordinates 
of T. 6 is called the colatitude and <$> 
the longitude. 
> Conversely, given values of p, 9, and <£ 
X determine a point P whose spherical 
coordinates are (p, $, tp). 
Projecting OP on OA, we got 
OM = p sin $, 

and then projecting OP and OMP en each of the axes, we obtain 
Theorem V. The equations of tronsfarotaf ion, from rectangular 
to spherical coordinates are 

(V) x = p sin $ cos <j>, ij — p sin sin <f>, z = p cos 6. 

The equations of transformation from spue-nail to rectangular 
coordinates may be obtained by solving i'V'j for p. 9, and <p. 

175. Cylindrical coordinates. Any point J' (x, y, z) determines 
three numbers, its distance a from the 
A'F-plane and the polar coordinates (r, tf>) 
of its projection (x, y, 0) on the A'F-plane. 
These three numbers are called the cylin- 
drical coordinates of P. Conversely, three 
values of r, <j>, and a determine a point 
whose cylindrical coordinates are ()-, <£, s). 
From Theorem I, p. 155, we have at once 

Theorem VI. The, equation* of transformation from rectangular 
to cylindrical coordinates are 

(VI) x = r cos <f>, y = j- sin <f>, s = s. 

The equations of transformation from cylindrical to rectangu- 
lar coordinates may be obtained by solving (VI) for r, </>, and 2. 
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1. What is in 
p, a, p, and y ? 
coordinates r, $ 



■ant by the "locu 

ji the spherical c 



11 the polar coordinates 
lip? in- the cylindrical 



3. Show that the locus of an equation in polar coordinates is symmet- 
rical with respect to the pole i; only the form (if the equation is changed 
when p is replaced by — p; with respect to one of the coordinate planes 
if only the form of tin; equation is changed when it is replaced by nr — a, 
fj by it — p, or y by n - — 7. Under what conditions will it be symmetrical 
with respect 1.0 each of the rectangular sixes '.' 

S, Find rules by which to determine when the locus of an equation in 
cylindrical coordinates in symmetrical with respect to the origin, 
of the rectangular axes, and each of the coordinate pi.ir.es. 



4. How may the intercepts of a surface on Hie rectangular axi 
if its equation in polar coordinates is given? if its equation i 
coordinates is iiiven ? if its equation in cylindrical coordinates is ; 



S. Transform the following equations it 

(a) xs -(- & + & = 25- 

(b) x 2 + y* - z 2 = 0. 



> polar coordinates. 



W * 



= 0. 



; lie found 
spherical 



J Vs. 



B. Transform ihe :"o I lowing equations i 

(a) s* + y* + a« = 18, 

(b) 2x + iiy = 0. 

(c) B 38 + 83/2 = 7 a*. 

7. Transform the following equations i 

(a) 6ie-y = 0. 

(b) 3? + tP = 4. 



.spherical coordinates. 

Ans. <p = tan- ' (— f t ). 
Ana. 8 = tan~ 1 |Vlr, 

cylindrical coordi nates. 



S. Find the equati 
(at a. spin 



polar coordinates of 

ie whose Collier is ilie pole. 

of revolution whoso- axis is one of the coordinate axes. 
Ans. (a) p = constant ; (b) a = constant, p = constant, or 7 = constant, 

9, Find the oqiniiiou hi spherical codnliruif.es of 

(a) a sphere whose center is the origin, 

(hi a plane through the Z-axis. 

(c) a cone of revolution whose axis is the Z-axis. 

Am. (a) p = constant; (b) </, = constant; (c) 6 = constant. 
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.10. Find the raj nation in cylindrical coordinates of 

(a) a plane parallel to the XT-plane. 

(b) a plane through the Z-axis. 

(u) a cylinder oi revoiu; inn is Ufv.o axis is the Z-axis. 

Ans. (a) z = constant; (b) <p = constant; (c) r z= 

11. In rectangular coordinates a point is determined as the 
of three mutually perpendicular piancs (p. 326). Show that 

(a) in polar coordinates ;i point is regarded ns the in" erseetion of a sphere 
and three cones of revolution which have an element 

(o) in spherical coordinates a point is regarded s 
sphere, a plane, and a cone of revolution which arc mutually orthogonal, 

(c) in cylindrical coordinates a point is regarded as the intersection of 
two planes and a cylinder oi revolution winch are mutually orthogonal, 

13. Show that the square of the distance between two points whose polar 
. coordinates are (pi, «i, (3i, 71) and (p 3 , « 2 , ft, -y 2 ) is 

T* = (H* + PI 1 -'2piP2{C0fKX,COBa 2 +COIip,COSfa + cos 71 cos 72>. 

13. Tind the general equalion of a plane in polar coordinates. 

Ans. piAcosa + Bcosp-l- G cos y) + 1> = D. 

14. Find the general e;|ua" ion of .; sphere in polar coordinates. 

Ans. )P + p(G<n&a + Hcosfr + Icosy) + K = 0, 
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CHAPTER XXII 

QUADRIC SURFACES AND EQUATIONS OF THE SECOND 
DEGREE IN THREE VARIABLES 

176. Quadric surfaces. The loons of an equation of the second 
degree, of which tin.', most general form is 

(1) Ax 1 +By 2 + Ct? +Dyz +Esx +Fxy+Gx +Ily +Iz +K = 0, 

is called, a quadric surface ov conicoid, 

Theorem I, The interseetion. of a. tpwdrir, with any plant is a 

Proof. By a transformation of coordinates any plane may be 
taken as the XY-plane, s = 0, and referred to any axes the equa- 
tion of a quadric has the form (1) (Theorem III, p. 392). Then 
the equation of the curve of intersection referred to axes in its 
plane is (Rule, p. 345) 

Ax 3 -f Fxy + By a + Gx + Hy + K = 0, 
and the locus is therefore a conic or a degenerate conic (Theo- 
rem XIII, p. 196). Q.E.U. 

Corollary. The intersection of a cone, of re.i-olntbm with a, plane, 
h on ellipse, leuperlmlo. or pa.mhol-a (oie-ord-ino ox the /Jane eats all- 
ot' the elements, in parallel to tiro elements (euttino some on one, aide 
of the vertex '.end some on the- other), or' is parallel to one element 
(nutting all the others on the same, side, of the vertex). 

Theorem II. The Inlerseetioiis of a quadric with a system of par- 
allel planes are, -in genera/, similar conies. 

Proof. By a transformation of coordinates one of the planes 
of the system may bo taken as the ,Y)'-p'ane, and hence the equa- 
tion of the system is s — 7c, while that of the quadric has the 
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form (1) (Theorem III, p. 302). Hence the equation of the curve 
in which the plane .-; = k intersects the quadrk 1 . is (Rule, p. 345} 

(2) An?+Fxy+By*+(Ek+&)x+{Bk+H)y+Ck*+Ik+K=0. 

For different values of k this equation represents a system of 
similar conies* (Corollary I. p. 295). ij.e.d. 

177. Simplification of the general equation of the second degree 
in three variables. If equation (1) be transformed by rotating 
the axes (Theorem IT, p. 391), it can be shown that the new axes 

may be chosen so that the terms in i/z, zx, and xy drop out and 
hence (1) reduces to the form 

/[ W + By + Ct? + G'x + H'y + I'z + K' = 0. 

Transforming this equation by translating the axes (Theorem I, 
p. 391), it can be shown that, the axes may lie chosen so that the 
transformed equation has cither the form 
(1), A V + I!"f + C'W + K" = 

or the form 
(2) A "x £ + B'Y + I"g = 0. 

If all of the coefficients in (1) and i'2) are different from zero, 
(1) and (2) juiij , with a change in notation, he respectively written 
in the forms 

< 3 > ± i ± 'i ± i- 1 - 

(4) 'S^i' 2 "- 



nihil' tin: va.lr.d (if .i ^iv,:li 

y e 7 " ja"® " 1UB Ba '™ num ar ' 

All the sections will Dclor-s to the same type because A will Have thesamealgn for oil 
value* Of £. If thdseitt.ions are ellipsis, II ;uul W ":hve opposite s:ijlls iTheore]]] IX, |). 277} 
and A will be real. The Mime is intuit tlie jeciions arc para hoi as (p.'.'Vtt. If the. sccuoiis 
ari'liytiiTlniias.tliftti, it: gi'tn'riil. for vtiliicsof i: hfttwiu'ti certain ]L:tt;H the hyper ho la* nil! 
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The purpose of i.ho, .followim; seet.ioiiiH U-- to iliwcuss the loci of 
■ these equations,* which are called central and non-central quadrics 
respectively. 

If one or more of the coefficients in (1) or (2) are zero, the locus 
is called a degenerate quadric. 

If E" — 0, the locus of (1) is a cone (Theorem V, p. 385) unless the signs or A", 
P.", arid C" are tin: same, in which ease tin; locus is a j,ohi.t, namely, iho origin. 

I£ one of the coefficients A". .Ii", ami C" is zero, ihe locus is a cylinder (Theo- 
rem IV, p. JKvi) whose clomenls arc parallel in our of the n.vesnnd whose dircctrix 
is n conic of llioi:]li]iiii: or liypurlx.lii- type (p. 1!)5). If if " = 0, tlie locus will he a 
pair of intersecting planes or a line. 

If two of the coefficients .1", /.'", and (;" are zero, the locus is apnii- of parallel 
planes (coincident if K" — 0) or there is no locus. . 

If one of the coefficients in (2) is zero, the locus is a cyliif'kr (Theorem IV, p. 383) 
whose directrix is ;i iiaialmla or a degrni.uaie central conic. 

If two of the coefficients are zero, the locus is n pair it/ coincident planes. 
(A" and li" cannot be zero sinmltuueouJly, as the equation would cease to he oi 
the second degree.) 

PROBLEMS 
1. Construct and discuss the loci of tUc following equations. 

(a) 9z2-307j2-M3 2 = r>, (e) 4^-25 = 0. 

(b) lGx*-iy' ! -& = <>. (I) 3;/ 2 + 73 2 = 0. 

(c) 4k» + z a - 16 = 0. (g) 8ys + 25z = 0. 

(d) ^ -9s= + .W = 0. (h) z 2 + 16 = 0. 



3. Discuss the locus of the equation ± — ± - - ± — = (a) if all the 



signs agree ; (b) if two signs ar 
revolution ahout the X-axis? 1 

3. Show geometrically by means of Theorem I that the sections of n 
cylinder whose equation is of the second degree made by planes cutting all 
of the elements arc conies of ihc same type. Show also that the orthogonal 
projection on a plane of an ellipse is an ellipse ; of an hyperbola is an hyper- 
bola; and of a parabola is a parabola. 

*. Show how to find the equations of i.iie projections of a curve upon the 
coordinate pianos by means of their projecting cylinders. 

S. Prove the Corollary to Theorem T Ijy determining the nature of the 
intersection of the cone x 2 + y 2 = tan 2 7 ■ z* with the plane x — tan/S.2 + 6. 

fi. 1'rove the Corollary to Theorem \ by transforming jf- + y 2 — tan 2 7- z 2 
by rotating the axes about OY through an angle $ and considering the sec- 
tions formed by the plane if = k it 8 J 7. 
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178. The ellipsoid -; + ^ + ~ = 1. If all of the coefficients in 

i'.i), p. 398, arc positive, the loouw is called au ellipsoid. A discus- 
sion of its equation gives us the following properties. 

1. The ellipsoid is sv'mnieincal with respect to each of the 
cogwliiiiii.fi planes and axes and the origin (Theorem IV, p. .146). 
These planes of svmmeu-v are called the principal planes of the 



j respectively i.Kule. p. 346) 
zb. z = ±c. 



The lines A A' = 2 a, SB' — 2b, CC'-=2c arc called the axes of 
the ellipsoid. 

3. Its traces on the principal planes are the ellipses ABA'B', 
BCB'C, and ACA'C', whose equations are (p. 346) 



2. Its intercepts on the a 

x=±a. 



; = ij 



3C. 



3 = 1, 



4. The equation of the curve in which a plane parallel to the 
A'F-plane, s = k, in terser cs l.iie ellipsoid is (ltule, p. 345) 

(1) K + £ = l-K* or -s—^ + t^^ = 1- 



The locus of this equa- 
tion is an ellipse, and for 
different values of h the 
ellipses are similar. If k 
increases from to o, or 
decreases from to — o. 
the plane recedes from the 
XY-plane, and the axes of 
the ellipse decrease from 
2 a and 2 b respectively 
to when the ellipse degenerates (p. 195). If k > a or k < — c, 
there is no locus, and hence the ellipsoid lies entirely between 
the planes e = ±o. 
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i in. 



In like manner the sections parallel to the YZ- and ZX-planes 

an; similar ellipses whose axes decrease as the planes recede, ami 
I. In: ellipsoid lies entirely between the planes x = ±a and y = ±b. 
Henoe the' ellipsoid is a closed surface. 

If a = 6, the section (1) is a eircle for values of A such that 
— e < k < c, and hence the ellipsoid is an ellipsoid of [evolution 
whose axis is the Z-axis. If b.= cor« = a, it is an ellipsoid of 
revolution whose axis is the X- or Y-axis. 

If a = b = c, the ellipsoid is a sphere, for its equation may be 
written in the form x 2 + y' 1 + s 2 = « s - 



179. The hyperboloid of one sheet '-% + ^ — s 
the coefficients in {.".), p. ;ji)8. are positive and one 
locus is called an hyperboloid of one 
sheet. Consider first the equation 

m $+$-$-*■ 

A discussion of this equation gives 
us the following properties. 

1. The hyperboloid is symmetrical 
with respect to eaoh of the coordinate 
planes and axes and the origin (Theo- 
rem IV, p. 346). 

2. Its intercepts on the X- and 
I'-axes are respectively (.Utile, p. 346) 

x = ±a, y=±b, 

but it does not meet the Z-axis. 

,'i. Its traces on the coordinate planes (p. 34G) a 




^ + 7^ = 1, 






of which the first is the ellipse whose axes are AA'= 2 a and 

I',H'=2b, and the others arc the hyperbolas whose transverse 
iixes are HIS' and .1.1' respectively. 
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4. The equation of the curve in which a plane parallel to the 
AF-plane, a = k, intersects the livperboloid is (Rule, p. 345) 



( 2 > 5 + fi 



5 (=' + **) 3 («' + *■) 



The locus of this equation is an ellipse. If k increases from 
to od, or decreases 'from ;o ■ a-.-, the plane recedes from the 
A'l'-plane. and tin: axes of the ellipse increase indefinitely from 
2 a. and 2 £ respectively. Hence the surface recedes indefinitely 
from the XT-plane and from the Z-axis. 

In like manner the sections formed by the planes x = k' and 
y = li" are seen to be hyperbolas. As /c' and A" increase numer- 
ically I, he axes of the hyperbolas decrease, and when fc' = ±a or 
ft" = ±S, the hvperbolas degenerate info intersect,! ne; lines. As 
k' and k" increase beyond this point, the directions of the trans- 
verse and conjugate axes are interchanged, and the lengths of 
these axes increase indefinitely, 

If cither system of hype.rliolas is proj^rln:! ot';*u>;.*o]i<illy on the coordinate 
plane to which the planes of the hyperl>ul:is nrc pariillol, llie projected system 
will have the appearance of the system on p. 351. 

The hyperboloid (1) is said to "lie along the Z-axis." 
The equations 

w a 2 If c 2 a 2 I/' c 3 

are the equations of hyperbole-ids of one sheet which lie along 

the Y- and A"-axes respectively. 

If a = 5, the hyperboloid (1) is a surface of revolution whose 
axis is the Z-axis, because the section (2) becomes a circle. The 
hyperbokuJs (.") will be bvpeiboloids of revolution if a = a and 
b — a respectively. 

180. The hyperboloid of two sheets ^ - ~ - % = 1. If only 
one of the coefficients in (3), p. 398, is positive, the locus is 
called an hyperboloid of two sheets. Consider first the equation 
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4(tf 



1. The hyperboloid is symmetrical with respect to each of the 
coordinate pi aims and axes and the origin (Theorem IV, p. 340). 

2. Its intercepts on the A-axis are a>=±a, but it does not 
cut the Y- and Z-axcs. 

3. Its traces on the AT- and A"Z-planea (p. 346) are respec- 
tively the hyperbolas 



which have the same transverse axis AA'= 2 a, but it does not 
out the Fif-plane. 

4. The equation of the curve in which a plane parallel to 
the rz-plane, x = k, intersects the hyperboloid of one sheet is 
(Eule, p. 345) 



-1, 



7^-"*) 



- = 1. 



-,(*■' 



'\' 



, the 



This equation has no locus if — a < k < a. If ft = 

locus is a degeiierai.e ellipse, and as /.: increases from a 
decreases from — a to -co, the 
locus is an ellipse whose axes 
increase indefinitely. Hence the 
surface consists of two branches 
or sheets which recede indefi- 
nitely from the FZ-pIane and 
from the A'-axis. 

In like manner the sections Conned by all planes parallel 
to the XY- and ZX-pla,nes are hyperbolas whose axes increase 
indehnitely as their planes recede from the coordinate planes. 

The hyperboloid (1) is said to "lie along the A'-axis." 

The equations 




- — + — - - = 1, 



b^ 



(2) 



are the equations of hyperboloids of two s 
the Y- and Z-axes respectively. 



- 1 



s which lie along 
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If b — c, c — a, or a = b, the hyperboloids (1) and (2) are 

it*pci'.r,ivi.'lv luqiorbolmds of revolution. 

It should be noticed thai the locus of (■!), p. :>!'S, '.? «■» etiipso-i.il if all the terms 

'in the left are iiosiiin-, an- h/perboloid of oin- sheet if but one term is m'jative. 
und u» hitper'iok.iil of tico shell,' -if two term,* are iiej/iitive. If all the terms on 
the lefi are negative, there is no [w.us. 1' the locus is an hypet/bolnid, it will lie 
along the iixis correspond ine; tn iln; Imn « hose si.n'ii u'il'evs (Vein iiiiir ni' 111!- other 



PROBLEMS 

1. Discuss anil construct the loci of the following equations. 

(a) 4z" + 91/2 + 182* = 144. (e) a 2 - y ! + 'J z 2 = 36. 

(b) 4& + 9yZ-Wz* = U4. (f) «o-4ai3-4y« = I6. 

(c) 4 x?~ 9 j/ 2 -16 a? = 144. (g) 16 1 2 + y 5 + If] 2 3 = 64. 

(d) x* + 16 j/ 2 + z 2 = 64. (h) x2 + y 2 - z 2 = 25. 

3. For what values of k or /;' will the sections of t 1 ie hypevboloid of one 

sheet, - -i- '■ = 1, formed by the ulanes ."c — A' or j/- i 1 ' In- similar 

ai W ""' s 2 i/ 2 & 
hyperbolas? the hyperboloid of two sheets j — m"*"^" 1 ^ 

3. Show analytically that the intersection of an ellipsoid with any plane 
is a conic of the elliptic type. 

4. Show analytically that the section of an hyperboloid of (a) One sheet, 
(li) two sheets formed by ;i plane passing through the axis along which the 
hyperboloid lies, !s an hyperbola. 

6. Show that — 4- ^ + — = (Ax + By + Czf ia the equation of the cone 
whose vertex is the origin which passes through the intersection of the 
ellipsoid — 4- - + -■• — 1. and the plane Ax + By + Cz = 1, 

6. Show that &( WW ") + &( ^| = is the equa- 

tion of the cone whose vertex is the origin which passes through the 
intersection of the ellipsoid and the sphere x 2 + ffl + 2? = r" 

7, If, in problem 6, a > b > c. and r = b, show that the cone degenerates 

into a pair of pbi.nes whose intersections with 1.1 ie ellipsoid arc circles. What 
is the nature of the cone if r = a ? if r = c ? 



B. Find the equations of the planes whose 
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9. Find the i:(| nation of the ltijus whose vertex is : 
through the intersection of (a) the hyperboloid of one 
{b) the hyperboloid of two sheets —- —, — ~ = 1 with the 



& , 



= r 2 . For what, value of r will tl 



i' deceit urate- i 






10. Find the equations of the two systems of plai 
with (a) aa ellipsoid, (h) an hyperboloid of one slice:, (<:) an hypcrouloicl id 
two sheets, are circles. 

181. The elliptic paraboloid — 3 + ^ = 3 ex. If the coefficient 
of y 2 in (4), p. 398, is positive, the locus is called an elliptic 
paraboloid. A discussion of its 
equation gives its the following 
properties. 

1. The elliptic paraboloid 
symmetrical with respect to the 
YZ- and ZX-planes and the Z-a 
(Theorem IV, p. 346). 

2. It passes through the origin 
(Theorem III, p. 345) but does not 
intersect the axes elsewhere (Rule, 
p. 346), 

3. Its traces on the coordinate plai 
the conies 




(p. 346) are respectively 



= 0, 



of which the first i; 



ellipse (p. lyij) and the others 



4. The equation of the curve in which a plane parallel to the 
A' r-plaue, .? = k, cuts the paraboloid is (Rule, p. 345) 
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The curve is an ellipse if c and k have the same sign, but there 
is no locus if c and k have opposite signs. Hence, if a is positive. 

the surface lies entirely above the A" 1 '-plane. If /.; increases 
from to oc, the plane recedes from the AF-planc and the axes 
of the ellipse increase indefinitely. Hence the surface recedes 
indefinitely from the A'l'-plane and from the Z-axis. 

In like manner the sections parallel to the YZ- and ZA-planes 
are parabolas whose vertices recede from the AF-plane as their 
planes recede from the coordinate planes. 

The loci of the equations 

(1) $ + ^ = 2ax > J + ^ = 2 ^ 

are elliptic paraboloids which lie along the X- and F-axes 

respectively. 

If a — b, the first surface considered is a paraboloid of revolu- 
tion whose axis is the Z-axis ; and if b = o and a = c, the parab- 
oloids (1) are surfaces of revolution whose axes are r 
the X- and F-axes. 

An (illipt-'c liiirislioliiiil !:;■- silniiv: tl 
decree ill lis equation, anil ill the 

182. The hyperbolic paraboloid - = '2cz. If the coeffi- 

eient of if in (4), p. 398, is negative, the locus is called an hyperbolic 
paraboloid. 

1. The hyperbolic paraboloid is symmetrical with respect to 
the YZ- and ZA-planes and the Z-axis (Theorem IV, p. 346). 

2. It passes through the origin (Theorem III, p. 345) but does 
not cut the axes elsewhere (Rule, p. 346). 

3. Its traces on the coordinate planes (p. 316) are respectively 
the conies 

$-$-»■ |=2». -£=*-. 

of which the first is a degenerate hyperbola (p. 195) and the 
others are parabolas. 
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4. The equation of the curve in which, a plane parallel to the 
XT-plane, a = k, cuts the paraboloid is (Ilule, p. 345) 






r = l. 



The 



i hyperbola. If c is positive, the transverse a 



1 lie us m a 
of the hyperbola is parallel to the 
X- or F-axis according as I 
tive or negative. If k i 
from to oo, or decreases from 
to — oo, the plane recedes from the ; 
AF-plane and the axes of the 
hyperbolas increase indefinitely. 
Hence the surface recedes indefi- 
nitely from the XT-plane and the 
if-axis. The surface has approximately the shape of a saddle. 

In like manner the seei.ious parallel to the other coordinate 
planes are parabolas whose vertices recede from the AT-plane as 
their planes recede from the coordinate planes. 

The loei of the equations 

are hyperbolic paraboloids lying along the Y- and A'-axes 




PROBLEMS 

it the- following loci. 
(a) y 2 + z 2 = 4x. (c) Qz*-4x? = 2$&y. 

(h) tf_ ; A = ix . (dj 16^+aa = 64y. 

3. Prove that the parabolas of the systems obtained by cutting fa) an 

elliptic paraboloid, (b) an hyperbolic paraLoioid by plains parallel lo 0:1c 
of the coordinate planes, are all equal. 

8. Show analytically that any plane parallel to the axis along which 
[a) an elliptic paraboloid, (b) an bypev'oolic paraboloid lies, i 
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4, Show analytically that any plain: noL ijavalk-l to the ayis of an elliptic 
paraboloid intersc/as tin: surface in an ellipse. 

5. Show analytical;,' Iliac any plane no; parallel to the axis of an hyper- 
bolic paraboloid intersects the s : artace in an hyperbola. 

G. Find the equation of the cone whose verier i* the orisin which oasscs 

_™J tl.t. = 

tf + y- 



Am - "(i -) + *&- ■)—■=" 



T. 'Ry means of problem (i fimi the munitions of two systems of planes 
whose intersections with the paraboloid are circles. 

183. Rectilinear generators. The equation of the hypeiboloid 

of one sheet, (v. 40.1) may bo written in the form 

As tliis equation is the result of ehniiiiating /■ from the equa- 
tions of the system of lines 



- + - 



-H> =-hh. 



the liyperbnloid is a ruled surface, (p. o87). Equation (1) is also 
thy result of eliminating k from the equations of the system of 
lines / \ 1 / \ 

and the hyperboloid may therefore he regarded in two ways as a 
ruled .surface. 

In like manner the hyperbolic, paraboloid contains the two 
systems of lines 

- + ! ( = 2ek, 



a"d z + 5 = **s --i = ^r- 



k 

' k 

These lines are called the rectilinear generators of these surfaces. 
Hence 

Theorem III. The h.ypen'ioloid, of one sheet and the hyperbolic 

pai'oi,o[vid ho.re two sysienis of rer/l/h/i'/ir ijerierotora, ihM is, /key 
may he, regarded iv tiro ways n.i ruled s/trfiees. 
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MISCELLANEOUS PROBLEMS 
1. Construct the following surfaces :uicL shade thai par;, of the first inter- 
cepted by the second. 

(a) 3? + i jfi + 9 ^ = 36, a? + j/ a + z 2 = 16. 

(b) x 1 + y 1 + 2 1 = 64, & + y* - 8x = 0. 

(c) 4x 1 + y , *-4z = O l x'' + 4y , '-z'' = (\. 

8. Construct the solids bounded by tin: surfaces (a) s a -|- j^ = <i a , 2 = mi, 
z = 0; (b) s^ + 3/a = (fcE, & + y ,i = 2ax, a = 0. 

3. Show that two rectilinear generators of (;i) an hyperbolic paraboloid, 
(b) an hyperboloid of one shcio'., puss through each point of the surface. 

4. Tf a plane passes through a rectilinear generator of a quadric, show 
that il \vh! also pass Ihrotigh a second generator and thai these generators do 
:iui bi:;lt::i<; to tin; same system. 

5. The equation of the hyperboloid of one sheet (p. +(11) may be written 
in ihe form - — -■ = 1 "Rv Uvati'.ig tins eolation as m- treated ti.j na- 
tion (].), p. 10S, wo obtain !.li(: eo.aiiliuns of two systems of Iburs on the sur- 
face. Show thai Ihosn i,y slums of linos are identical with those already 
obtained. 

8. Show that a quadrie may, in general, bo passed through any nine 
points. 

T. If a>b>c, what is the nature of the loeus of 

& . y* . «" =1 

aa _ x fl 2 _ x ga _ x 
if\>a*? ifo.2>A>62p if63 > x >c a? if\< c a? 

8, Show that the traces of the system of quadricsin problem 7 are confocal 

9. Show that every re(: l.il i near generator of the- liypurbolic paraboloid 
^ - ^ = 2 c: is parallel to one of the planes - ± | = 0. 

10. Prove that (ho projections of the rectilinear generators of (a) the 
byporboloid of one sheet, (b) the hyperbolic paraboloid, on the principal 
plant's are -angeni to the traces of the surface n;i Those phiuos. 

11. A plane passed through the center and a generator of an hyperboloid 
of one sheet intersects the surface in a second genera.!, or which is parallel to 
the iirsl . 

IS. Show how to generate each of the aunral <juaiirics by moving an 
ellipse whose uxes ;nv variable. 

13, Show how to generate each of Ihe paraboloids by moving a parabola. 



,Google 



CHAPTER XXIII 

RELATIONS BETWEEN A LINE AND QUADRIC. APPLICA- 
TIONS OF THE THEORY OP QUADRATICS 

184. The equation in p. Relative positions of a line and quadric. Con- 
sider any equation of the second degree, whose locus is a quadric surface, 
degenerate or neu-degeneral.e, ar.d a line whose parametric equations are 
(Theorem V, p. 369) 

(1) x = Zi + paoea, y = 3/1 + poos;?, & = z 1 + p cos 7. 

If these values of 3;, y, .ar.d x satisfy ihe equiuion of the quadric, then the 
point P(x, y, z) on the line (1) will also lie on the quadric. Suh.-itituLing 
from (1) in the equation of the quadric and arranging 1 lit: result according 
to powers of p, the result is a quadratic 

(2) A P 2 + B P + C = 

whose roots arc the directed distances from .Pi(j5i, J/i, Z\) to the points of 
iisicr.Heotien of the line (I) and t ho quadric. The quadratic (2) is called 
;he equation in p for the given quadric (compare § 04, p. 235), Hence we 

have the 

Rule to derive the vqiwMm in. pfor any quadric. 

Substitute the valim.t of x, y, and z given by (1) inthecr/itriiionofthe quadric 
and arrange the rt-s-tli awonliny ti powers of p. 

Denoting the discriminant of (-), i>- — iAC, by A, it is evident from 
Theorem II, p. 3, that 

(a) the line is a x-ctmt of the r/uvdric if A ispositive. 

(lii) the. tine in !<<:iye.:t i-i ! l:c i/'iadrie if A is zero. 

(c) Ike line does not -meet the ■■ju-tdrw if A ti negative. 

If C = 0, one root of (2) is zero (Case I, p. 4), and hence i>, lies on the qnadria. 

If J? = 0, the roots of -rlilrtreiiuiiisruSLlLyenujU wiLli f!.f.03ito sic."- (disc II, p. 4) and />, 
is trie middle |i:ii[U <if tlm .-jml I'rvmed by (1). 

If ^=0, one root of <>j is miiuiic i'iln'onrm IV, p. 13) ami the line is said to intersect 
the quadric at infinity. 

If B= (7 = 0, both roots are zero (C;\sc III, [j. 5) and LJic Line is saiil to be tangent to the 
IiiBUrtc at P,. 
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1. Determine the relative positions of '.ho following lines and quadrics. 

(a) x = -e + ip, » = 6 — f p, a = 3- Jp, s" + y" + 4^ = 16. 

/ins. Secant. 

(b) a= f p, j/ = + |p, 2 = 1 — f P. ^ a + 42 ! = 8». jlns. Do not meet. 
(o) !E = 4 + |p,y = -2 + fp, a = 6 + i/>, «» + »* + e» = 36. 

Ans. Tangent, 

(d) a; = 8 + jVSp, y = f + j-Viip, a = -2 -^V3 P , 2 a -z2 = 2j,, 

Ans. Lino lios on quadric. 

(e) ^^ = ^ = — . , ^ + 4„2_ a 2_4a- _o. ins. Secant. 
w 2 3 G 

Alls. Secant with "lie point of intersection at iniinity. 

2. Find the condition that the line £ = 2 + p cos a, y = \+pconfl, 
z = — I + PCOS7 <diuu".d Ik- tangent to tin- paraboloid x- — y^ + 33 = 0. 

Ans. 4cos«-2cosj9-3cos-r = 0. 

3. Find the condition that I'i(x\, ij\. ?■,) ^hnuld be tiie middle point of the 
chord of tin' hypeiboloid x- ■ y- — -l z- --■ 1(1 formed by the line x — x± + |p, 
y = y 1 — lf,,z-z 1 -$p. Ans. 2xi + y s - S«i = 0. 

18S. Tangent planes. Consider tin- elliptic paraboloid 



and the ".inn 

(2) x = x, + p cos a, y = y-i + p cos ft z = z, + p cos 7. 

Substituting from (2) in (I), we obtain the liquation in p (p. 410) 



(!-£ + S*Sy + ,(!iS!H + »l^U 



If Pi(Xi, j-i, 2i) is 1.0 lie on (1), and (2) is to be tangent to (1) at Pi, both 
oots of (3) must he zero, and hence (Case III, p. 5) 



Solving (-Zi iii:- the- direction casinos, rio gei 
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Sub.si.ituiiui; from (■)) in ;lie first of equations (4), we g 

, «i(8-gi) y(j/~yi) _ c (z - ZJ ) 

as the condition that P(:b, y, ?.) should lie on a line ta 

Simplifying (li) by means of ilie second of equations (4), < 

, yii/_ 

This is the equation of a plane (Theorem II, p. 349). Hence all of the 
lines tangent to (1) at Pi lie in a piano which is called the tangent plane. 

Tills method may bo summed up in the 

Rule to derive Ike equation of the plane which ii ia.niic.ut to a qnadric, at a 
given point P, (x,, y lt zi). 

First step. Derive the. equation in p <i.ml set the coefficient of p arid the 
constant term equal, to zero- 
Second step. Solve the jiara.nairic equation* of (he line for its direction 
eoaine.s mid snlMiinie in. the first cqtail.ioii. obi'lincd in the first slip. 

Third step. Simplify the equation obtaiiu i in the se and step by means of 
the. srr.utitl i.pi.-i'inn oiii'.iin'd in ike. jiyai. step. The result is Ihe required 
squaMan. 

By means of this Rule we obtain 

Theorem I, The eqii.al.ion of the. jdanc which is tant/tid (it I\ (x,, y lt z t ) to the 
, Vdf , *l* 



central quadra: ± — ± ^ ± -- = 1 



non-central qnadric - ± ^ = 2 ez is —^ -j- _ = e (g + ^), 

Theorem D, The equation of the plane ichfh i's laivjcnj. to any quadrk at 
Pi (xi, yi, z\) in found by Habstituiinn ;i:p;, /fry, and z t z for x*, y'\ and z' ! ; 
i-(!/iX + Xi!/), h(Ziy + >JiZ), and } {x t z + zrx)forxy, yz, and zx; and ' (x + xi), 
•i{y + !h)> <*«<* \i? + si) for x, y, and ;: in the cqiia.ii.on of the qund.ric. 

L86. Polar planes. Tf P ± is a point on a qnadric, the equation of the 
tangent plii.ni! ill. T\ may be found by Theorem II. If Pi is not on the qna.d- 
ric, Ihe plane found by Theorem II is called the polar plane of Pi, and Pi is 
called [.lie pole of that. plane. 

In particular, the polar plane of a point on a quadi-ic is ihe plane tangent 
to Hie quadrie at that point, and the po'.e of a tangent plane is the point of 
tangeiiey. 

187. Circumscribed cones. All of the lines passing; through a point not 

on a given qnadric which are buccal, to Ihe surface form a cone which is 
said to be circumscribed a bout the qnadric. 
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Ex. 1. Find tlis equjilinri of the uone oiccuiiiscvibei] about the ellipsoid rt + Xy* 

-1- ;>z'Z — !) whose vertex is i lie iiiiiiii, /'j (4, — 2, 4). 

Solution. The parametric equations of any line Ihroiifsli /'i are (Theorem V, 
p. 369) 

(1) z-4 + ,>cosrt, ij = -2 + peosft 2 = 4+/>cos7. 
Substituting these valine nf .■■. >t, ami :; in iheconaiion of 'An-. ellipsoid, weohlain 

the equation in p 

(2) (eos^ « + 3 cos* /3 + 3 cos 3 7) p2 + (8 cos n - 12 cos /S + 24 cos 7) p + 87 = 0. 
If (1) is tangent to tbe ellipsoid, then [(6), p. 410] 

p) (Soos l r-iaoos^-l-l>4w S 7) 3 -+-67( C o S 2,t + .'ico B ^ + 3cosi7)-0- 




Solvinj; (1) for the din 



ng in (3), anil multiplying by ,-/■ 



(4) [8^-4)-iy( 2 , + 2) + 24^-4)]^-2W[t c -i)S + ;!(;/-rL')^ + 3(2-4)2] = 
as tin: condition that /'(.'', (/. '-) should lit' on a lino passing i;nongU l\ which if 
i anient to Lin: ellipsoid. II once ( I.) is itio nqnai.iou of tin: required roue. 

That the locus of (4) is really a cone whose vt-rtcii is P L is easily soon by moving 
the origin to P, and applying Theorem V, p. 385. 

In constructing Die lispirc, two divisions on each axis were taken for the unit 

Tha reasoning eii!]j'oy<;'l in ;.ho .solution of Ex. 1 justifies the 

Rule to j?nn! fAc equation of tin: 1:11m v;kosr. vertex, is P, (xj, y^, z,) which 

i:ircv.m$cri ! je» u given quaifrifi. 

Fir.it step. Tlerbx the npin.tion hi a un'i .v .' ■'.■'■ ■iitfriminunt, equal to zero. 

Second step. In the result "f I he first ski; .^iMiiutK iht values of the dii-ec- 
U-111 coniiies of a line thrmylt ~l\ uhtrtiri.nl from the parar,;eirie equations vf the 
line. The result is the required equation. 
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ANALYTIC GIXIMETRY 



PROBLEMS 



1. Trove that tint plane of ihe two rot'-: iii:ic-a.r iienerntors which pass 
through any point on a ruled quadric is tin; ttuiiient plane at that point. 

8. Prove that every plane which pa^cs ll.iouch a rectilinear generator oi 
a ruled quadric is tangent to the qa.iLd.ric at ionic pr'int of that generator. 

3. Prove analytically Uiat (■very piano tangent to a cone passes through 
the vertex. 

4. Prove that the polar plane of any point hi it- idver, plane passes through 
the pole of that plane. 

5. Prove thai the polo of any plain: v.hicb passes through a given point 
lies in the polar plane of that point. 

8. Prove that the curve of contact of a cone t'-ii'i'-ii m scribed about a 
quadric, lies in the polar plane of the vertex. 

7. Show how to construct fa) the polar plane of a point outside of a 
quadric, lb) the pole of a plane which cut..- tin; quadric, (e) the polar plane of 
a point within a quinine, (d) the pole of a plane which does not meet the 
quadric. 

8. Show that the polar plane o£ a point P-, ■with respect to a sphere is 
p;-rpcndict;iar to the line drawn from the center to Pi. 

8. Show analytically that the polar plane of a point Pi with respect to a 
central quadric recedes from tin: center as I.', approaches tin: center, and 



10. Show that the distances from two points to the center of a sphere are 
proportional to the distances of each of these points from the poki.r plane of 
the other. 

11. Show how I he ideas of "polar reciprocal curves'" and "polar recip- 
rocation " with respect to a conic may be yencnc.i/ed to '■ po".;ir reciprocal 
surfaces" and "polar reciprocation " with respect to a quadric. 

IS. What is the po'.ar reciprocal of a cone or cylinder with respect to a 
sphere ? of a plane curve ? 

13. Generalize problem 7, p. !£>(>, for polar reciprocation with respect to 
a quadric. 

14. Provethatthc distance p h-om the orlstin to the plane which is tangent 

the ellipsoid 



o the ellipsoid ~ + y - + | = 1 at P, is given by \ = ^ + ^ + 



- + J ~ + - = 1 if A*a? + li'lfl + CW- = IP. 
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IS. The locus of the point of intersection of ihrtv mutually perpendicular 
tangent planes to an ellipsoid is a sphere vvhose radius is Va a + 6* + e 2 . 

Hint, From problem 15 ivc !!(;!■ she cjuiUini'-i of tliroo lio^i-nt ]ilnnes. Square and 
mill iIiimij eq-.'.atioiis, making usis of Hip conditio]]? Hint tin; iilaiies sliitlJ bo mutually 
parpendioolair. 

IT. Show that the plane Ax + By + Cz + D = is tangent to the parabo- 
loid : " ± y! - ■- -> cz if AVo ■ i- B*5 s e = 2 CD. 
a? 63 

18. Show that the locus of this point of intersection of three mutually 
perpendicular tangent planes to a paraboloid is a plane. 

The line perpendicular to a plane which is tangent to a surface 
at tlits point of Uuigency is callod 1I10 normal to the surface at 
that point. 

19. Find the equation of the normal to each of tkoqundrios at a point P;. 

SO. If the normal 10 an ellipsoid a- i\ meets ;]ie principal planes in A, B, 
and 0, then P t A, PiB, and PiC are in a constant ratio. 

31. Find the equation of the cone uireumscriliiiig a paraboloid whose 
vertex is Pi(»i, 'Hi, Zi). 

S3. Find the equation of the cylinder circuniseribinii an ellipsoid if the 
direction angles of (.he elements 0: the cylinder are it, ft and 7. 

188, Asymptotic directions and cones. If the coefficient of p 2 in the 

ctp.iai.km in p for any quadric is zero, one root is infinite (Theorem IV, p. 15), 
and the line meets the quadric in one point which is at an infinite distance 
from Pi. The direction of such a lino is called an asymptotic direction. It is 
evident that a line huxi.mj an a&ijw-iitotfc direction of a i/i.w.d:ic meets the 
quadric in but one point in the finite part of space. 

It is easily proved that the coefficient of p~ is formed by substituting 
cos«, cos 3, and cosy for x, y, and z in the tonus of the second degree in 
the -equation of the quadric (compare the footnote, p. 23(5). Hence the 
direction cosines of the asymptotic directions of the noil-deteriorate euadrics. 

± a3 ± IP ± C* 'a' - W 

respect iv-.- 1 y satisfy tlte equations 
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416 ANALYTIC OKO'MKTRY 

Uy considering the number of seta of veal numbers satisfying the.su 
equations for the various combinations (if signs wo obtain 

Theorem 111. The hyfie.rboloids and thv k;/pt:rholi<'- v"''u.b'jloid. have an 
inflniti-- iMinbtr of tmrf/Hptotic ri h-r.-;Uj>nx . i'io: ■ aifjir /mrniiul'iiil ho* one, raid 



Thy lines passing through a given point i', (jc,, y t , z,) which have the 
asympl.olie directions of a quadrio will, in general, form a cone. The 
equation of this cone for the liyperboioid of one sheet 



-o + Ti - ~i = 1 



is founil as follows. The direction cosines of an asymptotic direction 

satisfy the equation 

(3) »^, + «^_«*, = a [bjm] 



If the equations of a line through Pi i 
i) a = i, + p cos a, y = y 1 + 



substituting in (:?) isinl jnulUplyii'.g by p 2 , we get 

w <p &» & 

as the condition that l'{.c, //. z) should lie on :i line through i'-. which has an 
asymptotic direction of (2). Hence (li) is the equation of the cone whose 
vertex is Pi and whose elements have the asymptotic directions of (2). 

That (6) ie really the equation of a cone is verified by translating the origin to P,. 

In general, we have the 

Rule to find the equati'M of the cone of mii/Mptotic directions of a quadrir. 
whose vertex is a given, point. 

Set the coefficient of /,- in the. equation inp equal to zero, and substitute the 
v/tiv.aa i if the direction cosine* dtr^-.id feoa- ili.e >)o.ro_n,-ifr : c ti/iuU'um of t!„ 

If the coefficients of p 2 and p in the equation in p are both zero, then both 
roots are infinite* {Theorem IV, p. 15) and the line is called an asymptotic 



■ Tliii :;»«iii!irs thai, liie cuu.-iiiin, Iran is not zero. It the ( 
lie- on tin; (luiicLrk, fun! wlien tin; coNiu-ient!- of ^ and ,j arc t 



,Google 



LINK AND QTJADRIC 



417 



Let Pi be any point mil. on the hyperboloid (2) and let us seek the condi- 
ions that or, 3, and y must satisfy it the line (1) is an asymptote. 
The equation in p for the hyperboloid is 

/ eo3 a <t cos a g cos a 7 \ , ' 2 / ZiCOsa j/icosff a 1 co37y 
k a 2 6 s c 2 / V a ! & c s / 



p) 



!i asymptote, then, by diiiniiior,, 
COS s j9 008*7 _ 



These are therefore ihe conditions which 
lions (7) can be solved for cos « and 0OS|3 
in terms of cos 7 and there will he two 
solutions which may bo real a.mt unequal, 
real andcipial, or imaginary, and l'rom those 
we ran determine two si^s of numbers t'> 
which ens it. cos ,3, and nis", are prepor- 
tional. Hence there will pass Ihroiidi T\ 
either two asymptotes, one, or none. 

But if x l = y, = z 1 = 0, that is, if P, is 
thu center ol tin; hyperboloid. the second of 
equations (7) is true for all values of it, jS, 
and 7; and as the first of equations (7) is 
identical with (:■;), wc see that (.lie clomrats 
of the cone of asynipuiiio directions wlic^e 
vertex is the center (0, 0, 0) are all asymp- 
totic lines, from {(',) the equation of this cot 



(J, and 7 must satisfy. Equa- 




, which is called the asymptotic 



>, torn 



obe 



Hence we have 

Theorem IV. The equation of the axy m-plutk aine <\f tin: hyperboloid of Oi 



a' b' 1 c 2 H a ' b s e 2 

The figure shows the liyperLeleid (21 in outline and its asymptotic cone 
which lies entirely within the surface. As the hyperboloid recedes to jntiriily 
it approaches closer and closer to its asymptotic cone in the same way that 
an hyperbola approaches its ;!Syni|ito1es (Theorem IX, p. 190). 
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ANALYTIC GEOMETRY 

c duly provfi the following theorem 




i**-*^ — ^g 



Theorem V. The ej<et';<i» of I he axj/mnlo'i' ™?m; ';.'' 'Ac 
hijiic-rhal'iid !'f Loo iheeti — — '— — - = 1 is —^ — rii^" - ! — ^*> 
hyperbolic paraboloid --— - = 2t:z is —^ — ^rO. 



Th, LuLUr a, 



s irdv a naif »f hitarMcihii; /n'rmcs. 



PROBLEMS 






, Show that a p'.ar.o pfrpemiienliir to the axis of an hyperbolic parab- 
ts the surface in an hyperbola whoso asymptotes form the 
f the plane with (lie asymptotic eonc. 
3. Show that a plane passiny through the axis of an hyperboloid inter- 
sects the siirfiii'C :n an hy|ierbo!a whose asymptotes f'.irin the intersection of 
the plane with the asymptotic cone. 

Hill!. Rotilte tin; :lyik> nbo'.il t':isj dixis (if l.be hyprrtokiid. 

3. Show that the asymptotic directions of any quaurio are determined 
by the locus of the equation obtained by setting the terms of the second 
degree equal to aero. 

i. Show that a plane pass! vis- through the center and a generator of an 
hyperboloid of one sheet is tangent to the asymptotic cone. 

5. Show that any plane parallel to an element of the asymptotic cone of 
an hyperboloid intersects the hyperboloid in a parabola. 

6. Show that a plane tangent to the asymptotic uone of an hyperboloid 
cuts the hyperboloid in two parallel lines. 

7. Show that every asymptotic line of an hyperboloid is parallel to an 
element of the asytr.pt.oHe cone and lies in the plane tangent to the cone 

along that element. 
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8. By means of problem T show bow 1.0 construct tin: asymptotic lines 
nf an liypi-vholoiil which pass through any point l'-\ other than tlm center. 
Show Unit there will be two, one, or no asymptotic lines through Pi 
according as 1', is outside o£, on, or inside of the asymptotic cone. 

x 2 v 2 z 2 x 2 iP z 2 

9. Show thin, the hvpcrbol.-iius =1 and h — 4. — = 1 

a" b 2 c 2 a? V* & 

have the same asvn.ptoiic cone. How lire tney sitmceii relative t.o this eonc ? 

10. Show that two asymptotes of an hyperbolic paraboloid pass through 
every point not on the asymptotic com', and that Kadi of these lines is par- 
allel to one of the planes which form the cone. 

189. Centers. A point Pi{x u y,, s{) is a center of .symmetry of a tjuadric 
if it is the middle point of every chord passing Ibi'ough it. In order that I\ 
olii'.-ll. be. the middle point of a chord, the roots of the equation in p mast lie 
■itpial niunerieiiliy wii.h opposite siiiis, ami hence (Case 1.1. p. i) the coehicionf 
:>f p must be zero. The eoenieitnt 'if p in tlio cqnalion in p for the ^eiienii 
aquation of the second decree is easily seen to be 

(2 Ax\ + F Vl + EZi + G) cos a 

+ {Fx 1 + 2By 1 + Dz 1 + H) cos (3 + (Bfci -f- Dy I + 2C*i + rjcos?. 
This is zero for all lines passing through P u that is, for all values of 
ens it, cos 3, and cos 7, when and only when the three parentheses are zv.ixk 
;~t-!l:.n.j Vii-ae pr/.rcr,ihexrn (yu.nl to zero mid solving far j>, ;/■,, and z,. tee obtain 
the coordinates of the canter. 

By means of the discussion in § 168, p. 374, we see that a quadric may 
have a single center, that there may be no center, or that all of the points 
nf a line or of a plane may be centers. 

190. Diametral planes. The locus of the middle points of a system of 
[larailel chords of a quadric i.s found to bo a plane which is called a diametral 

Consider the ellipsoid 



and the system of parallel lines 

These cipntinns iv|ii'i'f,-nt it systiun of jiafiilk-1 ones if .I,,;/,, anil s, are arb 
while a, fl, and y are constant. 
The equation in p for (1) is 

+(5+l?+S->)=°- 
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If Pj is the middle point of the chord of (1) formed by the line (2), then 
the roots of (3) musl, he numerically equal wif.li opposite signs; and hence 
(Case II, p. 4) 



is the condition (.hat. I 3 L shall In: the middle point of the chord. 
Mill, (-1) is the condition that /'[ should lis 1 in i he plane 



and this is therefore the equation of flic locus of the middle points of all 

chords whose direct inn tingles are it, (3, and 7, 

By proceeding in this manner with the other quadrics we obtain 
Theorem VI. The equation qf ■'/■< diametral plane bisecting all ckords whose 

direction angles are a, /3, and y of the 

a? y) ~s as cos a 11 cos B scosy 

central quadric ± ^ ± L ± 5- = u s ± —— + i-^il + — -^ = (> ; 

^ w= a; cos a i/cosfi 

iiim-ixydmlifandi-ii: t [-_ '-■- — it* -is ■ - ■ - ■ s — + - — -- j - ' -- = <; cos y. 



PROBLEMS 

1. Determine geometrically the number of centers of each of the types of 
quadrics and degenerate quadrics, 

3. Pind the equation of tho tlianiotr.il piano of the locus of the general 
equation of 1:1ft second degree bisecting ail chords whose direction nuclei are 
a, 0, 7. From the form of flic equation prove that the plane (bisscs through 
the center of tin.- eoadrie if then: is a center. 

3. Prove that every plane through the center of a central quadric or 
parallel to the axis of a paraboloid is a- diametral plant:, and find the direc- 
tion cosines of the chords which it Insects. 

i. The lino of intersection of two diametral planes is called a diameter. 
Show that a central quadric has three diameters stick that the plane, of any 
two bisects all chords parallel f.o the third. Such lines are called conjugate 
diameters, and the plane of any two is said to be conjugate to the third. 

5. Find the equation of the plane which bisects all chords of fa) a cen- 
tral quadric, (b) a paraboloid, which are parallel to the diameter passing 
through s. point Pi on the quadric. 

6. The planes tangent to a quadric at the extremities of a diameter are 
parallel to the conjugate diametral plane. 
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7. The sum of the squares of the projections of three conjuj 
diameters of an ellipsoid on each of the axes, of the 

Hinl. Let P v />j, and .^oe the extremities of three eonjujrate , 
conditions that these points lire on the ellipsoid uud that any t- 
conjugate to the diameter through the third. Then show that 

lire the H.lirecr.ioii rnsiiu-s n]' LhiTC [LiuLunlly iK'i'lJOcli'/ii'iar '.i'ie^, ;i: 



8. By means of problem 7 show that, the sum of the squares of three 
C',.ii:;iugatt' sei]u-(liajiiel«] , :i of an ellipsoid is equal to u 9 + ft 2 + t 2 . 
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IXDEX 



270 



Absolute 

Algebraic equation, IV 
Anchor ring, 380 
Arbitrary constant, 1 
Auxiliary circle, 208 



Euclidean transformation, 281 
External angle, 121 

fixed point, 985 

Focal radii ol conios, 193, 194 

Four-leaved rose, 263 



Cardioid, 156, 253, 302 

Center of similitude of eircles, 2!)<i 
Ceol.riil conic, 183 ; qi;adric, :.ii)!s 
Cissoid of Diodes, 253, 203, 289 
Complete quadrilateral, 123 
Conchoid of Nieomedes, 251 
Condition for tangeney, 230 
Confocal conies, 203 
CimsrrienL Inures, 2S1 
Conicoid, 397 

Cou.inaace diamelers of quadras, 420 
Cubical parabola, 72 
Curtate cycloid, 259 
Cycloid, 256 

Degenerate ellipse, li'5: hyperboln. 

195; parabola, 106; quadric, 30S) 

Direction cosines of a line, 123, 330, 



Gnifili of an equation, 83 

]f(imo:.liti!.ic figure*. 2iH 
I !y l ii-:Vl"jiilii- h. .■ . i ■ : 1 1 . ■; |[i 

llyiiocyi.'ioii.l, 25!) ; of four cusiss, 257 

Intercept, 73 

Internal angle, 121 

Invariant, 270 ; line, 288 ; point, 285 

Involute oi a circle, 251.1 

l'.a'.;is rectum, 181 

Lcmniricate of Bernoulli, 153, 248. 

262, 300 
Limacon of Pascal, 253, 202, 302 
limiting points of a system of circles, 

144 



Director circle, 261 

Disorimiiwint of the equation of a 

circle, 131 ; of tfio ;:eneral equation 
of the second de<ireo, 205; of a 
quadratic, 2 

Epicycloid, 259 

r.qualions of a Ira.ns fori nation. "2H1 



Ordinate, 24 

Orthogonal circles, 143; systems of 

circles, 308 

Parabolic spiral, 263 
Parameter, 1 
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424 INDEX 

Peaucellier's Inveraor, 309 Subnormal, 214 

Point-circle, 131 Subtanacnt, 21-1 

Polar reciprocal curves, 318, 317 

Prolate cycloid, 269 Torus, 389 

Traces of a, surface, 346 

Radian, 19 Transcendental oqmilion, 17 

Radical axis, 137, 382 Transformation, 281 

Reciprocal spiral, 249 Trisectrix of Maelsuirin, ■>():! 

Self-cOTi jugate triangles, 319 Vertex of a conic, 174, 175 
Semicubieal parabola, 209 

Spiral of Archimedes, 249 Witch of Agneal, 250 
Strophoid, 262, 263, 301 



,Google 



ANNOUNCEMENTS 



,GoogIe 



,GoogIe 



Text-BooKs on Mathematics 

FOR HIGHER SCHOOLS AND COLLEGES lm um a 

Andcr;::;g ar.d Koc's Trigonometry 
liailey :>nd Woods' Analytic Cwonwtry 
Bali's Llotncim of Solid Gmrrietij,- 
Beman and Smith's Higher Arithmetic 
Bcman and Smith's Elements of Algebra 
Beman a'd Smith's Academic A Ifrcbra 

and Smith's N:;w I'lai ■■ ■■■,.: Jj.ili.i Geometry 



.moits J'nil i"in- ■ I Ekmcnts:y Geomeuy 

Byerly's Differential Calculus. 

Byerly's Integral Calculus, (Si-. .: d l..)itiou. Revised and EnUrfced) 

Byerly's Fourier's Series 

IlycrVs Problem; in Different •! Calculus . 

Carliart's Field Book . retail, !?.=,« 

Carhnrt's Plane Surveying .. 

Dtirfec'5 Elements of Plane Trigonometry . .. 
I'";i,iiih:«'s Inscriptive Geometry 

Hall's Mens a ration 

H amis' Lleterminants 

Ihuais Elemeals of Quaternions 
Hardy's Analytic Geometry ... 
Hardy's Elements of the Calculus 
Hill's Geometry for Jieginner- 



Osb-cnes [>iik:-.:nli;i] Equation* 

Peirce's (B. O.) Newtonian Potential Fnncti 

a::d Enlarged Edition).... 
Peiice's (I. M.) Elements of logarithm; 
Peirce's (J. M.) Mathematical IWes 
" .inkle'- Plan; Anal', tic GeoB.etry 



(Revised ar.d Enlarged) . s 

Taylor and Pm year's Elements 'I Plan- an:i .~|>h<-n> al Tri^i.-.oiuMry i 

W'eni'vor'.li's Ad.'anc ' ' 



Went worth's School Algekra.. 



Wentvj 

W tworth's 

7 ent« >rtl '■■ 

Went worth'.- 



New School Alg; bru 



Solid f.-.TWry (Revised) 

's Plane Geometry V.v .. Solid Ccorm-t'y I Ki-v. 
's Plane and Solid d-wiry (K-v.-eJi „nd Pj 
: s Analytic Geometry 
's Trigonometries. iSk ! [<evis«l Editions) 



Wheeler's Plane ; 
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YOUNG'S 

MANUAL OF ASTRONOMY AND 

GENERAL ASTRONOMY 

PROFESSOR YOUNG'S position among the great astron- 
omers of the world is firmly established. As a clear and 
forcible writer he is equally well known. His series of 
astronomical text-books combines in an unusual degree the qual- 
ities of accurate sell clat'sl tip. simplicity of style, and clearness of 
statement which belong- to every successful text-book. 



MANUAL OF ASTRONOMY 

By Charles A. Yoenc, Professor of Asli-rmwiiv in Whcm: trniversity. 8vq. Half 
leather. Gil pages. Ilhislratrd. List per,,, .S2.25; uirCanc- price, $i.4S- 

Young's " Manual of Astronomy " is a lies work piepared in response 
to a pressing eiommid Iron] various quarters to: a class-room text-book 
intermediate between the author's "General Astronomy" and his 
" Eh-iut-ms of Astronomy." 

The subject-matter of the book has been derived largely from its 
predecessors, biit « very tiling has been carefully worker! (irar, rearranged, 
rewritten when.: necessary and atid.nl 1.0 in order 10 .adapt it thoronghly 
to the end in view and to harmonize it with the latest astronomical 

The unusually numerous illustrations are particularly noteworthy, 
Loth for their artistic excellence and foi 'heir value in explaining the 
text. Among them are a number of imperial-. I pl-.ec graphs wbicii have 
never before been uiscriec! in a test-book. The mechanical execution 
of the book as a whole is above criticism, and has called forth the 
enthusiastic praise- of the general rettder, the scientist: and the teacher. 

GENERAL ASTRONOMY 



This text -book is intended for a general course in colleges and schools 
of science, and requires only an elementary knowledge of algebra, 
geometry, and trigonometry, ft has been found at; eminently satisfactory 
book lor this grade of work. 



GINN & COMPANY Pdblisheks 
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